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Preface 


The International Conference on Algebra and its Applications held in Athens, 
Ohio, June 18-21, 2008 and sponsored by the Ohio University Center for Ring 
Theory and its Applications (CRA) had as its central purpose to honor Surender K. 
Jain, the Center’s retiring first director, on the dual occasion of his 70th birthday 
and of his retirement from Ohio University. With this volume we celebrate the 
contributions to Algebra of our distinguished colleague. One of Surender’s main 
attributes has been the way in which he radiates enthusiasm about mathematical 
research; his eagerness to pursue mathematical problems is contagious; we hope 
that reading this excellent collection of scholarly writings will have a similar effect 
on our readers and that you will be inspired to continue the pursuit of Ring Theory 
as well as Algebra and its Applications. 

As with previous installments of CRA conferences, the underlying principle 
behind the meeting was to bring together specialists on the various areas of Al- 
gebra in order to promote communication and cross pollination between them. In 
particular, a common philosophy of our conferences through the years has been to 
bring algebraists who focus on the theoretical aspects of our field with those others 
who embrace applications of Algebra in diverse areas. Clearly, as a reflection of the 
interests of the organizers, the applications we emphasized were largely within the 
realm of Coding Theory. The philosophy behind the organization of the conference 
has undoubtedly impacted this Proceedings volume. 

For the most part, the contributors delivered related talks at the conference 
itself. However, there are also a couple of contributions in this volume from authors 
who could not be present at the conference but wanted to participate and honor 
Dr. Jain on this occasion. All papers were subject to a strict process of refereeing 
and, in fact, not all submissions were accepted for publication. 

We would like to take this opportunity to thank all the anonymous refer- 
ees who delivered their verdicts about the submitted papers within a very tight 
schedule; they also provided valuable feedback on many of the papers that appear 
here in final form. Likewise, we wish to express our deep appreciation to Sylvia 
Lotrovsky and Thomas Hempfling of Birkhauser for their diligent efforts to bring 
this volume to completion. 
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Abstract. The aim of this expository paper is to present those basic concepts 
and facts of Cogalois theory which will be used for obtaining in a natural and 
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1. Introduction 


A standard, very concrete, and not so hard exercise in any undergraduate abstract 
algebra course anyone of us has encountered is the following one: 

Consider the field extension QC Q(v2, V5). 

(a) Calculate the degree [Q(V2, 75) : Q] of this extension. 


(b) Find a primitive element of this extension. 


Surely, it is natural to ask what about the same questions when we replace 
the very particular radicals /2 and W5 by arbitrary finitely many radicals of 
positive integers. More precisely, we have the following 


Problem. Consider the field extension 
Q Cc Q (Y Ql y++- %/ar ); 


The author gratefully acknowledges partial financial support from the grant ID-PCE 1190/2008 
awarded by the Consiliul National al Cercetarii Stiintifice in invatimantul Superior (CNCSIS), 
Romania. 
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where Tr, N1,...,Mr,1,-.-,@, are positive integers, and where "/a; is the positive 
real n;th root of a; for each i, 1<i<r. 


(a) Calculate the degree [Q("V/az,..., "%/ar) : Q] of this extension. 


(b) Find a primitive element of this extension. 


More than twenty years ago we first thought about this challenging problem. 
A first attempt to solve it, even in a more general case, was the introduction and 
investigation of the so-called Kummer extensions with few roots of unity, see Albu 
[1]. After that, we discovered, little by little, the fundamental papers of Kneser 
[25] and Greither and Harrison [20] and got more and more involved in their topic, 
which lead to what is nowadays called Cogalois theory. There are at least two 
reasons for presenting this material to ring and module theorists: 


e firstly, to make a propaganda of this pretty nice and equally new theory in 
field theory by providing a gentle and as short as possible introduction to a 
general audience and readership of its basic notions and results, and 

e secondly, we want to show how this theory has nice applications in solv- 
ing some interesting and nontrivial problems of elementary field arithmetic, 
including that mentioned above concerning the computation of the degree 
and finding a (canonical) primitive element of field extensions like Q C 


Q (Var ,..-,"X/ar ). 


2. Notation and terminology 


By N we denote the set {0,1,2,...} of all natural numbers, by N* the set N\ {0} 
of all strictly positive natural numbers, and by Q (resp. R, C) the field of all 
rational (resp. real, complex) numbers. For any @ 4 ACC (resp. @ # X CR) 
we denote A* = A\ {0} (resp. X, ={2 €X|x>0}). If ae Ri and ne N*, 
then the unique positive real root of the equation x” — a =0 will be denoted by 
¢/a. For any set M, |M| will denote the cardinal number of M. 

A field extension is a pair (FE) of fields, where F is a subfield of E (or E 
is an overfield of F’), and in this case we shall write E/F. Very often, instead of 
“field extension” we shall use the shorter term “extension”. If EF is an overfield of 
a field F’, we will also say that E is an extension of F’. By an intermediate field of 
an extension E//F' we mean any subfield K of E with F C K, and the set of all 
intermediate fields of E/F is a complete lattice that will be denoted by I(E/F). 

Throughout this paper F’ always denotes a field, Char(F’) its characteristic, 
e(F) its characteristic exponent (that is, e(F) = 1 if F’ has characteristic 0, and 
e(F’) = p if F has characteristic p > 0), and Q a fixed algebraically closed field 
containing F’ as a subfield. Any considered overfield of F is supposed to be a 
subfield of Q. 
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For an arbitrary nonempty subset S of Q and a number n € N* we denote 
throughout this paper: 


S* = S\ {0}, 
S™ = {ax"|reES}, 
Un(S) = {x€S|ac”=1}. 


By a primitive nth root of unity we mean any generator of the cyclic group pin(Q); 
Cn will always denote such an element. 

For an arbitrary group G, the notation H < G means that H is a subgroup 
of G. The lattice of all subgroups of G will be denoted by L(G). For any subset 
M of G, (M) will denote the subgroup of G generated by M. 

For a field extension E//F' we shall denote by [Ff : F] the degree, and by 
Gal(E/F) the Galois group of E/F. For any subgroup A of Gal (E/F), Fix (A) 
will denote the fixed field of A. If E/F is an extension and A C E, then F[A| 
will denote the smallest subring of F containing both A and F as subsets. We 
also denote by F(A) the smallest subfield of E containing both A and F as 
subsets, called the subfield of E obtained by adjoining to F the set A. For all 
other undefined terms and notation concerning basic field theory the reader is 
referred to Bourbaki [17], Karpilovsky [24], and/or Lang [26]. 


3. What is Cogalois theory? 


Cogalois theory, a fairly new area in field theory, investigates field extensions, finite 
or not, that possess a so-called Cogalois correspondence. The subject is somewhat 
dual to the very classical Galois theory dealing with field extensions possessing a 
Galois correspondence. 

In what follows we are intending to briefly explain the meaning of such ex- 
tensions. An interesting but difficult problem in field theory is to describe in a 
satisfactory manner the set I(£/F) of all intermediate fields of a given field ex- 
tension E'/F’, which, in general is a complicated-to-conceive, potentially infinite set 
of hard-to-describe-and-identify objects. This is a very particular case of a more 
general problem in mathematics: Describe in a satisfactory manner the collection 
Sub(X) of all subobjects of a given object X of a category C. For instance, if G is 
a group, then an important problem in group theory is to describe the set L(G) 
of all subgroups of G. Observe that for any field F' we may consider the category 
Er of all field extensions of F’. If E is any object of Ep, i.e., a field extension E/F, 
then the set I(E/F) of all subfields of E containing F, i.e., of all intermediate 
fields of E'/F’, is precisely the set Sub(F) of all subobjects of E in Er. 

Another important problem in field theory is to calculate the degree of a 
given field extension E/F. 

Answers to these two problems are given for particular field extensions by 
Galois theory invented by E. Galois (1811-1832) and by Kummer theory invented 
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by E. Kummer (1810-1873). Let us briefly recall the solutions offered by these two 
theories in answering the two problems presented above. 


The fundamental theorem of finite Galois theory (FTFGT). Jf E/F is a finite 
Galois extension with Galois group I, then the canonical map 


a:I(E/F) — LP), a(K) = Gal(E/K), 


is a lattice anti-isomorphism, i.e., a bijective order-reversing map. Moreover, 
[E: F] =|L. 


We say that such an E'/F is an extension with T-Galois correspondence. 

In this way, the lattice I(E//F’) of all subobjects of an object E € Er, which 
has the additional property that is a finite Galois extension of F’, can be described 
by the lattice of all subobjects of the object Gal(E£/F) in the category Gy of all 
finite groups. In principle, this category is more suitable than the category Er of 
all field extensions of F’, since the set of all subgroups of a finite group is a far 
more benign object. Thus, many questions concerning a field are best studied by 
transforming them into group theoretical questions in the group of automorphisms 
of the field. 

Note that for an infinite Galois extension E/F the FTFGT fails. In this 
case the Galois group Gal(F/F) is in fact a profinite group, that is, a projective 
limit of finite groups, or equivalently, a Hausdorff, compact, totally disconnected 
topological group; its topology is the so called Krull topology. The description of 
I(E/F) is given by 


The fundamental theorem of infinite Galois theory (FTIGT). Jf E/F is an 
arbitrary Galois extension with Galois group I, then the canonical map 


a:I(E/F) — L(t), a(K) = Gal(E/K), 


is a lattice anti-isomorphism, where L(T) denotes the lattice of all closed subgroups 
of the group 1. endowed with the Krull topology. 


Observe that the lattice L([) is nothing else than the lattice of all subobjects of 
T in the category of all profinite groups. 

However, the Galois group of a given Galois field extension E’/F’,, finite or not, 
is in general difficult to be concretely described; so, it will be desirable to impose 
additional conditions on E'/F' such that the lattice I(E/F) be isomorphic (or anti- 
isomorphic) to the lattice L(A) of all subgroups of some other group A, easily 
computable and appearing explicitly in the data of the given Galois extension 
E/F. A class of such Galois extensions is that of classical Kummer extensions. 
We recall their definition below. 


Definition. A field extension E/F is said to be a classical n-Kummer extension, 
with n a given positive integer, if the following three conditions are satisfied: 

(1) gcd(n,e(F)) = 1, 

(2) eF, 

(3) B= F({vVailie€T}), 
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where J is an arbitrary set, finite or not, a; € F*, and %/a; is a certain root in 
Q of the polynomial X” — a;,7€ I. 


Note that the extension E/F is finite if and only if the set I in the definition 
above can be chosen to be finite. 
For a classical n-Kummer extension E'/F' we denote by 


Kum(E/F) := F*({x/aj| i € 1)/F* 


the so-called Kummer group of E/F. The next result is a part of the so-called 
Kummer theory. 


The fundamental theorem of Kummer theory (FTKT). Let E'/F be a classical 
n-Kummer extension with Kummer group A. Then there exists a canonical lattice 
isomorphism 


I(E/F) “> L(A). 


Observe that the Kummer group A of a classical n-Kummer extension E'/F 
is intrinsically given with the extension E'/F and easily manageable as well. This 
group is isomorphic, but not canonically, with the character group T of the Galois 
group T’ of £/F; in particular, it follows that for E/F finite, the group A is 
isomorphic with I, and in particular it has exactly [E : F'] elements. Consequently, 
if E/F is a finite classical n-Kummer extension, say E = F(</a1,...,%/a;), then 


[PWG Var) F) = |E VG Ve)/F 


Note also that any classical n-Kummer extension E'/F is a Galois extension 
with an Abelian Galois group of exponent a divisor of n (this means that o” = 
lp for all o € Gal(E/F)), and conversely, any Galois extension E/F such that 
gcd(n, e(F)) = 1, G, € F for some n € N*, and such that the Galois group of E/F 
is an Abelian group of exponent a divisor of n, is a classical n-Kummer extension. 

On the other hand, there exists a fairly large class of field extensions which 
are not necessarily Galois, but enjoy a property similar to that in FTKT or is 
dual to that in FTFGT. Namely, these are the extensions E’/F for which there 
exists a canonical lattice isomorphism (and not a lattice anti-isomorphism as in the 
Galois case) between I(£/F') and L(A), where A is a certain group canonically 
associated with the extension E/F. We call the members of this class extensions 
with A-Cogalois correspondence. Their prototype is the field extension 


Q ("Var ,...,"Var )/Q, 


where r, 21,..-,M,,Q1,-..,@, are positive integers, and where "¥/a; is the posi- 
tive real n;th root of a; for each i, 1 <i <r. For such an extension, the associated 
group A is the factor group Q*("¥/a1,..., "%/ar)/Q*. Note that the finite clas- 
sical n-Kummer extensions have a privileged position: they are at the same time 
extensions with Galois and with Cogalois correspondences, and the two groups 
appearing in this setting are isomorphic. 
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After 1930 there were attempts to weaken the condition ¢, € F' in the defini- 
tion of a Kummer extension in order to effectively compute the degree of particular 
finite radical extensions, i.e., of extensions of type F'("/a),..., "%/a,)/F , where 
F was mainly an algebraic number field. All these attempts finally lead to what 
nowadays is called Cogalois theory, also spelled co-Galois theory. 

The main precursors of Cogalois theory, in chronological order, are H. Hasse 
(1930), A. Besicovitch (1940) [16] , L.J. Mordell (1953) [27], C.L. Siegel (1972) 
[29], M. Kneser (1975) [25] whose paper brilliantly superseded all the previous 
work done in computing the degree of finite radical extensions, A. Schinzel (1975) 
[28], D. Gay, W.Y. Vélez (1978) [19], ete. 

In our opinion, Cogalois theory was born in 1986, with birthplace Journal 
of Pure and Applied Algebra [20], and having C. Greither and D.K. Harrison as 
parents. In that paper [20], the Cogalois extensions have been introduced and 
investigated for the first time in the literature, and other classes of finite field 
extensions possessing a Cogalois correspondence, including the so-called neat pre- 
sentations have been considered. 

Besides the Cogalois extensions introduced by Greither and Harrison [20] 
in 1986, new basic classes of finite radical field extensions the Cogalois theory 
deals with, namely the G-Kneser extensions, strongly G-Kneser extensions, and 
G-Cogalois extensions were introduced and investigated in 1995 by T. Albu and 
F. Nicolae [9]. Note that the frame of G-Cogalois extensions permits a simple and 
unified manner to study the classical Kummer extensions, the Kummer extensions 
with few roots of unity, the Cogalois extensions, and the neat presentations. In 
2001 an infinite Cogalois theory investigating infinite radical extensions has been 
developed by T. Albu and M. Tena, in 2003 appeared the author’s monograph 
“Cogalois theory” [7], and in 2005 the infinite Cogalois theory has been generalized 
to arbitrary profinite groups by T. Albu and §.A. Basarab [8], leading to a so-called 
abstract Cogalois theory for arbitrary profinite groups. 

Roughly speaking, Cogalois theory investigates radical extensions, finite or 
not, i.e., extensions of type E/F with E = F({"/a;|i €I}),n; © N*, a; € F*, i 
I, I an arbitrary set, finite or not, such that there exists a lattice isomorphism 


I(E/F) — L(A), 


where A is a group canonically associated with the given extension E'/F’. Mostly, 


A= F*({~wa|i€I)/F*. 


4. Basic concepts and results of Cogalois theory 


In this section we will briefly present some of the basic notions and facts of Co- 
galois theory, namely those of G-radical extension, G-Kneser extension, Cogalois 
extension, strongly G-Kneser extension, and G-Cogalois extension. 
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G-Radical extensions 


The notion of radical extension is rather basic and well known in Galois theory. 
However, our terminology used in the previous section is somewhat different from 
that commonly used in Galois theory (see, e.g., Kaplansky [23], Karpilovsky [24], 
Lang [26]), but they agree for simple extensions. Note that radical extensions have 
been called coseparable by Greither and Harrison [20]. As explained above, by 
a radical extension we mean a field extension E/F such that E is obtained by 
adjoining to the base field F' an arbitrary set of “radicals” over F’, i.e., of elements 
xz € E'such that x” =a € F for some n € N*. Such an x is denoted by (Ya and 
is called an nth radical of a. 

We reformulate below this notion using the following notation applicable to 
any extension E/F: 


T(E/F) :={« € E* | 2” © F* for some n € N* }. 


Observe that for every element in x € T(E/F) there exists an n € N* such that 
x” =a € F,so z is an nth radical of a. Thus, T(E/F) is precisely the set of 
all “radicals” belonging to E of elements of F*. This observation suggests the 
following 


Definition 4.1. An extension E/F is said to be radical (resp. G-radical ) if there 
exists a set A with AC T(E/F) (resp. a group G with F* <G < T(E/F)) such 
that E = F(A) (resp. E = F(G)). 


Observe that any radical extension E'/F' is G-radical for some G; indeed, if 
E = F(A) for some A CT(E/F), then just take as G the subgroup G = F*( A) 
of the multiplicative group E* of E generated by F* and A. 


G-Kneser extensions 


The basic concept of G-Kneser extension has been introduced by Albu and Nicolae 
[9] for finite extensions and by Albu and Tena [13] for infinite extensions. 


Definition 4.2. A finite extension E/F is said to be G-Kneser if it is a G-radical 
extension such that |G/F*| = [E : F] (only the inequality |G/F*| < [E : F] is 
sufficient). The extension E’/F is called Kneser if it is G-Kneser for some group G. 


Note that a finite G-radical extension E/F' is G-Kneser if and only if there 
exists a set of representatives of the quotient group G/F™* which is linearly inde- 
pendent over F if and only if every set of representatives of G/F is a vector space 
basis of EF over F’. This implies an easy procedure to exhibit vector space bases 
for such extensions: first, list all the elements, with no repetition, of the quotient 
group G/F™* and then take representatives of the cosets from this list. 


The Kneser criterion 

We present now a crucial result which characterizes separable G-Kneser extensions 
E/F according to whether or not certain roots of unity belonging to G are in F’. 
Originally, it has been established by Kneser [25] only for finite extensions. The 


8 T. Albu 


general case has been proved by Albu and Tena [13] using the fact that the property 
of an arbitrary G-radical extension being G-Kneser is of finite character. 


Theorem 4.3. (The Kneser criterion). An arbitrary separable G-radical extension 
E/F is G-Kneser if and only if G) € G => Gp € F for every odd prime p and 
14%M€«GSaeF. 


Note that the separability condition cannot be dropped from the Kneser 
criterion. 
The Kneser criterion is a very powerful tool in Cogalois theory. We only 
mention a few of applications: 
e in proving the Greither-Harrison criterion (see Theorem 4.5); 
e in investigating G-Cogalois extensions (see Section 4); 
e in elementary field arithmetic (see Section 6); 
e in Groébner bases (see Subsection 7.1); 
e in classical algebraic number theory (see Subsection 7.2). 


Cogalois extensions 


Remember that for any extension E'/F we use the following notation throughout 
this paper: 

T(E/F) :={«€ E* |x" € F* for some n € N*}. 
Since F* < T(E/F), it makes sense to consider the quotient group T(E/F)/F", 
which is nothing else than the torsion group t(£*/F™*) of the quotient group 
E*/F*. This group, playing a major role in Cogalois theory, is somewhat dual to 
the Galois group of E/F’, which explains the terminology below. 


Definition 4.4. The Cogalois group of an arbitrary field extension E'/F’, denoted 
by Cog (E/F), is the quotient group T(E/F)/F*. The extension E/F is said to 
be Cogalois if it is T(E/F)-Kneser. 


Clearly, a finite extension E'/F is Cogalois if and only if it is radical, i-e., 
E=F(T(E/F)), and |Cog(£/F)| =[E: F] (only the inequality |Cog (E/F)| < 
[E : F'] is sufficient). 

Observe that, in contrast to the fact that the Galois group Gal(E£/F’) of an 
arbitrary extension E’/F is in general not Abelian, the Cogalois group Cog(E/F) 
of any extension F’/F is always a torsion Abelian group. 

The computation of the Cogalois group of an extension is not an easy task. 
For quadratic extensions of Q we have a complete description of such groups 
(see Albu, Nicolae, and Tena [12]). Note also that a nice result due to Greither 
and Harrison [20] says that the Cogalois group of any extension F’/F of algebraic 
number fields is finite. 

The term of “Cogalois extension” appeared for the first time in the literature 
in 1986 in the fundamental paper of Greither and Harrison [20], where the Cogalois 
extensions were introduced as follows: a finite extension E/F' is called conormal 
(resp. coseparable) if |Cog(E/F)| <[E: F] (resp. if E/F is radical), and is called 
Cogalois if it is both conormal and coseparable. So, the Greither and Harrison’s 
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terminology for finite Cogalois extensions has been chosen to agree with the dual 
of the following well-known characterization: an extension, finite or not, is Galois 
if and only if it is both normal and separable. 

A basic concept in the theory of radical extensions is that of purity: we say 
that an extension F’/F is pure if up»(E) C F for every p, p odd prime or 4. This 
concept is somewhat related to that used in group theory: a subgroup H of an 
Abelian multiplicative group G is called pure if G° 0 H = H” for every n € N*. 

The next result, characterizing Cogalois extensions in terms of purity is due 
to Greither and Harrison [20] for finite extensions, and to Albu and Tena [13] 
for arbitrary extensions. The original proof in [20] involves the machinery of the 
cohomology of groups. A very short and simple proof, based only on the Kneser 
criterion is due to Albu and Tena [13]. 


Theorem 4.5. (The Greither—Harrison criterion). An arbitrary extension E/F is 
Cogalois if and only if it is radical, separable, and pure. 


Corollary 4.6. Any G-radical extension E/F with E a subfield of R is Cogalois, 
and Cog (E/F) = G/EF*. 


Proof. Clearly E'/F is pure, so by the Greither—Harrison criterion, it is Cogalois. 
Now, by the Kneser criterion, it is also G-Kneser. This implies that G = T(E /F 
(see Albu [7] for more details), so Cog (E/F) = G/F". 


Galois and Cogalois connections 


Let E/F be an arbitrary field extension, and denote by [ the Galois group 
Gal(E/F) of E/F. Then, it is easily seen that the maps 

a: I(£/F) — L(t), a(K) = Gal(E/K), 
and 

B:L() — I(£/F), 6(A) = Fix(A), 

yield a Galois connection between the lattice I(£/F) of all intermediate fields 
of the extension E/F and the lattice L(L) of all subgroups of I’. We call it the 
standard Galois connection associated with the extension E'/F’. 

Recall that a Galois connection between the posets (X,<) and (Y,<) is 
a pair of order-reversing maps a : X — Y and @ : Y — X such that 
x<(Boa)(xz), Vxe X, and y< (ac By(y), Vy EY. 

If the maps a and # are both order-preserving instead of order-reversing, 
we obtain a Cogalois connection between X and Y. More precisely, a Cogalois 
connection between the posets (X,<) and (Y,<) is a pair of order-preserving 
maps a: X —>Y and 6: Y — X such that (Goa)(x) < , Va € X, and 
y < (ao Bly), Vy EY. 

The prototype of a Cogalois connection is that canonically associated with 
any radical extension. Let E/F be an arbitrary G-radical extension. Then, the 
maps 

g:I(E/F) — L(G/F"), p(K) = (KNG)/F", 
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and 
~: L(G/F") — W(E/F), o(H/F") = F(A), 


establish a Cogalois connection between the lattices I(#/F’) and L(G/F*), called 
the standard Cogalois connection associated with the extension E/F. Notice that, 
in contrast with the standard Galois connection which is associated with any exten- 
sion, the standard Cogalois connection is associated only with radical extensions. 

The considerations above naturally lead us to define the following dual con- 
cepts. An extension E/F with Galois group [ is said to be an extension with 
T'-Galois correspondence if the standard Galois connection associated with E/F 
yields a lattice anti-isomorphism between the lattices I(H/F) and L(T). Dually, 
a G-radical extension E’/F is said to be an extension with G/F*-Cogalois corre- 
spondence if the standard Cogalois connection associated with E’/F yields a lattice 
isomorphism between the lattices I(E/F) and L(G/F*). 

The next result (see Albu [7]) shows that the finite extensions with T-Galois 
correspondence are precisely the Galois extensions. 


Proposition 4.7. A finite extension E/F with Galois group T is Galois if and 
only if it is an extension with T-Galois correspondence, in other words, the maps 
a and 2 from the standard Galois connection associated with E/F are lattice 
anti-isomorphisms, inverse to one another, between the lattices (E/F') and L(T). 


Strongly G-Kneser extensions 

Similarly to the fact that a subextension of a normal extension is not necessarily 
normal, a subextension of a Kneser extension is not necessarily Kneser, So, it 
makes sense to consider the extensions that inherit the property of being Kneser, 
which will be called strongly Kneser. 


Definition 4.8. An extension E'/F is said to be strongly G-Kneser if it is a G- 
radical extension such that, for every intermediate field K of E/F, the extension 
E/K is K*G-Kneser, or equivalently, the extension K/F is K* 1 G-Kneser. The 
extension E’/F is called strongly Kneser if it is strongly G-Kneser for some G. 


The next result gives a characterization of G-Kneser extensions E/F which 
are extensions with G/F*-Cogalois correspondence, and is somewhat dual to the 
corresponding result in Proposition 4.7 for Galois extensions. 


Theorem 4.9. The following assertions are equivalent for an arbitrary G-radical 
extension E/F. 


(1) E/F is strongly G-Kneser. 
(2) E/F is G-Kneser with G/F*-Cogalois correspondence, i.e., the maps 


y :I(E/F) — L(G/F*) and ~:L(G/F*) — I(E/F) 


defined above are isomorphisms of lattices, inverse to one another. 
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G-Cogalois extensions 


An intrinsic characterization of strongly G-Kneser extension is available for sepa- 
rable extensions. Such extensions deserve a special name. 


Definition 4.10. An extension E’/F is called G-Cogalois if it is a separable strongly 
G-Kneser extension. 


G-Cogalois extensions play in Cogalois theory the same role as that of Galois 
extensions in Galois theory. These extensions can be nicely characterized within 
the class of G-radical extensions by means of a certain sort of local “purity”, called 
n-purity. 

We say that an extension E/F is n-pure for some n € N* if u,(£) C F 
for all p, p odd prime or 4, with p|n. Recall that the exponent exp(T) of a 
finite multiplicative group T is the least number n € N* with the property that 
T” = {e}. 

Theorem 4.11. (The n-purity criterion [9]). A finite separable G-radical extension 
E/F with exp(G/F*) =n is G-Cogalois if and only if it is n-pure. 


The n-purity criterion is a powerful tool in Cogalois theory. Note that for 
infinite extensions a similar criterion for G-Cogalois extensions, namely the Pg- 
purity criterion, has been established by Albu [3]. 

The next result is due to Albu and Nicolae [9] for finite extensions and to 
Albu and Tena [13] for infinite extensions. 


Theorem 4.12. Let E/F be an extension which is simultaneously G-Cogalois and 
H-Cogalois. Then G= H. 


In view of Theorem 4.12, the group G of any G-Cogalois extension, finite or 
not, is uniquely determined. So, it makes sense to introduce the following concept. 


Definition 4.13. If E/F is a G-Cogalois extension, then the group G/F™* is called 
the Kneser group of the extension F’/F and is denoted by Kne(E/F). 


Observe that for any G-Cogalois extension E’/F one has Kne(E/F') < Cog(E/F). 


5. Examples of G-Cogalois extensions 


The n-purity criterion for finite extensions or the Pg-purity criterion for infinite 
extensions immediately provide the following large classes of G-Cogalois exten- 
sions: 


e O(Wa,...,%/a-)/Q, with 
Kne (Q("W/a1,.--, War )/Q) = Q*("Var,-.-, WVar)/Q. 
e Cogalois extensions E/F, with Kne(E/F) = Cog(E/F). 
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e Classical n-Kummer extensions E/F, E = F({%/aj|i € I}), with 
Kne(E/F) = F*({°/aj |i 1) /F*. 


The Kneser and the Galois groups of such extensions E'/F are related by a 
(non-canonical) isomorphism 


Kne(E/F) ~ Hom,(Gal(E/F), n(F)), 


where the subscript “.” means “continuous”. In particular, if E/F is a finite 
classical n-Kummer extension, then Kne(E/F) ~ Gal(E/F). Note that the 
whole classical Kummer theory can be immediately deduced from Cogalois 
theory using an infinite variant of the n-purity criterion. 

e Various generalizations of classical n-Kummer extensions, including gener- 
alized n-Kummer extensions, n-Kummer extensions with few roots of unity, 
and quasi-n-Kummer extensions, have been introduced and investigated by 
Albu [1] and Albu and Nicolae [9] for finite extensions, and by Albu and 
Tena [13] for infinite extensions. All of these are extensions E/F with E = 
F({*/aj|t € I}), ged(n, e(F’)) = 1, and where the condition ¢, € F in the 
definition of a classical n-Kummer extension (see Section 3, before FTKT) is 
replaced by the condition pn(£) C F for generalized n-Kummer extensions, 
by the condition p,»(£) C {-1,1} for n-Kummer extensions with few roots 
of unity, and by the condition ¢, € F for every p, p odd prime or 4, with 
p|n for quasi-n-Kummer extensions. 

A theory of these generalizations of classical n-Kummer extensions can 
be developed using the properties of G-Cogalois extensions, and it turns out 
that this theory is very similar to the classical Kummer theory. Since, in 
general, they are not Galois extensions, no other approach (e.g., via Galois 
theory, as in the case of classical n-Kummer extensions) is applicable. 


6. Applications to elementary field arithmetic 


In this section we present interesting applications of Cogalois theory to completely 
solve some very concrete and natural questions in elementary field arithmetic. 
Many of them, to the best of our knowledge, cannot be solved without involving 
the machinery of Cogalois theory, e.g., 6.3, 6.4, 6.8, etc. Note also that most of 
these applications hold in more general cases, and not only for finite real radical 
extensions of Q as they appear in 6.1-6.5 (see Albu [7]). 


If not indicated otherwise, r,1,...,n, will denote in this section elements 
of N*, a1,...,a, elements of Q’, and "a; the positive real nth root of a;, 
l<icr. 


6.1. Effective degree computation: 


[Q(~War,..-, %/ar) :Q] = |Q*(/ar,..., %/ar )/Q"I. 
Proof. This follows at once from the Kneser criterion since Q ("V/az,..., "%/ar )/Q 
isa Q*("/az,..., ""/a; )-Kneser extension. 
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6.2. Exhibiting extension basis: 


A vector space basis for the extension Q("¥/a1,..., "%/ar )/Q is easily obtained 
as soon as we have listed, with no repetition, all the elements of its Kneser group 
Q* ("Yaz ,..., */ar )/Q*. Then any set of representatives of the cosets from this 
list is a basis of the extension, as this has been justified in Section 4 just after 
Definition 4.2. 

We illustrate this with the following concrete extension Q (W720, W500)/Q. 
Denote for simplicity 


E = Q(V20, 7500), G = (W720, V500), a = Y500, b = 20, 


and for every « €G let & denote its coset «Q* in the quotient group G/Q*. 
We are going now to explicitly describe the Kneser group G/Q* of E/Q. 


Since ord(@) = 6, ord(6) = 4, and R= = V5, we have 
G/Y = Q'(a,b)/Q* = (4b) = {a'-b7|0 <i <5,0< 5 <1} 


~~ A A A KR 


Since 6 ¢ (@), we have |(@,b)| = 12. Thus [E : Q] = 12, and, as explained 
above, a basis of the extension E//Q is the set 


{ 5/500? 4/207 |0<41< 5,057 <1}. 


Observe that G/Q* = (@,b) = (ab) = ( %/2000000000), so it is a cyclic 
group of order 12. It follows that another basis of the extension E/Q* is the set 


{ ¥/2000000000‘|0 <i< 11}. 


6.3. Finding all intermediate fields: 


All the intermediate fields of the G-Cogalois extension Q("\/a7,..., "*/a; )/Q, 
that is to say, all the subfields of the field Q("\Vaz,...,%/a,), are, by Theo- 
rem 4.9, exactly Q(H), where Q* < H < Q*("/ar,..., "*/a,). So, knowing all 
the subgroups of its Kneser group Q*("/a1,..., "%/ar)/Q* we can completely 
describe all the subfields of Q ("V/ay,..., "%/Gr ). 

Consider the concrete example EF = Q (20, 500 ) in 6.2. We know that 
Kne(E/Q*) is a cyclic group of order 12 generated by ¢, where c = 472000000000, 


n~ 


so its subgroups are precisely the following: (C), (2 ), (c3), (ct), (c), (el ys 
Consequently, all the subfields of F are: 


Q, Qc), Q(c?), Q(c?), Q(c*), Q(c*), 
where c= 4/2000000000. 


Note that for every positive divisor d of [EF : Q| = 12, there exists a unique 
subfield K of E with [K : Q| =d, in other words, the extension E/Q has the so- 
called unique subfield property (USP), and this property holds because its Kneser 
group is cyclic (see Subsection 6.10). 
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6.4. Primitive element: 
Q(’Wal,..., %/G) =Q ("War +--+ + Gr). 


Proof. By Section 5, Q("V/az1,..., "*/@r)/Q is a Q*("/az,..., */Gr )-Cogalois 
extension; apply now the n-purity criterion to deduce that "Y/ay +---+ ""/a; isa 
primitive element of the extension Q("/a7,..., "*/ar )/Q (see Albu and Nicolae 
[10] for more details). 


6.5. When is a sum of radicals of positive rational numbers a rational number? 
Answer: "V/a; +---+ "“/a,€Q ==> ‘Wa; €Q forall i, l<icr 
Proof. If "/ay +---+ "/ay € Q, then 
Q(War,..., ar) =Q (“War +--+ + a) = 
by 6.4, and consequently "/az,..., "“/a, €Q. 


6.6. When can a positive algebraic number a be written as a finite sum of real 
numbers of type + /aqj,1<i<r? 

Answer: An algebraic number a € Ri has the property above if and only if the 

extension Q(a)/Q is radical, or Kneser, or Cogalois. 


Proof. Assume that a can be written as a finite sum of real numbers of type 
+£°/aj,l1<icr, r,nm € N*,a; € Qi. Then Q(a) is a subfield of the field 
O ("az ,...,"%/a;) C R, so it is a pure extension. Being clearly separable and 
radical, it is ; Cogalois by the Greither—Harrison criterion (Theorem 4.5), and so is 
also its subextension Q(a)/Q. 

Now assume that the finite extension Q(a)/Q is radical. Again by the 
Greither—Harrison criterion, it is also Cogalois. According to a result of Grei- 
ther and Harrison [20] mentioned in Section 4 after Definition 4.4, the Coga- 
lois group Cog (Q(a)/Q) = T(Q(a)/Q)/Q* of the extension Q(a)/Q is finite. 
Let {21,...,2,} be a set of representatives of this finite group. Observe that 
x; = —x; (mod Q*), so we may assume that x; > 0 for all i, 1 <i<r. Then 
Q(a) = Q(a1,...,2,), and for ie i, 1<i<r, there exists n; € N* such that 
ce =a € Qi, atid so Q(a) =Q("Ya@,..., “Jas) as desired. 
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6.7. When can a positive superposed radical not be decomposed into a finite sum 
of real numbers of type + "/aj, 1<i<r? 


Answer: By 6.6, a superposed radical a = "{/a, + "?/a2 +...+ "/a, has the 
above property if and only if the extension Q(a)/Q is not Cogalois. Examples 


of such numbers are 1+ /2 and \i2+V2+V2+...4 VJ2. Also, for any 


square-free integer d € N, d > 2, and any n € Z* such that Vn? —d ¢ Q(Vd), 
the extension Q(v/n + Vd )/Q is not Cogalois (see Albu [2]), so Vn+ Vd isa 


number we are looking for. 
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6.8. When is a rational combination of powers from a given set of radicals of 
positive rational numbers itself a radical of a positive rational number? 
Answer: Let r,i,...,nr € N* and ay,...,ar € QY be given numbers, and let 
a € Ri be a finite sum of monomials of form c- Git... ™~/a, 3", with 
Jis--->dr EN and c€ Q*. Then a” € Q for some m € N* if and only if a is 

itself such a monomial. 


Proof. Set E := Q(/ar,..., %/ar) and G := Q*("/a7z,...,"/ar). Then the 
statement above on a can be reformulated as follows: 
When is an element a € E such that a € T(E/Q)? 


By Corollary 4.6, we have Cog (E/Q) = G/Q*, ie., T(E/Q) = G; so a” € Q if 
and only a is a monomial as described above. 


6.9. Radical extensions of prime exponent: 


The finite G-radical extensions E/F with exp(G/F*) a prime number p > 0 
are extensions of the following type: E = F(?/ay,,...,%/a,) where r € N*, 
aj,...,@, € F*, and ¥/aj,,...,%/a, € Q denote certain pth roots. 

Such extensions are nicely controlled when some additional conditions are 
imposed, namely the characteristic of F is not p, and 


[Fai ...,/ar) Fl =p". 
With these assumptions, the extension E/F is F*(%/az,..., ?/a,)-Cogalois, and 
so %/a, +---+ %/a, is a primitive element of it (see Albu [5], [6]). 

The results of Kaplansky [23], Baker and Stark [14], and Albu [1] concerning 
very particular such radical extensions of exponent p, that were established by 
them in a more complicated way using the standard methods and tools of field 
theory, are now easy consequences of our Cogalois approach. 


6.10. Simple radical separable extensions having the USP: 


Following Vélez [30], a finite extension E/F is said to have the unique subfield 
property, abbreviated USP, if for every divisor m of [FE : F'] there exists a unique 
intermediate field K of E/F such that [kK : F] =m. The finite G-Cogalois exten- 
sions which have the USP are precisely those having cyclic Kneser groups (see Albu 
[4]). For simple radical separable extensions we have the following characterization 
of the USP. 


Proposition (Albu [4]). Let F be any field, and let wu € Q be a root of an irreducible 
binomial X" — a € F[X], with gcd(n,e(F’)) = 1. Then, the extension F(u)/F 
has the USP if and only if it is F*(u)-Cogalois. 


Corollary (Albu [4]). Let F be an arbitrary field, and let n € N* be such that 
Gn € F and ged(n,e(F)) = 1. Let X” — a, X” — b be irreducible polynomials in 
F(X] with roots u,v € Q, respectively. Then F(u) = F(v) if and only if there 
exists cE F and 7 €N with ged(j,n) =1 and a= bie”. 
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7. Other applications 


7.1. Binomial ideals and Grébner bases 

Let F be any field, n € N*, and FX] := F[X,...,Xn] be the polynomial ring 
in n indeterminates with coefficients in F. By a monomial in F'|X] we mean any 
eThicicn X;' with c € F and r, € N,1 <i <n, and a sum of two monomials, 
both of which may be zero is called binomial. An ideal a of F[X] is said to be 
a binomial ideal if it can be generated by a set of binomials. An algorithm to 
detect whether a given ideal a of FX] is binomial involves the Grédbner bases 
(see Eisenbud and Sturmfels [18]). The most interesting binomial ideals are those 
associated with Kneser extensions of F (see Becker, Grobe, and Niermann [15]). 


7.2. Hecke’s systems of ideal numbers 


The Kneser criterion is not only a powerful as well as indispensable tool in in- 
vestigating radical field extensions, but, it has nice applications in proving some 
classical results of algebraic number theory. We present here one of them. 

A classical construction from 1920 in algebraic number theory, originating 
with Hecke [21], is the following one: to every algebraic number field AK one can 
associate a so-called system of ideal numbers S,, which is a certain subgroup of the 
multiplicative group C* of complex numbers such that K* < S and the quotient 
group S/K™* is canonically isomorphic to the ideal class group Cféx of K. The 
equality [A (S) : Kk] = |Cx | was claimed by Hecke on page 122 of his monograph 
[22] published in 1948, but never proved by him. To the best of our knowledge, no 
proof of this assertion, excepting the very short one due to Albu and Nicolae [11], 
based on the Kneser criterion, is available in the literature. 
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On Big Lattices of Classes of R-modules 
Defined by Closure Properties 


Alejandro Alvarado Garcia, Hugo Alberto Rincon Mejia 
and José Rios Montes 


Abstract. In this paper we introduce the big lattices R-sext and R-qext con- 
sisting the former of classes of left R-modules closed under isomorphisms, 
submodules and extensions and the later of classes closed under homomor- 
phic images and extensions, respectively. We work with these two big lattices 
and study the consequences of assuming that they are the same proper class. 
We also consider big lattices of R-modules defined by other closure properties. 
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1. Introduction 


Following Stenstrém [18, p. 89] we call big lattice a proper class C with a partial 
order <, such that C with this order is a lattice except the fact that it is not a 
set. In recent works, big lattices have been considered. For example in [9], the big 
lattice of open classes is studied, where it is remarked that this in fact is not a set, 
but in all other respect it is a distributive complete lattice. 

In [16] the big lattice of Serre classes is considered. 

In [6] the big lattice of non-hereditary torsion theories is studied. 

In [10]-[13] a detailed study is made about the big lattice of preradicals 
defined in R-mod. 

In [15] the authors considered the big lattice of preradicals defined in the 
category a [M]. 

The main purpose of this work is to introduce and study some new big lattices 
of module classes, namely R-sext and R-qext. We also obtain information about 
other well-known lattices. 

R will denote an associative ring with unitary element, and R-mod will denote 
the category of unitary left R-modules. R-simp will denote a family of represen- 
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tatives of isomorphism classes of left simple modules and L(M) will denote the 
lattice of left R-submodules of a left R-module pM. 

We consider some closure properties of a class of modules, like being closed 
under submodules, quotients, extensions, direct sums, injective hulls, products or 
projective covers, we will use the symbols <, >, ext, ®, EF () ,[],P() respectively, 
to abbreviate. If A denotes a set of these closure properties, we denote L4 the 
proper class of classes of modules closed under each closure property in A. So 
L<} denotes the proper class of hereditary classes in R-mod, Ly<,.. ext} denotes 
the proper class of Serre classes, and so on. 

We should notice that D4 becomes a complete big lattice with inclusion of 
classes as the order and with infima given by intersections. 

If C is a class of modules, we will denote by L4 (C) the least element in L4 
which contains C as a subclass (notice that R-mod is the largest element in L 4.) 

We say that D is a pseudocomplement for C' in Ly, if D is maximal such 
that CNM D = {0}. We say that D is a strong pseudocomplement of C if D is the 
largest element of L.4 such that CM D = {0}. We abbreviate saying that D is an 
S-pseudocomplement of C. 

If S € La, we denote by S+4 a pseudocomplement of $ in L.4, when it exists. 

With Skel(Z4) we denote the class of pseudocomplements in Ly. 


Remark 1.1. We recall that N is a subquotient of M if there exists a diagram 


M 
L* 
Nobis we 


where q@ is an epimorphism and / is a monomorphism. As is clear taking pullbacks 
(resp. taking pushouts) this is equivalent to ask for a diagram 


KM 


i , 
N 
where 4 is epic and p is monic. 


In some of these big lattices it is easy to describe pseudocomplements. Recall 
the following examples. 


Example. In Ly<}, the big lattice of hereditary classes of left R-modules, we have 
that 
Cis} ={M|N<M,NEC=>N=0} 
In this case we notice that pseudocomplements are unique because they are 


in fact S-pseudocomplements. 


In previous works [1], [2], we have denoted the big lattice Ly<} with R-her, 
and the hereditary class generated by C, Ly<} (C) with her (C). 
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Example. If € € Le<-s}, then 
¢+{<.-} ={M | M has no non zero subquotients in €}. 


Proof. Let us denote the described class by ®. As submodules and quotients of 
M are subquotients of M it is clear that D is closed under taking submodules 
and quotients. Now it follows directly that © is an S-pseudocomplement for € in 
Li <,-»}. UW 
Definition 1.2. We say that a big lattice L is strongly-pseudocomplemented 
(S-pseudocomplemented, for short) if each C € L has an S-pseudocomplement 
CEL. 

Recall that some lattices are S-pseudocomplemented: R-tors, the frame of 
hereditary torsion theories, R-pr the big lattice of preradicals, R-nat the lattice of 
natural classes. On the opposite side, the lattice L(M/) of R-submodules of M is 


pseudocomplemented but in general it is not S-pseudocomplemented. See [7], [10], 
[14], [19], [18}. 


Remark 1.3. When L is S-pseudocomplemented, then C' C (C+) “for each C'€ L. 


Theorem 1.4. Suppose that both Lp and Lg are S-pseudocomplemented, P,Q being 
sets of closure properties. If Skel(Lp) C Lg C Lp then Skel (Lg) = Skel (Lp). 


Proof. Take C+?, C € La. As Ct? € Lag C Lp, and C+? AC = {0}, we have 
that C+? < C+? © Skel(Lp) C Lg. As CA C+? = {0} and C+? € Lg, we have 
that Ct? < Cte. Then C+? = C1? € Skel (Lp), thus Skel (Lg) C Skel (Lp). 

Now let us take C+’; we claim that this is an element of Skel (La). By 
Remark 1.3 we have that Ct? < (ery. also we have that C < Ctrtr 
implies that (Ctele) < C+” thus we have that Ct? = CtP+trtr, Thus 
it suffices to show that (C+P a as = (Gtr 2 er Let us take D € Lg such 
that D A (C+’+P) = {0}; as Lg C Lp then D < (Cpte)!? = Ctr. So 
(Gielz)\-° <clr, 

On the other hand, C+” € Lg, by the hypothesis. As Ct? A C+P?+P = {0}, 
then CLP < (CLPtr)*e 
Corollary 1.5. With the hypothesis of Theorem 1.4, for C € Lea we have that 
Cee OFF, 


Proof. It is immediate. 


Theorem 1.6. If Skel (Lp) = La, with Lp and Lg S-pseudocomplemented and P, 


tp 


Q being sets of closure properties, then for each C € Lp we have that (CtF) = 
Le (C). 


Proof. By hypothesis C+? € Lg, thus by Corollary 1.5, (cLr)?? (Cia) ee 
Lg. ASC < (Gtr)-?, we have that Lg (C) < (oe)? : 
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Now, if C< Dé Lg, then D=E*”, for some E€ Lp, by hypothesis. Then CO < 
Clelp< pple pletele_ le — Dp, this shows that C+?+" =Lo(C). 


1.1. The skeletons of R-tors, R-Serre and R-op 


As an application of Theorem 1.4 we notice that the skeletons of R-tors, (which 
is Ly<,-s,ext,@}), of R-Serre (which is Ly< . xt} ) and of R-op (which is Ly< |.) 
are all the same. 

In order to apply Theorem 1.4, we will show that a class € € Skel(R-op) is 
also closed under extensions and direct sums. 

The following lemma is proved in [9, Theorem 3]; we include a proof for 
reader’s convenience. 


Lemma 1.7. Each D € Skel(R-op) is closed under extensions and direct sums. 


Proof. Suppose D = €+1<->}. 


Extensions. Let 0 BAM N + 0 be an exact sequence with L,N 
€ €tts.+}, To show a contradiction, suppose that 0 4 K € € is a subquotient of 
M, as in the diagram 


M 
re 
ae eee 


where a is epic and ( is monic. As 3 (K)Naf (L) is a subquotient of both L and 
K, then 6(K)N af (L) = 0. So we get a commutative diagram 


C..5 2 4. we 25 Ht = ¥, 
As 
Hey. oC wa 
Al 
C/af (L) 


with y being an epimorphism, and 7 the natural epimorphism. Now consider the 
non-zero quotient C/af (L), thus C/af (L) € €+t<.~}. Notice now that 7 is a 
monomorphism, so 7 (KX) € Cis}, thus0¢A K € ¢€ne¢tts.—}, a contradiction. 

Direct sums. Let {Mj}, be a family in €+{<.>}; we want to see that 6 {Mj}, 
cannot have a non-zero subquotient in €. To show a contradiction, if 0 4 N were 
a subquotient of 6 {M;},, with N € €, there would be a diagram 


® {Mi}, 
{8 
Gee = ae Gs 
with @ epic and a monic. We can choose N as a cyclic module, changing N for 
a submodule if necessary. In fact, we can choose N as a simple module by using 
Remark 1.1. Let us take a simple module N, N € €, then it is a subquotient of a 
finite direct sum 6 {M;},, J C I. But €*{<.~? is closed under finite direct sums 
because it is closed under extensions. Thus 04 NE €N¢Hs:}, a contradiction. 
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Now we apply Theorem 1.4 to 
Skel (Ly<,}) © Ly<,-+,0,ext} © Ly<,+,ext} © Ly<,+} 


to conclude Skel (Ly<,-»}) = Skel (Ly<,-»,0,ext}) = Skel (Die coat) : 

Thus pseudocomplements of Serre classes and of open classes are always 
hereditary torsion classes belonging to the skeleton of R-tors. 

As a consequence we also obtain a new description for the pseudocomplement 
of an hereditary torsion theory. 


Corollary 1.8. 7+ is the torsion theory whose torsion class is given by 


T,1 ={M|M has no nonzero r-torsion subquotients } . 


2. The big lattice R-sext 


We shall say that a class of left R-modules € is a class with zero if € is closed 
under isomorphisms and contains the zero module. 

R-her and L,<; both denote the same big lattice, in particular we denote by 
her(C) the hereditary module class generated by the class C' (see [1]). 


Notation. Let €, D be two classes with zero. We denote 
there exists an exact sequence 


E(€,D)=<MERmod| 07-C3M3D-—0 
with C€€ and DeD 


Definition 2.1. We shall denote by R-sext the proper class of all classes of left 
R-modules closed under isomorphisms, submodules and extensions. 


Thus R-sext means the same as Lye< ext}- 
In the following propositions we prove some facts that we will need later. 


Proposition 2.2. Let €,D and € be three classes with zero, then 
E(E(€,D), €) = E(€, E(B, €)). 


Proof. Take M € E(E(€,®), €), then we can assume that there exists an exact 
sequence 


M 
NoM> — 
0 WV 0 


M 
with N € E(€,D) and = € €. 
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N 
We have the following diagram for some C' € € and G ED: 


0 0 
C = C 
0 —- No M> = + 0 
N M M 
Oe“ Ee SS Ss 
Cc C N 
0 0 


Since x € Dand # € €, then u €®D:€. It follows that M € E(€, E(D, €)). 
Conversely, take M € E(€, E(®, €)), then there exists an exact sequence 
M 


LoM—- — 
L 


M K 
with L € € and cf € E(D,€). So we have the following diagram with 7 ED 


M 
d—eeé: 
ee 
0 0 0 
¥ 
0 - La Kk => e236 
inc in 
0 —- La We eG 
L 
M M 
K K 
0 0 


Since L € € and as € ®, then K € E(€,D). Hence M € E(E(€,D), €). 


Notice that for two classes with zero €,D, we have that CUD C E(€,D). 


Definition 2.3. For a class with zero €, define E(€,€)° = {0} and E(€,€)"t! = 
E(€, E(€,€)"), n EN. 


Theorem 2.4. [f € is a hereditary class, then Uncen E(€, ©)” € R-sest. 


Proof. First we prove that E(€,€)” is a hereditary class for each n € N. 
The assertion is clear for n = 0. Let us take n > 0. 
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Suppose that M € E(€,¢)* for some 0 < k EN, and let N be a submodule 
of M. Thus there exists an exact sequence 


0- LOM ——0 


M 
with L € €, and Tz € E(€,€)*-!. So we have the following commutative diagram: 


i LD ao M—=> = — O 
inc 7 inc T inc T 
0 -—- LANG N= “= zs — 0 


Since € and E(€, €)*~! are hereditary classes, then N € E(€, €)*. 

Thus for each n € N, E(€,€)” is a hereditary class and it is immediate that 
Unen E(€, €)” is also hereditary. 

Now we claim that U,,cy E(€, ©)” is closed under extensions. 

Consider the exact sequence 


0O-kK—-~M-L-0 
with K € E(€,¢)' and L € E(€,€)™. We will prove that M € E(€,€)*™, by 


induction on l. If 1 = 0, there is nothing to prove. Let us suppose | > 0. We can 
take a diagram with exact rows and columns: 


0 0 
ky = ki 
0 —- kK = M += L = 0 
05 2 > Fob so 
0 0 


K 
where aie E(€,¢€)'"1 and ky € €. 
1 


K 
Since L € E(€,€)™ and zm & E(€,¢)'"!, we have that 
1 


M 
Bee. ere (l-1)+m | 
K & (€,€) 


So we have that M € E(€,¢)!+™ as desired. 


For each hereditary class § C €, with € € R-sext we have that E(9,) C €. 
Thus, by induction, we get U,,cn E(9, 9)" © €. So we obtain the following result. 


Corollary 2.5. [f % is a class of modules, then Ucn E (her (2) , her (2))" is the 
class in R-sext generated by A. 


26 A. Alvarado Garcia, H.A. Rincén Mejia and J. Rios Montes 


For each class of modules 2 we will denote U,,-x E(her (21) , her (2l))” by 
sext (2). 


From the above we have that R-sext is a complete big lattice where for each 
set X and any family {Ca} ex of elements in R-sext we have that 


J\itadces = () teehee 
Vi{Calacx = sext (Li@absex): 


Another important property that R-sext has is given in the following: 


nen 


Theorem 2.6. R-sext is S-pseudocomplemented. 


Proof. Let € € R-sext. We will prove that 
Ctsext = {Me R- mod | her(M)N¢€ = {0}} 


is the S-pseudocomplement of € in R-sext. 

Let us define § = {M € R- mod | her(M)€ = {O}}. 

It is clear that €M = {0}. Now take M € § and N < M. Then her(N) C 
her (MZ), so we have that her (NV) N€ C her(M)N € = {0}, thus N € §, hence 
is a hereditary class. 

Now, consider the exact sequence 0 K M2 L 0 with K and L 
in § and suppose M ¢ §. Then there exists 0 # N < M such that N € €, thus 
NOK € 9N€ = {0} which implies that pjy : N — L is a monomorphism. As L € 
§ we obtain N € 8N€ = {0}, a contradiction. Thus § is closed under extensions. 

Finally we claim that § contains each D such that €7D = {0}. If not, take 
®D € R-sext such that DN € = {0} and D J §, then there exists 04 M €D\H, 
thus also there exists 0 4 N < M with N € DONE, a contradiction. 

We conclude that § is the S-pseudocomplement for €. 


Theorem 2.7. sext(R) = sext(R-simp) if and only if R is left artinian and R 
contains a copy of each simple module. 


Proof. Let us assume that sext (R) = sext(R-simp). 

sext(R-simp) consists of finitely generated semiartinian modules in view of 
Corollary 2.5. As sext (R) is the class closed under extensions generated by the 
left ideals the hypothesis implies that each left ideal is semiartinian and finitely 
generated. Thus R is left noetherian and left semiartinian. Hence R is left artinian. 
If S is a simple module, then S € sext (R), thus S € ey L(R))” for some 
minimal n € N. So there exists an exact sequence 0 — I K O where 
ITé L(R) and K € E(L(R), L(R))"~!. As S is simple this ae that S = J. 

Conversely, assume that F is left artinian thus it is noetherian and semi- 
artinian. As usual, let us define soc; (R) = soc(R) and socn+1 (R) / soc, (R) = 
soc (R/ soc, (R)). It follows that soc, (R) € sext(R-simp), for each n. Also there 
exists an m such that socm+1(R) = socm (R) because R is left noetherian. Thus 
soc (R/ soem (R)) = 0 which implies that R/socm (R) = 0 because R is semiar- 
tinian. Hence we see that R € sext(R-simp). The same argument can be used to 
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prove that each left ideal belongs to sext(R-simp). Thus we get that sext (R) C 
sext(R-simp). The converse inclusion follows directly from the hypothesis. 


2.1. R-sext and R-nat 


We recall that a natural class of R-modules is a class of modules closed under 
submodules, direct sums and injective hulls. The class R-nat of natural classes is 
in fact a boolean lattice (in particular, R-nat is a set). See [19]. 

In [1] we proved that R-nat = Skel(R-her). 


Theorem 2.8. The skeleton of R-sext is R-nat. 


Proof. As R-nat = Skel(R-her) C R-sext C R-her, applying Theorem 1.4, we have 
that Skel(R-her) = Skel(R-sext). 


Corollary 2.9. If 3 € R-nat, then Stsexttsext — J. 


Proof. Follows directly from Theorem 1.6. 


From Theorem 1.6 we can make the following remark. 


Remark 2.10. If € € R-sext, then €+sext+sex« = nat (€), the natural class generated 
by €. 


Theorem 2.11. If € and D are in R-sext, then: 
(€VD) sext = c¢ sext AD sext 


and 


(CA D) sext __ (os sext VD sext 


Proof. For the first statement, we always have € < €V®D and then (€ V oye < 
¢+sext, Analogously (€ VD)" < Dt, and then (€ VD)" < Ctsext AD toexe 
always happens. 

On the other side, suppose there exists 

OA Me (Clem A Dt) \ (EVD). 
Then her (MZ) N € = {0}, her (MZ) 1D = {0} and her (IZ4)N (CV D) F¥ {0}. Then, 
there exists 0 4 N < M such that N € (€ VD), and hence there exists an exact 
sequence 
0-C—-N>L-0 

with 0 4 C € €U®D. Since C € her(M) too, we have her(M)M€ 4 {0} or 
her (M)ND ¢ {0}, a contradiction, so (€ VD) et = Ctsext A D+sexe, 

For the second statement, it always happens € A D <¢, then €tset < 
(CAD). 

Analogously Dts < (€ AD)", hence CLs V Dtsext << (CAD), 

Now, take M € (€A®D)***, then her(M)M (CAD) = {0}. Since 
(CAD) *** € R-nat we can suppose that M is injective. Let C’ be a maximal 
submodule of M such that C € €+*e**, then C is an essentially closed submod- 
ule of M (see [20, Section 1.]), thus M = C @D for some 0 4 D < M. If 
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D ¢ Dt»t, then there exists 0 4 E < D such that E € D and E ¢ Cts, 
then there exists 0 4 F < E with F € €. Then F € her(M)N (CAD) = {0}, 
a contradiction. SoM = C @ D with C € €+set and D € Dtsext which implies 
M & Cteext y Dtsext_ 


3. The big lattice R-qext 


We shall denote by R-qext the proper class of all classes of left R-modules closed 
under isomorphisms, quotients and extensions. 

Analogously to Theorem 2.4, Corollary 2.5 and to Theorem 2.6, we have the 
following results: (Notice that R- quot = L,_,}). 


Theorem 3.1. [f Q is a cohereditary class, then U,,cn E(Q, 2)" € R-quot. 


Corollary 3.2. If U is a class of modules, then J 
class in R-qext generated by LU. 


nen (quot (L) , quot ({))” is the 


Denoting qext (L) = Unen E (quot (i) , quot (L))” we have that R-qext is a 
complete big lattice where for each family {Ca},ex in R-gext: 


| (obaex = heen 
AY goes See gext (U (oh) 


Theorem 3.3. [f Q € R-qext, then Q has a unique pseudocomplement in R-qext 
given by 


Qtaxt = {Me R- mod | quot(M)NQ = {0}}. 
Example. qext (R) = {rM | M is finitely generated} . 


Proof. qext (2) is the class closed under extensions generated by the cyclic mod- 
ules, thus it is clear that qext (R) contains just finitely generated modules. On the 
other hand, each finitely generated free module R” belongs to qext (R) , thus each 
finitely generated module also belongs to gext (R) . 


Lemma 3.4. gext (R) = gext(R-simp) implies that R is left semiartinian. 


Proof. It is clear that qext(R-simp) consists of semiartinian finitely generated 
modules. Thus the hypothesis implies that each finitely generated module is semi- 
artinian, thus R is semiartinian. 


Recall that for two preradicals p,o in R-mod, [p : o] is the preradical defined 


p:ol(M)_ of M\ g 
p00 cag) te 


Theorem 3.5. R is left artinian if and only if R is left noetherian and gext (R) 
= qext(R-simp). 
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Proof. Let us suppose R is left artinian, then R is noetherian and semiartinian. 
If we consider the sequence of preradicals soc,socg = [soc: soc],...,S0Cn41 = 
[soc : soc,], then the corresponding sequence of ideals soc(R) < --+ < soc, (R) 
stabilizes, say at soc, (R). 

This means that soc(R/soc, (R)) = 0 and thus R/socn (R) = 0, since R 
is semiartinian. Then R = soc, (R) € qext(R-simp). So we have that qext (R) C 
gext(R-simp). The converse inclusion holds because each simple module is a quo- 
tient of R. 

Assuming that gext (R) = qext(R-simp) and R noetherian, using Lemma 3.4, 
we have that R is left semiartinian. Thus R is left artinian. 


3.1. R-qext and R-conat 


In [1] we proved that the skeleton of R-her is R-nat and we defined R-conat as 
the skeleton of R-quot. An element of R-conat is called a conatural class. In [2] we 
proved that R-conat is also a boolean lattice. Also we showed that a class Q € R- 
quot is a conatural class if and only if it satisfies the following C’'N-condition: 
Q = Qtt-14+t}, where ..; denotes pseudocomplements in the big lattice Ly_,y 
consisting of the module classes closed under quotients. (This big lattice is denoted 
R-quot in [1].) 

In [1], we described the pseudocomplement in R-quot of a class Q, as Qt{>} = 
{M | M has no non zero quotients in Q}. It is easy to see from this description 
that pseudocomplements in R-quot are in fact S-pseudocomplements. Also, we 
have already seen in Lemma 3.3 that R-qext is S-pseudocomplemented and it is 
easy to see that pseudocomplements in R-qext are the same as the pseudocomple- 
ments in R-quot. To see this, just recall that Skel(R-quot) C R-gext. 

Now we obtain the following consequence from Theorem 1.4. 


Theorem 3.6. R-conat = Skel(R-qext). 


Also we obtain the following result related with Corollary 2.9. 


Corollary 3.7. For a module class Q € R-qext, Qt(-extt+{+.t} = conat (Q), 
where conat (Q) denotes the conatural class generated by Q. 


Remark 3.8. Notice that conat(Q) = Qt{-1+t-tif Q © R-quot. Thus we can 
describe the conatural class generated by an arbitrary family of modules A as 


; fA0 = g#0 , 
conat (A) = ¢ M | V epic M—» N,a N- C epic, 
with C a quotient of an element of A 


4. R-nat and R-conat 


In this section we study the consequences of assuming that R-nat = R-conat. We 
begin with the following. 
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Theorem 4.1. For a ring R are equivalent: 
(1) R-nat = R-conat. 
(2) nat (M) =conat(M) for each M € R- mod. 


Proof. (1) => (2) Let M be an R-module, as nat (M) € R-nat C R-conat, then 
nat(/) is a conatural class containing M, thus conat (7) C nat (M). Symmetri- 
cally, nat (7) C conat (M). 

(2) == (1) Suppose (2) and let us take a natural class €. If M € €, as 
conat (M7) = nat(M) C €, it follows that € is closed under quotients. To show 
that € is a conatural class, it suffices to prove that a module M such that all of 
its nonzero quotients have a non zero quotient in €, must belong to € (for this 
is equivalent to the CN condition mentioned at the beginning of the preceding 
section). Let us take a module M such that for each nonzero epimorphism f : 
M — N, there exists a nonzero epimorphism g : N - C, C € €. We want to prove 
that M € €. 

There exists maximal submodules of M belonging to €, see [4]. Let U be one 
of them. If U was a proper submodule of M, it could not be an essential submodule, 
because a natural class is closed under essential extensions. Hence we can assume 
that U is essentially closed. If V is a pseudocomplement of U in M, then U is also 


M 
a pseudocomplement of V. Thus p0 4 V embeds in T as an essential submodule. 
The choice of U and V implies that V € €+e+, where €+e+ denotes the comple- 
M M 
ment of € in R-nat. Thus 0 # TU € €tmt, and by hypothesis, TU has a nonzero 


quotient in €, which also belongs to €+»**, because we have noted that a natural 
class is closed under quotients. We have obtained a contradiction. Hence M € €. 

Thus R-nat C R-conat. 

For the converse inclusion, let us take a conatural class €. For M € €, we 
have that nat (14) = conat (M4) C €, then € is closed under submodules. 

Thus each conatural class is a class closed under submodules and quotients 
(i.e., it is an open class). The pseudocomplement of € in R-quot, which is de- 
scribed as 

{N | N has no nonzero quotients in €} 


is also a conatural class. Therefore 
{N | N has no nonzero quotients in €} 
is closed under submodules and for this reason it coincides with 
{N | N has no nonzero subquotients in €}, 


the pseudocomplement of the open class € in the big lattice of open classes. But 
this is a hereditary torsion class by Lemma 1.7. In particular it is closed under 
taking direct sums. 

In order to see that a conatural class € is natural, it suffices to prove that a 
module M such that each one of its nonzero submodules has a nonzero submodule 
in €, must belong to €. 
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Let us assume that M has the mentioned property. Then it must contain a 
maximal independent family of submodules in €, whose direct sum U, say, must 
be an essential submodule of WM. Thus U € €, as we remarked above. As U is 
essential in M, then M € nat (U) =conat (U) C €. 


Theorem 4.2. The following conditions are equivalent for a ring R: 
(1) R-nat = R-conat. 
(2) R is isomorphic to a finite direct product of right perfect, left local rings. 


Proof. (1) => (2) Each hereditary torsion free class is a natural class and then 
each class is closed under quotients. So by [17], R is a finite direct product of right 
perfect left local rings. 

(2) ==> (1) By [3, Theorem I.9.]] we can assume that R is a right perfect left 
local ring. Now, since R is left semiartinian, each module is an essential extension 
of its socle. So each natural class is generated by a family of left simple modules. 
As by hypothesis |R-simp| = 1, then R-nat = {{0},R- mod }. 

On the other hand, each conatural class is also generated by a family of left 
simple modules (see [1]), thus R-conat = {{0}, R- mod }. 


In [2] we proved that the conditions: (1) R-her = R-quot and (2) R is a finite 
product of artinian principal ideal rings are equivalent. In the following example 
we give a ring R where R-nat = R-conat but R-her 4 R-quot. 


A 
(x?,y?)’ 
where A = k [x,y] is the polynomial ring in two indeterminates x and y over a 


is not QF. 


Example. By [5, Chapter 24, Exercise 4] we have that the ring R = 


field k, is a QF local (commutative) algebra over k such that ai 
soc 

By [5, Chapter 24, Exercise 3] R is not an artinian principal ideal ring. By [2, 

Theorem 38] R-her 4 R-quot (Indeed, RZ + Ry is an ideal which is not principal, 

thus it can not be a quotient of R, thus her (R) # quot (R)). But we do have that 

R-nat = R-conat by the previous theorem. 


5. R-sext and R-qext 


In this section we study what can we say about the ring when we suppose that 
R-sext = R-qext, that is, when every class in R-sext is a class in R-qext and 
viceversa. 

We begin with the following lemma: 


Lemma 5.1. If every class in R-sext (R-qext) belongs to R-qext (R-sext), then 
qext(W) C sext(M) (sext(M) C qgext(M)) for each M € R- mod. Thus for a 
ring R the following conditions are equivalent: 

(1) R-sext = R-qext 

(2) VM € R- mod , sext(M) = gext(M). 
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Proof. It is straightforward from the properties of generating classes in R-sext and 
R-qext. 


Lemma 5.2. If every class in R-sext belongs to R-qext, then R is isomorphic to a 
finite direct product of right perfect left local rings. 


Proof. If R-sext C R-qext, as every hereditary torsion free class F, belongs to 
R-sext, we have that all of these are also closed under quotients, we conclude 
by [17]. 


Lemma 5.3. If every class in R-sext belongs to R-qext, then every simple left 
R-module embeds in R. 


Proof. If R-sext C R-qext, then for the R-module rR we have that qext(R) C 
sext(R) and then each simple left R-module S' is in sext(R), so there exist a 
minimal n € N and modules A € L(R) and B € E(L(R), L(R))"~+ such that the 
sequence 


0-A-—-S—-B—-0 


is exact. Hence S & A, and A is contained in R. 


Lemma 5.4. If every class in R-qext belongs to R-sext, then R is a left noetherian 
ring. 
Proof. Suppose that R-qext C R-sext, then 

sext(R) C gext(R) ={MeR- mod | M is finitely generated} . 
So that every left ideal of R is finitely generated. 


Proposition 5.5. If R-sext = R-qext, then R is isomorphic to a finite direct product 
of left artinian, left local rings. 


Proof. By Lemma 5.2, R is a product of finitely many right perfect left local rings. 
By Lemma 5.4 R is also a left noetherian ring. Now, a right perfect ring is left 
semiartinian. Thus the right perfect factors of R are left semiartinian and left 
noetherian, thus they are left artinian. 


It should be noticed that in the following lemmas about local left artinian 
rings we could put “left local” instead of “local” in view of [3, Theorem V.2.3] and 
by straightforward uses of Morita equivalence theory. 


Lemma 5.6. Jf R is a left artinian, local ring such that E(R/Rad(R)) is finitely 
generated, then sext (R) = qext (R). 


Proof. We have that sext (R) is the class of all modules closed under extensions 
generated by the left ideals of R. Since R is left noetherian, then each left ideal 
is finitely generated, thus every left ideal of R belongs to qext (R). As qext (R) is 
the class of all finitely generated left R-modules, then sext (R) C qext (R). The 
other inclusion follows from the fact that, for each finitely generated module pM, 
gext (M7) = qext(S), where S is the unique simple module in R-simp. Indeed 
M = socp (M) € sext (5) for some n € N. (See the proof of Theorem 2.7.) 
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Lemma 5.7. If N € sext(M) and X is a set, then N™ € sext (MM), 


Proof. Suppose that 0 4 N to be sext (MM), then N € E(L(M), L(M))” for some 
n € N, which we can assume minimal. We shall proceed by induction on n. 

If n = 1, then N < M and it is clear that N®) < M®). Now let us 
suppose that n > 1, thus there exists a short exact sequence 0 K N 
T — 0, with K < M and T € E(L(M), L(M))"~?, so we obtain a short exact 
sequence 0 —> K(*) —. N(®) —. T™) —. 0. By induction hypothesis, T™) € 
sext (M@)), thus we have N“*) € sext (M@)), 


With an analogous argument we obtain the following lemma. 
Lemma 5.8. If N € qext(M) and X is a set, then N™) € qext (MO), 
Corollary 5.9. If X is a set, then: 
(1) sext (V) = sext (M) => sext (N@)) = sext (M@?). 
(2) qext (N) = sext (M) => gext (N@)) = gext (M™). 
Lemma 5.10. If R is a local left artinian ring such that E(R/Rad(R)) is finitely 


generated, then sext(M) = qext(M) for every non finitely generated left R- 
module M. 


Proof. Notice that, under the current hypothesis, every left R-module has a pro- 
jective cover and every projective left R-module is free. Now, let us suppose that 


0 K R& M 0 is a projective cover of a non zero left R-module 
M, then M/Rad(M) is a semisimple module of the form S‘4) for some set Z. 
Since 0 —> Rad(R) R S 0 is a projective cover, then it induces a 


projective cover 0 Kk’ RY) S\4) of M/Rad(M). From the fact that 
the rows of the diagram 


0 —> K —+ RO + M — 0 


: 
0 — K' —+ R@ -+ M/Rad(M) — 0 
are projective covers, we obtain that R™) ~ R), and consequently we have that 
|X| = |Z|. Thus M € gext (R“™?). Now, since qext (R) = gext ($), we have that 
qext (ROO) = qext (oe from Corollary 5.9. 
Now, it is clear that 


qext (MM) < qext (2) = qext (s@) = qext (M/ Rad (M)) < gext (M4), 


so that gext (MM) = gext (M/Rad(M)) = gext (S$). 
From the above, we conclude that the projective cover of a left module MW 
determines gext (/) since its projective cover has as many direct summands as 


M/Rad(M). 


Lemma 5.11. Jf R is a local left artinian ring such that E (R/ Rad (R)) is finitely 
generated, then sext (M) = sext (soc(M)), for each left module M. 
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Proof. Assume that soc (M) = S‘) for some set Z. Since R is semiartinian, then 
soc (M) <., M, and consequently M and soc (M) have isomorphic injective hulls; 
thus we have that E(M) 2 E(S)) = (B (5). As E(S) is finitely generated, 
we conclude that E (5) € qext(R) = qgext (S$). But sext (5) = qext (S$), so that 
E(S) € sext(S'). Notice that, from Lemma 5.7, E(S) € sext(S) implies that 


(E (s))) € sext ($(7)), thus we have 
sext (soc (4)) = sext (s)) = sext ((E (sy) = sext (FE (M)) 
which implies that 


sext (soc (Z)) = sext(/) = sext (EF (M)) = sext (s@) : 


Corollary 5.12. If R is a local left artinian ring such that E (R/ Rad(R)) is finitely 
generated, then: 

(1) sext (S) = {M | soc(M) = SM} 

(2) gext (S) = {M | M/Rad(M) = 5}. 


Proof. (1) This is a direct consequence of Lemma 5.11. 


(2) In the proof of Lemma 5.10, we noticed that qext (M) = qext (7/ Rad (M)). 


Lemma 5.13. If R is a local left artinian ring such that E(R/Rad(R)) is finitely 
generated, then 


soc (IM) = M/Rad(M). 
for each non finitely generated left module M. 
Proof. From Lemma 5.10, we have that sext (MZ) = qext (M/). Now, if soc(M) = 
SCO and M/Rad(M) =~ S™), then 


sext (so) = sext (7) = qext (I// Rad (M/)) = qext (s®) = sext (s®) : 


From this we conclude that |X| = |Y| and then soc(M) = M/ Rad (MM). 


Theorem 5.14. Suppose that a ring R is such that the injective hull of every simple 
left module if finitely generated. Then the following conditions are equivalent: 


(1) sext (17) = gext (MM), VM € R- mod. 

(2) R-sext = R-qext. 

(3) R is isomorphic to a finite direct product of left local, left artinian rings. 

(4) R is isomorphic to a finite direct product of left local and both left and right 
perfect rings with the property that soc(M) = M/Rad(M) for each non- 
finitely generated left module M. 
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Proof. The equivalence of (1) and (2) is given by Lemma 5.1 and (1) => (3) is 
Proposition 5.5. 

(3) = > (4) A left artinian ring is left and right perfect and also it is left 
noetherian. By [3, Theorem V.2.3], we can assume R is local. Then it follows from 
Lemma 5.13 that soc (MM) = M/Rad(M). 

(4) => (1) Assume that R is a left local and left and right perfect ring, we 
want to show that sext (7) = gext (IZ) for each left module M. 

Indeed, by Lemma 5.11, we have that sext (7) = sext (soc (M/)) and as in 
the proof of Lemma 5.10 we can show that qext (17) = gext (M/ Rad (M)). Thus 
we have the conclusion for every non finitely generated left module M since, in 
this case, 


sext(M) = sext(soc(M)) = sext (M/Rad(M)) 
= qext (M/Rad(M)) = qext (M). 


Now, if M is finitely generated, then soc (IZ) and M/ Rad (M) are semisimple 
finitely generated modules, then 


sext (17) = sext (5) = qext (.S) = gqext (// Rad (4)) = gext (M), 


where S denotes the unique element of R-simp. 


Example. A ring R such that R-sext = R-qext but R-her 4 R-quot: By [8, Chapter 
13, Exercise 5 ] a commutative artinian ring R has the property that its finitely 
generated modules are closed under injective hulls. Thus the ring of Example 4, 
satisfies the required properties, as any other commutative artinian local ring with 
a non principal ideal. 


Example. A commutative perfect non artinian ring satisfies that R-nat = R-conat 
but R-sext #4 R-qext. Take, for example, the trivial extension of a field F' by 
an infinite-dimensional vector space -V. A particular case is the trivial extension 
QxKR. 
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Reversible and Duo Group Rings 
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Abstract. We summarize recent results on reversible group rings, duo group 
rings, and graded reversible group rings; and we mention several open prob- 
lems. 
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1. Introduction 


Let R be an associative ring with identity. R is called reversible if a3 = 0 implies 
Ba = 0, and it is called symmetric if aby = 0 implies ay = 0 for all a, 6,7 € R. 
The reversibility property, a natural generalization of commutativity, has been ex- 
ploited by various authors over the years; but apparently the name was introduced 
by Cohn [3], who noted that the Kothe conjecture holds for the class of reversible 
rings. 

Marks [10] has discussed the relationship between symmetric and reversible 
rings. Symmetric rings are clearly reversible, but the converse is not true. In fact, 
Marks showed that the group algebra Z2Qx of the quaternion group of order 
8 over the two-element field is reversible but not symmetric. In [5], Gutan and 
Kisielewicz characterized reversible group algebras KG of torsion groups G over 
fields kK. In particular, they described all finite reversible group algebras which are 
not symmetric. 

In this expository paper, we present some of results in [5], together with 
extensions to group rings RG over commutative rings R with 1. We deal briefly 
with the question of when reversible group rings are not symmetric, noting that 
Z2Qs is the minimal reversible group ring which is not symmetric. We investigate 
when a group ring RG is a duo ring, where R is either a field or an integral domain. 
Finally, we present some results on the more general notion of graded reversibility. 


This research was supported in part by Discovery Grants from the Natural Sciences and Engi- 
neering Research Council of Canada. 
Corresponding author: Yuanlin Li. 
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For a discussion of reversibility of semigroups and rings not assumed to have an 
identity, we refer to a recent paper [6], in which it was proved that symmetric 
rings, not necessarily with identity, satisfy the Kothe conjecture. 


2. Reversibility in group rings 


In this section we discuss recent developments regarding reversibility in group 
rings. We deal first with group algebras KG over fields K, and then with group 
rings RG over commutative rings R. Finally, we discuss minimal reversible group 
rings which are not symmetric. 

Consider a group ring RG of a torsion group G over an associative ring R 
with identity. If RG is reversible, then the structure of G is very restricted; in 
fact, G is either an abelian group or a Hamiltonian group. To see this, we need 
only to verify that every cyclic subgroup (g) of G is normal. Let h € G and 
G=ltgtg? +--+ 9°. Since h(1 — g)g = 0 and RG is reversible, we have 
gh(1—-g) = O and thus gh = ghg, soh = g*hg for some i. Hence, hgh~! = g~* € (4g), 
implying that (g) is normal. 


2.1. Reversibility in group algebras KG 

Marks [10] showed that the group algebra ZoQx of the quaternion group of order 
8 over the two-element field is reversible, but not symmetric. In [5], Gutan and 
Kisielewicz characterized all reversible group algebras KG of torsion groups G over 
fields kK. In particular, they described all finite reversible group algebras which 
are not symmetric, extending a result of Marks. If G is abelian, clearly KG is 
commutative, hence symmetric, so the interesting case is when G is a Hamiltonian 
group, ie., G = Qg x Ea x E45, where Qs is the quaternion group of order 8, F2 is 
an elementary abelian 2-group, and E% is an abelian group all of whose elements 
are of odd order. Gutan and Kisielewicz first considered when K Qs is reversible 
and obtained the following two results. 


Theorem 2.1. Let K be a field of characteristic 4 2. Then KQs is reversible if 
and only if the equation 1+ 2? + y? =0 has no solutions in K. 


Note that if K is a field of characteristic p > 2, then 1+ 2? + y? =0 hasa 
solution in kK. Consequently, if K is a field of characteristic p > 2, then KQg is 
not reversible. 


Theorem 2.2. Let K be a field of characteristic = 2. Then KQs is reversible if 
and only if the equation 1+ 2+? =0 has no solutions in K. 


By using a result of Perlis and Walker ([12, Prop. II. 2.6]) together with 
the above two theorems, Gutan and Kisielewicz obtained the following general 
characterization theorem. 


Theorem 2.3. Let K be a field and let G be a torsion group. Then KG is a reversible 
ring if and only if one of the following conditions holds. 
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(1) G is abelian. 

(2) G = Qs x Ey x Eb is Hamiltonian, the characteristic of K is 0, and the 
equation 1+ 2? + y? =0 has no solutions in any cyclotomic field K (Eq) for 
any odd d which is an order of an element of E%. 

(3) G= Qs~x Eb, the characteristic of K is 2, and the equation 1+x+2? =0 has 
no solutions in any cyclotomic field K(&a) for any odd d which is an order 
of an element of E5. 


As a consequence, they characterized all finite reversible group algebras. 


Theorem 2.4. A finite group ring KG of a non-abelian group G over a field K is 
reversible if and only if K = GF(2”) with an odd n> 1 and G= Qs: x E%, where 
the order of E5 divides 2™ —1 for some odd m > 1. 


The following result from [5] addresses the question of which reversible group 
algebras KG are not symmetric. 


Corollary 2.5. A reversible group algebra KG of a non-abelian torsion group G 
over a field K is not symmetric if and only if char(K) = 2, and G = Qs x E5. 


Note that (Ri x R2)G is reversible if and only if both RiG and ReG are 
reversible. It now follows from Theorem 2.1 and Corollary 2.5 that (Q x Z2)Qs is 
reversible but not symmetric. 


2.2. Reversible group rings over commutative rings 


We now present some recent results from [8] regarding reversibility of group rings 
RG over commutative rings R, which extend the above mentioned results of Gutan 
and Kisielewicz. The following two preliminary results are useful. 


Lemma 2.6. Let R be a ring with identity. If R contains a nonzero nilpotent element 
r such that 2r =0, then RQs: is not reversible. 


Theorem 2.7. Z,Qg is reversible if and only if n = 2. 


Note that if RQ: is reversible and char(R) = n > 0, then the subring Z,Qs 
of RQs is also reversible, and thus n = 2. This tells us that if RQg is reversible, 
then the characteristic of R is either 0 or 2. 

For R a commutative ring with characteristic 2, a necessary and sufficient 
condition for RQ: to be reversible was given by Parmenter and the second author 
in [8]. 


Theorem 2.8. Let R be a commutative ring of characteristic 2. Then RQs: is re- 
versible if and only if the equation x? + xy + y? = 0 has no nonzero solutions 
in R. 


Note that all of the above reversible group rings RQg are not symmetric 
because RQs has a non-symmetric subring Z2Qs. Note also that in a field K of 
characteristic 2, the equation x? + y+ y? = 0 has no nonzero solutions if and only 
if 1+ 2+? = 0 has no solutions. Thus the above theorem extends Theorem 2.2. 


40 H.E. Bell and Y. Li 


As a consequence of Theorem 2.8, we obtain the following necessary and suffi- 
cient condition for group ring RQs over a commutative Artinian R of characteristic 
2 to be reversible. 


Corollary 2.9. If R is a commutative Artinian ring of characteristic 2, then RQs 
is reversible if and only if R= [| Ki, where each K; is a field of characteristic 2, 
in which the equation 1+ 2+? =0 has no solutions. 


Next we discuss the case where R is a commutative ring of characteristic 
0. It is interesting to note that while the most complex argument of Gutan and 
Kisielewicz’s proof of reversibility of group algebras KQg occurs when K has 
characteristic 2, the most complicated situation with regard to general group rings 
RG appears to be the case when RF has characteristic 0. 

Let Ro = {x € R|2'x = 0 for some | > 0} denote the 2-torsion of R and 
ann{2} = {xa € R| 2a = 0} be the annihilator of 2 in R. Clearly ann{2} C Re. If 
RQs is reversible, then by Lemma 2.6, Rz has no nonzero nilpotent elements, so 
Ry = ann{2}. 

In [8], Parmenter and the second author were able to prove the following two 
results, which extend Theorem 2.1. The first shows that when investigating the 
reversibility of RG over a commutative ring R of characteristic 0, one may always 
assume that Ra = 0 (i.e., R has no 2-torsion). 


Proposition 2.10. Let R be a commutative ring of characteristic 0. Then the fol- 
lowing statements are equivalent: 
(1) RQs is reversible. 
(2) Ry has no nonzero nilpotent elements, and both RoQs and (R/R2)Qs are 
reversible. 
(3) The equation a? +ay+y? =0 has no nonzero solutions in Ro, and (R/R2)Qs 
is reversible. 


The next theorem characterizes all reversible group rings RQg when R has 
no nonzero nilpotent elements. 


Theorem 2.11. Let R be a commutative ring of characteristic 0. Assume that Ro = 
0 and R has no nonzero nilpotent elements. Then the following statements are 
equivalent. 

(1) RQs is reversible. 

(2) The equation x? + y? + 22 =0 has no nonzero solutions in R. 

(3) RQs has no nonzero nilpotent elements. 


The following example given in [8] shows that even when R has nonzero 
nilpotent elements, it is still possible that RQs: is reversible. 


Example 2.12. Let R = { | a 2 


zZ,Yye a}, where Q is the field of rational 


numbers. Then R is a commutative ring of characteristic 0 with nonzero nilpotent 
elements, and RQs: is reversible. 
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We close this subsection by proposing a few research problems. 


Problem 2.13. Let R be a commutative ring of characteristic 0 (not necessarily 
without nonzero nilpotent elements) and Ro = 0. Find a necessary and sufficient 
condition such that RQ: is reversible. 


After solving the above problem, one may attack the following. 


Problem 2.14. Let R be a commutative ring of characteristic 0 (not necessarily 
without nonzero nilpotent elements) and Ro = 0. Find a necessary and sufficient 
condition such that R(Qg x Ep x E) is reversible. 


When R is non-commutative, very little is known about reversibility of RG. 
Perhaps, one may first study the following question. 


Question 2.15. Let R be a non-commutative division ring of characteristic 0 and 
G = Qg or C,. When is RG reversible? 


2.3. Minimal reversible group rings 


In [10], Marks asks whether Z2Qs is the smallest ring which is reversible but not 
symmetric. In [5] Gutan and Kisielewicz asserted that it is the minimal group ring 
over a field with this property. Using an argument on the orders of group rings, 
one can prove that this is the case when group rings over commutative rings are 
considered. The following theorem proved in [7] confirms that Z2Qx is indeed the 
smallest group ring with this property, thereby providing a partial answer to the 
question raised by Marks. 


Theorem 2.16. Z2Qx: is the smallest reversible group ring which is not symmetric. 


To see this, we only need to show that every reversible group ring RG having 
|RG| < |Z2Qs| = 256 is symmetric except for RG = ZoQs. If RG is reversible, 
then R is reversible and G is either abelian or Hamiltonian; and since Qs is the 
smallest Hamiltonian group, Z2Qx is the minimal reversible non-symmetric group 
ring with G Hamiltonian. Thus, we may suppose that G is abelian, R is reversible 
but not commutative, and |RG| < 256. If |G| > 3, then |R| < 7; therefore, R is 
commutative, hence RG is both reversible and symmetric. Thus we may assume 
that G = C. If |RC2| < 256, then |R| < 15 and thus R is either commutative 
or non-reversible. Hence, we need only to consider the case RC2 with R non- 
commutative and reversible, and |R| = 16. It was proved in [7] that there is a 
unique non-commutative reversible ring Ro with 1 of order 16. Moreover, RoC is 
not reversible, so Theorem 2.16 follows. 


3. Duo group rings 


An associative ring R is called left (right) duo if every left (right) ideal is an ideal, 
and R is said to be duo if it is both left and right duo. Say that R has the “SI” 
property if a@ = 0 implies aRG = {0} for alla, Ge R. 
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Let R be a commutative ring with identity and G be any group. Using the 
standard involution * on the group ring RG, defined by (S> aigi)* = So aig; + for 
all a; € R and g; € G, we see that RG is left duo if and only if it is right duo. 

Marks [10] has clarified the relationships among duo, reversible and symmet- 
ric rings. Moreover, he proved the following result. 


Proposition 3.1. Let R be a commutative ring with identity, and let G be a finite 
group. Then the group ring RG is reversible if and only if RG has the “SI” property. 


It was pointed out in [2] that this result remains valid for an arbitrary group 
G. Since the “SI” property is simply the statement that left annihilators and right 
annihilators are ideals, it is obvious that duo rings have the “SI” property. It now 
follows from Proposition 3.1 that if RG is a duo ring, then it is reversible. However, 
the converse is not true, as the following example shows. 


Example 3.2. Let Qg = (a, bla* = 1,a? = b?,a’ =a~') be the quaternion group of 
order 8. The integral group ring ZQs: is a reversible ring, but not a duo ring. 


It follows from Theorem 2.1 that the rational group algebra QQs is reversible. 
As a subring of the rational algebra, clearly, the integral group ring ZQs is re- 
versible. 

To show that ZQs: is not a duo ring, one needs only to verify that the left 
ideal R(a + 2b) generated by a + 26 is not a right ideal. 


Remark 3.3. ZQs: is, in fact, symmetric; hence this example shows that “symmet- 
ric” does not imply “duo”. 


3.1. Duo group algebras 

As mentioned earlier, if a group ring RG over a commutative ring is duo, then it 
is reversible. All reversible group rings of torsion groups over fields were charac- 
terized by Gutan and Kisielewicz (Theorem 2.8). A natural question which arises 
is whether a reversible group algebra KG is also duo. An affirmative answer was 
given by Bell and the Li in [2]. The following result proved in [2] characterizes 
when a group algebra K Qs is duo. 


Theorem 3.4. The following statements are equivalent: 
(1) KQs is duo. 
(2) The equation 1+ x? + y? = 0 has no solutions in K when char(K) 4 2, or 
the equation 1 +a” +27 =0 has no solutions in K when char(K) = 2. 
(3) KQs is reversible. 


The above theorem together with a result of Perlis and Walker ({12, Prop. 
II.2.6]) gives a characterization of when a group algebra is duo. 


Theorem 3.5. Let K be a field and let G be a torsion group. Then KG is a duo 
ring if and only if one of the following conditions holds. 


(1) G is abelian. 
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(2) G = Qs x Ey x Eb is Hamiltonian, the characteristic of K is 0 and the 
equation 1+ 22 + y? =0 has no solutions in any cyclotomic field K(€q) for 
any odd d which is an order of an element of E%. 

(3) G=Qsx Eb, the characteristic of K is 2 and the equation 1+a+a? = 0 has 
no solutions in any cyclotomic field K(&a) for any odd d which is an order 
of an element of E5. 


As a consequence, we have the following: 


Corollary 3.6. Let K a field and let G be a torsion group. Then KG is duo if and 
only if KG is reversible. 


Remark 3.7. It was brought to our attention recently that some theorems equivalent 
to Theorem 2.3 and Corollary 3.6 were proved by Menal [11] with different methods 
and different terminology. 


3.2. Duo group rings over integral domains 


We now deal with the question of when a group ring RG is duo, where R is an 
integral domain and G is a non-abelian torsion group. Note that if RG is duo, then 
RG is reversible and thus G = Qs x E2 x E% is a Hamiltonian group. Therefore, 
as a homomorphic image of a duo ring RG = (RQs)(E2 x E%), RQs is duo. Thus 
determining when RG is duo essentially reduces to determining when RQ: is duo. 

As mentioned earlier, the integral group ring ZQs is a reversible ring but not 
a duo ring, while QQs is a duo ring. A natural question which arises is as follows: 


Question 3.8. Is there any ring R with identity between Z and Q (excluding Q), 
such that RQ: is duo? 


We also propose the following general question. 


Question 3.9. Let R be a integral domain and G be a non-abelian torsion group. 
When is RG duo? 


Note that if RQg is duo, then it is reversible, so either char(R) = 2 or 
char(R) = 0. In the latter case, it follows from Theorem 2.11 that for all a, y € R, 
1+2?+y? £0. Moreover, the following result due to Gao and Li [4] shows that 
14+ 2? +? is, in fact, invertible in R, giving a necessary condition for RQs to be 
duo. 


Lemma 3.10. Let R be an integral domain such that RQs: is duo. If1+a?+y? £0 
for some x,y € R, then1+a?+y? is invertible in R. Moreover, either char(R) = 2 
or char(R) = 0. In the latter case, 1+ 2? + y? €U(R) for all x,y € R. 


Using this lemma, Gao and Li were able to prove the following main result, 
providing a negative answer to Question 3.8. 


Theorem 3.11. Let R be an integral domain such that RQs is duo. Then the fol- 
lowing statements hold. 


44 H.E. Bell and Y. Li 


(1) If char(R) 4 0, then R must be a field. 
(2) If S is a ring of algebraic integers with quotient field Kg and SC RC Kg, 
then R= Kg. In particular, if ZC RCQ, then R=Q. 


In view of this theorem, one might conjecture that if RQg: is duo, then R is 
a field. However, the following proposition shows that this is not the case. 


Proposition 3.12. Let S = Q[z] be the polynomial ring over the rational field, and 
Sp be the localization of S at the mazimal ideal P = (x). Then R= Sp is a local 
integral domain of characteristic 0, but not a field, such that RQ: is duo. 


Remark 3.13. We note that the ring R in Proposition 3.12 is a principal local 
integral domain such that RQs is duo. However, for any prime p, the localization 
Zp) of Z at the ideal generated by p is a principal local integral domain, but Zip) Qs 
is not duo. 


Note that Theorem 3.11 together with Theorem 2.3 provides a complete 
answer to Question 3.9 when char(R) = 2 and a partial answer when char(R) = 0. 


Theorem 3.14. If R is an integral domain with char(R) 4 0 and G is a non-abelian 
torsion group, then the following statements are equivalent: 


(1) RG is duo. 

(2) R is a field and RG is reversible. 

(3) G=Qsx E4, R= K isa field of characteristic 2 and the equation 1+a+a? = 
0 has no solutions in any cyclotomic field K(€a) for any odd d which is an 
order of an element of E5. 


Theorem 3.15. If R is an integral domain with char(R) = 0 such that S CRC Kg, 
where S is a ring of algebraic integers, and G is a non-abelian torsion group, then 
the following statements are equivalent: 


(1) RG is duo. 

(2) R is a field and RG is reversible. 

(3) G = Qg x En x ES, R= K is a field of characteristic 0 and the equation 
1+a2?2+y? =0 has no solutions in any cyclotomic field K (Eq) for any odd d 
which is an order of an element of E%. 


We note that if char(R) = 0, a necessary condition for RQg to be duo is 
given in Lemma 3.10, i-e., 1+. 22+ y? € U(R) for all x,y € R. We are not aware of 
any example of an integral domain R with char(R) = 0 satisfying this necessary 
condition for which RQs: is not duo. We close this subsection by proposing the 
following question. 


Question 3.16. Assume that R is an integral domain with char(R) = 0 such that 
1+a?+y? €U(R) for all x,y € R. Is RQs duo? 
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4. Graded reversibility in integral group rings 


This section deals with graded reversibility in integral group rings and presents 
the results obtained in [9]. Let R be an S-algebra graded by a group A. Call R 
graded reversible with respect to the grading if ab = 0 implies ba = 0, where a,b 
are homogeneous elements of R. In the following we will be interested in graded 
reversibility when R = ZG (viewed as a Z-algebra) in the important special case 
where A = Co, the cyclic group of order 2. To be very specific, this means ZG = 
Ro @® Ri, where Ro, Ri are subgroups of (ZG, +) satisfying RoRp C Ro, RoRi C 
R,,RiRo C Ri, Ri Ri © Ro and the reversibility condition applies to elements a, b 
where ae R; and be R; for some 2, j. 

If G has a subgroup H of index 2 and g « G — H, then a C2-grading of ZG 
can be given as follows: 

ZG = ZH © (ZH)g. 

Note that any automorphism a of ZG gives another C'-grading since ZG = 
a(ZH) © a((ZH)g). It is an open question as to whether this method gives all 
C-gradings of ZG (see [1] for further information about this problem). We will 
focus exclusively on gradings of the type ZG = ZH © (ZH)g and try to determine 
when ZG is graded reversible. While the reversibility of integral group rings ZG 
is completely determined ([9, Theorem 1.1]), very little is known about graded 
reversibility. The following result due to Li and Parmenter gives a necessary and 
sufficient condition for ZG to be graded reversible. 


Proposition 4.1. Assume that ZG = ZH ® (ZH)g is a C2-grading. Then ZG is 
graded reversible if and only if both of the following hold. 


(i) ZH is reversible. 
(ii) Whenever aj,a2 € ZH satisfy aia. = 0, then azaf = 0 (where af = 
-1 
goig*). 


Corollary 4.2. Assume ZG = ZH © (ZH )g is graded reversible. Then every finite 
subgroup of H is normal in G. 


It seems to be an open question as to whether the conclusion of Corollary 4.2 
can actually replace condition (ii) in Proposition 4.1. In the special case where H 
is abelian this would say that ZG is graded reversible if and only if every finite 
subgroup of H is normal in G. The latter condition is automatically satisfied when 
HT is cyclic, and Li and Parmenter showed that ZG is indeed graded reversible in 
that case. We remark that cyclotomic polynomials play a very crucial role in 
proving the following main result (see [9, Lemma 2.3] for details). 


Theorem 4.3. Let (a) be a finite cyclic group of order n and let s be a positive 
integer such that (s,n) =1. For we Z(a), let af denote the image of a under the 
automorphism of Z(a) which maps a to a’. If aa = 0 in Z(a), then af ay =0. 
It follows immediately from the above theorem that condition (ii) of Proposi- 
tion 4.1 is satisfied when 4 is finite cyclic. Since ZH has no zero divisors when H 
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is infinite cyclic, condition (ii) is also satisfied. Therefore, ZG is graded reversible 
whenever H is cyclic. Note that if ZG is reversible, clearly it is graded reversible; 
however the converse is not true. The above observation provides many examples 
of groups G where ZG is not reversible but can be made graded reversible over 
C2 (e.g., all meta-cyclic groups G having a cyclic normal subgroup H of index 2, 
including dihedral groups). 
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Abstract. We show the existence of principally (and finitely generated) right 
Fl-extending right ring hulls for semiprime rings. From this result, we prove 
that right principally quasi-Baer (i.e., right p.q.-Baer) right ring hulls always 
exist for semiprime rings. This existence of right p.q.-Baer right ring hull for a 
semiprime ring unifies the result by Burgess and Raphael on the existence of a 
closely related unique smallest overring for a von Neumann regular ring with 
bounded index and the result of Dobbs and Picavet showing the existence 
of a weak Baer envelope for a commutative semiprime ring. As applications, 
we illustrate the transference of certain properties between a semiprime ring 
and its right p.q.-Baer right ring hull, and we explicitly describe a structure 
theorem for the right p.q.-Baer right ring hull of a semiprime ring with only 
finitely many minimal prime ideals. The existence of PP right ring hulls for 
reduced rings is also obtained. Further application to ring extensions such as 
monoid rings, matrix, and triangular matrix rings are investigated. Moreover, 
examples and counterexamples are provided. 


Mathematics Subject Classification (2000). Primary 16N60; Secondary 16820, 
16P70. 


Keywords. Fl-extending, right ring hulls, right rings of quotients, p.q.-Baer 
rings, quasi-Baer rings. 


Throughout all rings are associative rings with unity. Ideals without the adjectives 
“right” or “left” mean two-sided ideals. 

In this paper, we prove the existence of principally (and finitely generated) 
right Fl-extending right ring hulls for semiprime rings by using the concepts of 
distinguished extending classes (or D-€ classes), pseudo right ring hulls, and tech- 
niques studied in [12]. From this result, we obtain the existence of right p.q.-Baer 
right ring hulls for semiprime rings. Thereby, the existence of right p.q.-Baer right 
ring hulls for semiprime rings unifies the results on the existence of a closely related 
unique smallest overring for a von Neumann regular ring with bounded index by 
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Burgess and Raphael [16], and that of the weak Baer envelope for a commuta- 
tive semiprime ring by Dobbs and Picavet [18]. As applications, (i) we investigate 
the transference of properties between a semiprime ring and its right p.q.-Baer 
right ring hull; (ii) a structure theorem for the right p.q.-Baer right ring hull of 
a semiprime ring with only finitely many minimal prime ideals is described; (iii) 
we establish the existence of PP right ring hulls for reduced rings; and (iii) the 
existence of right p.q.-Baer right ring hulls of ring extensions such as monoid 
rings, matrix, and triangular matrix rings are studied. Furthermore, examples and 
counterexamples are provided. 

Recall from [9] that a ring R is called right p.q.-Baer (i.e., right principally 
quasi-Baer) if the right annihilator of a principal ideal of R is generated by an 
idempotent as a right ideal. Equivalently, R is right p.q.-Baer if R modulo the 
right annihilator of each principal right ideal is projective. We let pq denote 
the class of right p.q.-Baer rings. Similarly, left p.q.-Baer rings can be defined. 
If a ring R is both right and left p.q.-Baer, then we say that R is p.q.-Baer. A 
ring R is called right PP if the right annihilator of every singleton subset of R is 
generated by an idempotent as a right ideal. Note that the definition of a right PP 
ring is equivalent to every principal right ideal of R being projective (these rings 
are also called right Rickart rings). A ring R is called PP if R is both right and 
left PP. 

Recall from [4] that a ring R is called quasi-Baer if the right annihilator 
of every right ideal is generated by an idempotent (see [4], [5], [6], and [8] for 
more details on quasi-Baer rings). The class of p.q.-Baer rings includes biregular 
rings, quasi-Baer rings and abelian (i.e., every idempotent is central) PP rings. 
Also recall that a ring R is called right (FI)-extending if every right ideal (ideal) is 
essential as a right R-module in an idempotent generated right ideal of R. We let 
€ and §9 denote the class of right extending rings and that of right Fl-extending 
rings, respectively. 

We say that a ring R is principally right FI-extending (resp., finitely generated 
right FI-extending ) if every principal ideal (resp., finitely generated ideal) of R is 
essential as a right R-module in a right ideal of R generated by an idempotent. We 
use p§J (resp., fg) to denote the class of principally (resp., finitely generated) 
right Fl-extending rings. 


An overring S of a ring R is said to be a right ring of quotients (resp., right 
essential overring) of R if Rr is dense (resp., essential) in Sr. Thus every right 
ring of quotients of R is a right essential overring of R. 

For a right R-module Mr, we use Ne < Mr, Ne < Mr, Nr <°** Mp, and 
Nr <%" Mr to denote that Np is a submodule of Mr, Np is a fully invariant 
submodule of Mr, Np is an essential submodule of Mr, and Np is a dense (or 
rational) submodule of Mp, respectively. We use I(R), B(R), Cen(R), Matn(R), 
and T;,,(R) to denote the set of all idempotents of R, the set of all central idempo- 
tents of R, the center of R, the n-by-n matrix ring over R, and the n-by-n upper 
triangular matrix ring over R, respectively. For a nonempty subset Y of a ring R, 
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(Y)r, €r(Y), and rr(Y) denote the subring of R generated by Y, the left anni- 
hilator of Y in R, and the right annihilator of Y in R, respectively. The notion 
I< R means that J is an ideal of a ring R. 

We let Q(R), E(Rr), and Ep denote the maximal right ring of quotients of R, 
the injective hull of Rr, and the endomorphism ring End(E(Rr)r), respectively. 
Let Or = End(e, E(Rr)). Note that Q(R) = 1- Qp (i-e., the canonical image 
of Or in E(Rr)) and that B(Qr) = B(ErR) [21, pp. 94-96]. Also, B(Q(R)) = 
{b(1) | b € B(QR)} [20, p.366). Thus RB(Er) = RB(Q(R)), the subring of Q(R) 
generated by R and B(Q(R)). If R is semiprime, then Cen(Q(R)) = Cen(Q™(R)) 
[20, pp. 389-390], where Q™(R) is the Martindale right ring of quotients of R. 


Proposition 1. 


(i) ([5, Proposition 1.8] and [9, Proposition 1.12]) The center of a quasi-Baer 
(resp., right p.q.-Baer) ring is Baer (resp., PP). 

(ii) ([9, Proposition 3.11]) Assume that a ring R is semiprime. Then R is quasi- 
Baer if and only if R is p.q.-Baer and the center of R is Baer. 

(iii) ((26, pp. 78-79] and [5, Theorem 3.5]) Let a ring R be von Neumann regular 
(resp., biregular). Then R is Baer (resp., quasi-Baer) if and only if the lattice 
of principal right ideals (resp., principal ideals) is complete. 

(iv) A ring R is biregular if and only if R is right (or left) p.q.-Baer ring and 
rr(€r(RakR)) = RaR, for allae R. 


Proof. The proof of part (iv) is straightforward. 


Let R be a ring and e = e? € R. Recall from [3] that e is called left (resp., 
right) semicentral if ere = xe (resp., exe = ex) for every « € R. Note that 
e = e? € Ris left (resp., right) semicentral if and only if eR (resp., Re) is an 
ideal of R. We use S¢(R) (resp., S,()) to denote the set of all left (resp., right) 
semicentral idempotents of R. See [7, Propositions 1.1 and 1.3] for more details on 
left (or right) semicentral idempotents. 


Proposition 2. 
(i) Let R be a ring, K; an ideal of R, ande; € S¢(R) such that Kip <°* e;Rr for 
i=1,2,...,n. Then there exists g € Sp(R) such that (Sv_, Ki)r <°* gRp. 
(ii) Let R be a right nonsingular ring. Then R is principally right F'I-extending 
if and only if R is finitely generated right FI-extending. 


Proof. (i) We will first prove the result for n = 2. Let A = Ki, B = Ko, e = 1, 
and f = eg. Then Ar <°* eRr, Br <°* fRr, ande, f € Se(R). Since A+ B is an 
ideal of R, we have that A+ B = [((A+ B)NeR] 6 [(A+ B)N(1—e)R]. Note that 
(A+ B)N(1—e)R = BN(1—e)R. Thus A+ B = [((A+ B)NeR]O[BN(1—e)R]. Now 
(A+ B)NeR]R <°* eRe. Also [BN(1—-e)R] er <°* fRaen(l—e)Re = (1-e)fRr 
because Br <°* fRr and fRN (1—e)R=(1—-e)fR. So (A+ B)p <* (eR+ 
(1—e)fR)r = (e+ f —ef)Rr. In this case, we see that e+ f —ef € S:(R). Now 
an induction argument can be used to complete the proof. 


(ii) This part follows from part (i) and [10, Proposition 1.10]. 
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We include the following result from [9], for the convenience of the reader, 
which shows the connections between the right p.q.-Baer condition and some 
“finitely generated” right Fl-extending conditions for semiprime rings. 


Lemma 3. ({9, Corollary 1.11]) Let R be a semiprime ring. Then the following 
conditions are equivalent. 

(i) R is right p.q.-Baer. 

(ii) R ts principally right Fl-extending. 

(iii) R is finitely generated right Fl-extending. 


Definition 4. (cf. [12, Definition 2.1]) Let denote a class of rings. For a ring R, 
Q a(R) denotes the smallest right ring of quotients of R which is in &. Further, 
let Qa(R) be the smallest right essential overring of R which is in R. We say that 
Qa(R) is the absolute R right ring hull of R. Note that if Q(R) = E(Rp), then 
Qa(R) = Qg(R). In this paper, we call Qa(R) the & right ring hull of R. 


Since our interest is primarily in classes of rings which are defined by prop- 
erties on the set of right ideals of the rings in the classes, we recall the following 
definition. 


Definition 5. ({12, Definition 1.6]) Let ® be a class of rings, A a subclass of RK, and 
X a class containing all subsets of every ring. We say that & is a class determined 
by a property on right ideals if there exist an assignment Dg : % — X such that 
De(R) C {right ideals of R} and a property P such that each element of Dg(R) 
has P if and only if RE &. 


If R is a class determined by the particular property P such that a right 
ideal is essential in an idempotent generated right ideal, then we say that R is a 
D-€ class and use € to designate a D-€ class. Note that every 9-€ class contains 
the class € of right extending (hence right self-injective) rings. Recall from [10] 
that a ring R is right Fl-extending if every ideal is essential in an idempotent 
generated right ideal. Thus the class §3 of right Fl-extending rings is a D-€ class. 
Furthermore, from their definitions, we see that p§J and fg¥I are D-€ classes. 


Some examples illustrating Definition 5 are (see [12]): 


(1) & is the class of right Noetherian rings, Dg(R) = {right ideals of R}, and P 
is the property that a right ideal is finitely generated. 

(2) & is the class of von Neumann regular rings, Dg(R) = {principal right ideals 
of R}, and P is the property that a right ideal is generated by an idempotent. 

(3) R= pqB, Dpqs(R) = {rr(«R) | « € R}, and P is the property that a right 
ideal is generated by an idempotent. 

(4) €= € (resp., € = $5), De(R) = {1 | Ir < Rr} (resp., Dya(R) = {I | 1 3 
R}). (Recall that € is the class of right extending rings and §3 is the class 
of right Fl-extending rings.) 

(5) €= p¥I, Dpga(RN) = {principal ideal of R}. 

(6) € = fg¥3, Djgza(R) = {finitely generated ideal of R}. 
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Next, we consider generating a right essential overring in a class R from a base 
ring R and some subset of Er. By using equivalence relations, in [12] we reduce 
the size of the subsets of Ep needed to generate a right essential overring of R ina 
D-€ class of rings €. Also in [12], to develop the theory of pseudo right ring hulls 
for D-€ classes €, we fix De(R) for each ring R and define 


de(R) = fe € I(Er) | Ve <“* eE (Rr) for some V € De(R)}. 
We set d¢(R)(1) = {e(1) | e € de(R)}. 
Definition 6. (cf. [12, Definition 2.2]) Let S be a right essential overring of R. If 
de(R)(1) CS and (RU de(R)(1))s € €, then we call (RU d¢(R)(1))s5 the pseudo 


right ring hull of R with respect to S and denote it by R(€,S). If S = R(€,S), 
then we say that S is a € pseudo right ring hull of R. 


To find a right essential overring S of R such that S € €, one might naturally 
look for a right essential overring T of R with d¢(R)(1) C T and take S = (RU 
d¢(R)(1))r. Indeed, under some mild conditions, this choice of S can be in €. 
However, in order to obtain a right essential overring with some hull-like behavior, 
we need to determine subsets A of d¢(R)(1) for which (RU A)r € € in some 
minimal sense. Moreover, to facilitate the transfer of information between R and 
(RU A)r, one would want to include in A enough of d¢(R)(1) so that for all (or 
almost all) V € De(R) there is e € d¢(R) with Ve <°* e(1)- ((RUA)r)p and 
e(1) EA. 


Lemma 7. Let {e),...,¢n} C B(T), where T is an overring of a ring R. Then there 
exists a set of orthogonal idempotents {f,,..., fm} C B(L) such that >", e;R C 


int fik. 
Proof. The proof is similar to that of [23, Lemma 3.2]. 


For a semiprime ring R, the concepts of (right) Fl-extending and quasi-Baer 
coincide by [10, Theorem 4.7]. Recall that the existence of the quasi-Baer right ring 
hull and that of right Fl-extending right ring hull of a semiprime ring were shown 
in [14, Theorem 3.3]. It was also proved in [14, Theorem 3.3] that the quasi-Baer 
right ring hull is precisely the same as its right Fl-extending right ring hull for a 
semiprime ring. In view of this result, it is natural to ask: Do the right principally 
quasi-Baer right ring hull and the principally right FI-extending right ring hull 
exist for a semiprime ring and if they do, are they equal? In our next result, we 
provide affirmative answers to these two questions. 

Burgess and Raphael [16] study ring extensions of von Neumann regular rings 
with bounded index. In particular for a von Neumann regular ring R with bounded 
index, they obtain a closely related unique smallest overring, R#, which is “almost 
biregular” (see [16, p. 76 and Theorem 1.7]). The next result shows that their ring 
R# is precisely our principally right Fl-extending pseudo right ring hull of a von 
Neumann regular ring R with bounded index (see also [14, Theorem 3.8]). When 
R is a commutative semiprime ring, the “weak Baer envelope” defined in [18] is 
exactly the right p.q.-Baer right ring hull Qpqs(R). 
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Theorem 8. Let R be a semiprime ring. Then we have the following. 
(i) (RU b933(R)(1)) aca) = Qpsa(R) = R(pS3, Q(R)). 

(ii) (RU dp33(R)(1)) aca) = Qpax (FR). 

(iii) (RU dpg3(R)(1))@cr) = Qfasa(R) = R(fadI, Q(R)). 


Proof. (i) Let B,(Q(R)) = {c € B(Q(R)) | there exists « € R with RrRp <°* 
cRr}. We first claim that 


Bp(Q(R)) = dpg3(R)(1). 


For this claim, note that by [1, Theorem 7], dpga(R) C B(Er). Thus 6p35(R)(1) C 
B(Q(R)). To prove the claim, let e(1) € dp33(R)(1) with e € dpg5(R). Then there 
exists « € R such that RrRp <°* eE(Re). Thus ReR = eRrR = e(1)RtR C 
e(1)R=eR. So ReRp <°* eRr = e(1)Rp. Hence e(1) € B,(Q(R)) because e(1) € 
dp3a(R)(1) C B(Q(R)). Conversely, let c € B,(Q(R)). Then there exists b € B(Ep) 
such that c = b(1). Also there is € Rsuch that RrRp <** cRr = b(1)Rr = bRe. 
Thus RaRp <°* bE(Rp). So b € dpga(R). Hence c = b(1) € 6p33(R)(1). Therefore 
Bp(Q(R)) = dp3a(R) (1). 

Let S = (RU dpg3(R)(1))acr). Take 0 4 s € S. From Lemma 7, s = >? ribi, 
where each r; € R and the 6; are mutually orthogonal idempotents in B(S). There 
exists cj € dpga(R)(1) such that Rr; Rr <°* c;Rp for each i. Hence s = Yo rie:, 
where e; = b;c; for each 7. Observe that the e; are mutually orthogonal idempotents 
in B(S) since c; € dpz3(R)(1) = Bp(Q(R)) and SsS C D= @e;S. Now we claim 
that SsS'g5 <** Dg. Let 0 4 y € D. There exist y; € S such that y = >> ejy;. 
In this case, there is e;y; #4 0 for some j and v € R with 0 F ej;y;v € R. Since 
yejv = ejyju = bjcjyjv € c/R and Rrj;Rr <* cjRpr, there exists w € R such 
that 0 A ye;juw € Rr; R. Hence 0 ¥ ejsyjvw € Rrje;R = Rse;R C SsS because 
se; = rje; and e; = bjc; € S. Since e = Doe; € B(S) and SsSg <“S Dg = 
@MeiSs = eSg, it follows that S € p¥3. Hence S = R(p3T, Q(R)). 

Next we assume that T is a right ring of quotients of R and T € pz. 
Take e € dp33(R). Then by the above claim, e(1) € B,(Q(R)). So there is 
x € R such that RrRp <* e(1)Rr. Hence RrRp <** e(1)Q(R)pr. Note that 
TaT = T(RtR)T C T(e(1)Q(R))T = e(1)Q(R). Thus TrTr <** e(1)Q(R)pr, 
so TaTp <°* e(1)Q(R)r. Hence TaTr < e(1)Q(R)r from [12, Lemma 1.4(i)] 
because Rr <“" Tr. Therefore TxTp <°* e(1)Tr. On the other hand, since 
T € pI, there exists c = c? € T such that TxTp <°* cTrp. Thus e(1) = c because 
e(1) € B(Q(R)). Hence e(1) € T for each e(1) € dp35(R)(1). So S is a subring of 
T. Therefore S = Qyg3(R). 

(ii) It is a direct consequence of part (i) and Lemma 3. 

(iii) As in the proof of part (i), we can verify that dg33(R)(1) = {e € 
B(Q(R)) | there is a finitely generated ideal I of R with Ip <“* eRr}. A proof 
similar to that used in part (i) yields that 


(RU b5933(R)(1)) cry = R953, Q(R)) = Qjasa(R).- 
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Since dpg3(R)(1) C djgg3(R)(1), Opsa(R) © Qjosa(R). By Lemma 3, Qpga(R) € 
faSI, so Qjgza(R) C Qpsa(R). Thus Qjgga(R) = Qpga(R). 


Recall that a ring R is left 7-regular if for each a € R there exist b € R and 
a positive integer n such that a” = ba"*t!. Note from [17] that the class of special 
radicals includes most well-known radicals (e.g., the prime radical, the Jacobson 
radical, the Brown-McCoy radical, the nil radical, the generalized nil radical, etc.). 
For a ring R, the classical Krull dimension kdim(R) is the supremum of all lengths 
of chains of prime ideals of R. 

By Theorem 8, if R is a semiprime ring, then Qpq(R) = RB,(Q(R)), the 
subring of Q(R) generated by R and B,(Q(R)). Thus we have the following corol- 
laries which show the transference of certain properties between R and Qpqrs(R). 
We use LO, GU, and INC for “lying over”, “going up”, and “incomparability” , 
respectively (see [25, p. 292]). 


Corollary 9. Let R be a semiprime ring. 
(i) If K is a prime ideal of Qpqxs(R), then Qpqu(R)/K = R/(KOR). 
(ii) LO, GU, and INC hold between R and Qyqs(R). 


Proof. The proof follows from Theorem 8 and [14, Lemma 2.1]. 


Corollary 10. Assume that R is a semiprime ring. Then: 
(i) o(R) = o(Qpqx(R)) A R, where o(—) is a special radical of a ring. 
(ii) R is left x-regular if and only if Qpqxs(R) is left 7-regular. 

(iii) kdim(R) = kdim (Qpqxs(R))- 


Proof. Theorem 8 and [14, Theorem 2.2] yield this result. 


Corollary 11. Let R be a semiprime ring. Then: 
(i) R is von Neumann regular if and only if Qpqs(R) is von Neumann regular. 
(ii) R is strongly regular if and only if Qpqxs(R) is strongly regular. 
(iii) R has bounded index at most n if and only if Qpqas(R) has bounded index at 
most n. 


Proof. This can be verified by Theorem 8 and similar arguments as used in the 
proof of [14, Corollary 3.6 and Theorem 3.8]. 


Let q% be the class of quasi-Baer rings. In [14, Theorem 3.3], it is shown that 
there exist Qqa3(R) and Q33(R) for each semiprime ring R. 


Theorem 12. (cf. [14, Theorem 3.3]) Let R be a semiprime ring. Then Q33(R) = 
RB(Q(R)) = RSI, Q(R)). 

From Theorem 12 and [5, Theorem 3.5], one can see that for a semiprime ring 
R, Oqs (R) is the smallest right ring of quotients of R which is right p.q.-Baer and 
has a complete lattice of annihilator ideals. However, in general, Qpas(R) is a 
proper subring of Qqx (R) as in the next example. 
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Example 13. 
(i) Let F be a field and let F, = F for all positive integer n. Put 


n=1 


R= {oni E Il Fy, | Gn is eventually constant ; 


which is a subring of []>~_, Fn. Then Qpqxs(R) = R, but Qqx(R) = Pin. 

(ii) Let R be a biregular ring (i.e., every principal ideal of R is generated by a 
central idempotent). Then R = Opa (R) and if its lattice of principal ideals 
is not complete then R # Q,q(R) (see [5, Theorem 3.5]). In fact, let R = 
{(dn) € T]7=, Dn | dn is eventually constant}, a subring of []*~, Dn where 
Dy = D is a division ring for all n. Then R is biregular, so R = Qpax(R), 
but R A Qqe(R) by Theorem 8 because B(Q(R)) Z R or by [5, Theorem 
3.5]. 


Despite Example 13, we have the following result in which Qpqos(R) does 
coincide with Qqx(R). Recall that the extended centroid of R is Cen(Q(R)). 


Theorem 14. Assume that R is a semiprime ring with only finitely many minimal 
prime ideals, say Pj,...,Pn. Then Qpqs(R) = Qqxe(R) and Qpqs(R) = R/Pi ® 
---® R/Py. 


Proof. Since R has exactly nm minimal prime ideals, the extended centroid 
Cen(Q(R)) of R has a complete set of primitive idempotents with n elements 
by [1, Theorem 11]. Note that the extended centroid of R is equal to that of 
Qpqs(R). Thus Qpqos(R) also has exactly n minimal prime ideals by [1, Theorem 
11]. By [11, Theorem 3.4] and [9, Theorem 3.7], Qpqs (R) is quasi-Baer and so 
Qpqxs(R) = Qqx(R). The rest of the proof follows from [13, Theorem 3.15]. 


Theorem 15. Let R be a reduced ring. Then Qpqu(R) exists and is the PP absolute 
right ring hull of R. 


Proof. Note that since R is reduced, then Q(R) = E(Rp); and so Qg(R) = Qa(R) 
for any class & of rings. By Theorem 8, Q,33(R) = Qpqu(R). Let S = Qpz3(R) = 
Qpqu(R). From [9, Corollary 1.15], S is right (and left) PP. 

Suppose A is a right ring of quotients of R which is right PP. Let e € 
dpxa(R)(1). (Note that 6,35(2)(1) = B,(Q(R)) C B(Q(R)) as in the proof of 
Theorem 8.) Then there exists x € R such that RrRr <°“* eRp. So we have 
that SxaSig <°* eS'ig. Since S is semiprime and e is a central idempotent in S, it 
follows that €.5(SaS) = res(SxS) = 0 by noting that the ring S is semiprime. 
Therefore rg (SxS) = (1 — e)S. Moreover, since Qqs3(R) is reduced by [14, The- 
orem 3.8], so is S (C Qgs(R)). Thus rg(x) = rg (SxS) = (1 — e)S. Since A is 
right PP, there exists f € I1(A) such that r4(a) = fA. Then rr(x) = (l—-e)SOR 
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and rr(x) = ra(@)M R. Hence rr(x)r <** (1—e)Sr <°** (1 — e)Q(R)r and 
rp()p < fAr <“* fQ(R)r. Therefore 
ra(t)ra S* (1 — e)Q(R) 0 fQ(R))k = fl — &)Q(R)r 


because 1 — e is central. Thus (1 — e)Q(R) = f(1—e)Q(R) = fQ(R), sol—e= f. 
Therefore e = 1— f € A, hence Qpqu(R) = S C A by Theorem 8. 


Note that Theorem 15 shows that when R is a commutative semiprime ring, 
Qpqs(R) is related to the Baer extension considered in [19]. Also note that the 
generalized nil radical, N, [17], is the radical whose semisimple class is the class 
of reduced rings. Hence for every ring R such that R #4 N,(R), R has a nontrivial 
homomorphic image, R/N,(R), which has a Baer absolute right ring hull and a 
right PP absolute right ring hull. 


A monoid G is called a u.p.-monoid (unique product monoid) if for any 
two nonempty finite subsets A, B C G there exists an element x € G uniquely 
presented in the form ab, where a € A and b € B. The class of u.p.-monoids is quite 
large and important (see [24] and [22]). For example, this class includes the right 
or left ordered monoids, submonoids of a free group, and torsion-free nilpotent 
groups. Every u.p.-monoid is cancellative, and every u.p.-group is torsion-free. 


Theorem 16. Let R[G] be a semiprime monoid ring of a monoid G over a ring R. 
Then: 


(i) Qpaas(R)IG] C Qpqx(RIG])._ : 
(ii) If G is a u.p.-monoid, then Qyqxs(R[G]) = Qpqu(R)[G]. 


Proof. (i) To show that Qpqxs(R) [G] Cc Qpqxs(RIG]), we claim that B,(Q(R)) C 
B,(Q(R[G])). To prove the claim, let e € B,(Q(R)). Then there exists a € R such 
that RaRr <°* eRr. Since R[G] is a free right R-module, a routine argument 
shows that (RaR)[G]r <°* eR[G]r. Thus (RaR)[G]rajq) <°* eR[G] rq]. Since 
B,(Q(R)) © B(Q(R[G])) from the proof of part (i), e € B(Q(R[G])). So e € 
B,(Q(R[G])) because (RaR)[G] = R[G|aR[G]. Hence B,(Q(R)) C Bp(Q(RIG))). 
Theorem 8 shows that Qpqes (R) [G] C Qpqs(R[G)). 

ii) This is a consequence of part (i) and [11, Theorem 1.2]. 


Od 


Corollary 17. Let R be a semiprime ring. Then Opa (R[x, 7 eel Qpqs(R)[z, ot 
and Qpqs(R[X]) = Qpqes(R)[X], where X a nonempty set of not necessarily com- 
muting indeterminates. 


Proof. Note that R[z,z~'] =~ R[C..], which is semiprime, where C.. is the in- 
finite cyclic group. Since R is semiprime, so is R[X]. Thus Qpqu(R[z,x~']) = 
Qpqs(R)[x,2—"] and Qpq3(R[X]) = Qpqu(R)[X] follow from Theorem 16. 


Example 18. There is a semiprime ring R such that Qpqxs (RI [a}]) # Qpqxs(R)[ [x |. 
In [6, Example 2.3], there is a commutative von Neumann regular ring R (hence 
right p.q.-Baer), but the ring R[[a]] is not right p.q.-Baer. Thus Qpqu(R) = R 
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and so Qpqxs (R)[[a]] = R{[z]]. Since R[[x]] is not right p.q.-Baer, Qpqx (RI[a]]) # 
Qpqx (R)[[2]].- 

Let R be a ring. Then the subring RB(Q(R)) of Q(R) generated by R and 
B(Q(R)) is called the idempotent closure of R (see [2]). From the following lemma, 
one can see that the idempotent closure of Mat,(R) is the matrix ring of n-by-n 


matrices over the idempotent closure of R and similarly for T,,(R). Let 1, denote 
the unity of Mat,,(R). 


Lemma 19. Let 6 C B(Q(R)) and A= {1,c| c € 6}. Then: 


(i) Mat,((RU d)acry) = (Matn(R) U A) a(uatn(R))- 
(ii) Q(Tn(R)) = Q( Mat, (R)) = Mat, (Q(R)). 
(iii) Trn((RU 4) acry) = (Tn(R) U A) aca, (R))- 


Proof. (i) This part follows from straightforward calculation. 
(ii) Let T = T,,(R). By routine calculations, Ty is dense in Mat,,(R)r. So we 
have that Q(T,(R)) = Q(Mat,,(R)). From [27, 2.3], Q(Mat,,(R)) = Mat,(Q(R)). 
Thus it follows that Q(T,,(R)) = Q(Mat,,(R)) = Mat, (Q(R)). 
(iii) This follows from part (ii) and a routine calculation. 


Theorem 20. Let R be a semiprime ring. Then Qg(Mat,(R)) = Mata(Qa(R)), 
where R = pqB, p§I, or fgFJ. 


Proof. Assume that R = pqB, p§3, or fg¥I. By Theorem 8, it follows that 
Qa(Mat,(R)) = (Matn(R) U djg33(Matn(R))(1n)) @(matn(R)): Observe that if J is 
a finitely generated ideal of Mat,,(R), then there is a finitely generated ideal J of 
R such that J = Mat,(I). Thus d;g33(Matn(R))(In) = {lnc | ¢ © Ofgga(R)(1n)}.- 
So Lemma 19 and Theorem 8 yield that Qg(Matn(R)) = Matn(Qa(R)). 


Theorem 21. Let R be a semiprime ring. Then Qpqss(Tn(R)) = Tn(Qpqx(R)). 


Proof. Let T = T,(R) and S be aright ring of quotients of T. From [9, Proposition 
2.6], Tn(Qpqx8(R)) is a right p.q.-Baer ring. Assume that S is a right p.q.-Baer 
ring. Take e € B,(Q(R)). Then there exists x € R such that RrRp <* eRp, 
hence RrRp <°* eQ(R)r. Therefore Q(R)xQ(R)grry <°* eQ(R)qcry- Thus 
eQ(R)rQ(Ryecqcrye <°* eQ(R)ecqcrye because e € Bp(Q(R)) C B(Q(R)). Since 
eQ(R)e is a semiprime ring, 0 = reg(r)e (eQ(R)tQ(R)e) = racr) (eQ(R)rq(R)e) N 
eQ(Rye = racny(Q(R)Q(R)) N eQ(R). 

So we have that rar) (Q(R)rQ(R))eQ(R) = racr) (Q(R)xQ(R))Q(R)e = 0. 
Hence racr)(Q(R)aQ(R)) C (1 — e)Q(R). 

Obviously, (1 — Q(B) © roc (Q(R)zQ(R)). Thus racn)(Q(R)eQ(R)) = 
(1 — e)Q(R). 

Next we show that rg(r)(RxR) = (1 — e)Q(R). For this, first note that 
(1 — e)Q(R) = rary (Q(R)xQ(R)) © raca)(ReR). Thus by the modular law, 
racr)(RaR) = (1—e)Q(R) © [rary (R&R) 1 eQ(R)]. Assume to the contrary that 
racr) (R&R) eQ(R) # 0. Take 0 4 eg € racry (R&R) N eQ(R) with q € Q(R). 
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Since RtRp <°* eQ(R)pr, there exists r € R such that 0 4 eqr € RxR. Thus 
eqr € racr) (RR) R= re(RrR). So eqr € RRO rr(RxeR) = 0 because R is 
semiprime. This is absurd. So rar) (RxR) 1 eQ(R) = 0. Therefore racy) (RaR) = 
(1 6)Q(R). 

Let 6 € T = T,,(R) be the n-by-n matrix with x in the (1,1)-position and 0 
elsewhere. Thus TOT is the n-by-n matrix with RaR throughout the top row and 
0 elsewhere. Moreover, Q(T)0Q(T) = Mat, (Q(R)zQ(R)). Since TOT C SOS C 
Q(T)9Q(T) and recr)(RxR) = (1 — e)Q(R), we have that 


(1 — QTD) = rar) (Q(T)OQ(T)) S rar) (SOS) S raqr) (TET) = (1— f)Q(), 
where f is the diagonal matrix with e on the diagonal. Since S is right p.q.- 
Baer, there exists c = c? € S such that cS = rg(S0S) = SN rary) (SOS) = 
SA (1— f)Q(T). Thus Q(T) € (1— f)Q(T). Let 0 4 (1- fa € (L- fJQ(T) with 
q € Q(T). Then 0 4 (1— fyqQ(T) NS C (1— fyQ(LT) NS = cS C cQ(T). Hence 
04 (1— f)qa € cQ(T) with a € Q(T). So cQ(T) acr) <** (1 — f)Q(T)acr) and 
hence c=1-f. Thus f= l-ce S. Therefore Tn(Qpqxs(R)) C S by Theorem 8. 
So Qpqxe(T) also exists and Qpqs(T) = Tr(Qpqu(R)). 


For a ring R and a nonempty set [, CFMp(R), RFMp(R), and CRFMp(R) 
denote the column finite, the row finite, and the column and row finite matrix 
rings over R indexed by I, respectively. 


Theorem 22. ([15, Theorem 19]) 
(i) Re qB if and only if CFMp(R) (resp., RFMp(R) and CRFMp(R)) € qB. 
(ii) If R € §5, then CFMp(R) (resp., CRFMp(R)) € FI. 
(iii) If R is semiprime, then we have that Qgs(CFMp(R)) C CFMp (Qa (R)), 
Qen(RFMr(R)) © RFMp(Qqx(R)), and 
Qqs(CRFMy(R)) © CRFMr(Qqx(R)). 
Theorems 15 and 21, and the fact that the right p.q.-Baer condition is a Morita 
invariant property [9, Theorem 2.2] motivate the following questions: 


(1) Is the right p.q.-Baer property preserved under the various infinite matria 
ring extensions? 

(2) Does Qpqxs(R) of a ring R have behavior similar to that of Qqx3(R) for the 
various infinite matrix ring extensions? 


Our next example provides negative answers to these questions. 


Example 23. Let F be a field and F,, = F forn =1,2.... Put 
n=1 


R= {on € Il F,, | dn is eventually constant ; 


which is a subring of [[7°, Fn. Then R is a commutative von Neumann regular 
ring. Hence R is a right p.q.-Baer ring. Let S = CFMr(R), where [ = {1,2,...}. 
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Take 
a; = (0,1,0,0,...), a2 = (0,1,0,1,0,0,...), ag = (0,1,0,1,0,1,0,0,...), 


and so on, in R. Let x be the element in S with a, in the (n,n)-position for 
n =1,2,... and 0 elsewhere, and let 


€ = (dn) € QR) = T] Fa 


such that gon = 1 and gon_1 = 0 for n =1,2,.... Then e = e? € B(Q(R)), hence 
el € CFMp(Qqx(R)) C Q(3) 


because Qaqxs(R) = RB(Q(R)) from Theorem 12, where I is the unity matrix in 
S. Therefore eI € B(Q(S)). Also note that () aiR)r <°* eRr. We claim that 


SxSg <°* (e)Ss. 


For convenience, let E,; be the matrix in S with 1 in the (i,7)-position and 0 
elsewhere. Take 0 # (el)s € (eZ)S with s = (rij) € S. Then there is a nonzero 
column, say the m-th column, of (eJ)s. In this case the m-th column of (e/)s is the 
same as the first column of (eI)sE,,;. Thus the first column of (ef) E,,1 is nonzero 
and all other columns except the first column of (eI) E,,1 are zero. So without loss 
of generality, we may assume that the first column of the matrix (e/)s is nonzero 
and all the other columns except the first column are zero. In the first column of 
(el)s, there are only finitely many nonzero entries, say 


Crk 1) Cl kal) Seeds Crk, 1 
with 
ky < kg < +++ < ky. 
To show that SxSig <°* (eI)Sg, we proceed by induction. Suppose n = 1. Since 
(Ca:R)r <°* eRp, there exist bi, A1,...,Am € R such that 0 4 erg, 1b1 = aA + 
++-+4mAm- Thus 0 4 (ef)s(b1 Fi) = (Ar Enya te: +AmEeym):@: (Fit: +-+Emi) € 
S28. 


Next consider the case for n > 1. Since (1 a;R)p <°* eRp, there is b} E R 
such that 0 4 erg,1b1 € Soa; R. If erg,1b1 = 0 for some i with 1 <i < n, 
then we are done by induction. So er,,1b1 € O for all? = 1,2,...,n. Assume 
that erp.1b1 ¢ D> a;R. There exists b2 € R with 0 ¥ er,z,1b1b2 € SSaiR. In 
this case, note that erg,1bib2 € >> a;R. Suppose ergz,ibib2 = 0 for some i 2. 
Again we are done by induction. Next if erz,1b1b2 ¢ R, then there is b3 € R 
such that 0 4 erz,1b1b2eb3 € D> a;R and er,z,1b1b2b3 4 0 for all i. Also note that 
€Tk, 1010203, CT k.10102b3, erK31b1b2b3 € Y>a;R. Continue this process, it follows 
that there are b),b),...,bn € R with er,,1b1b2---b, A 0 and erg,1b1b2---bn € 
Ya, R for all i. Let b = b:bg--- by. Then there is a positive integer @ and 4; € R 
such that 


erp, 10 = a Ar + G2Ai2 +++: + aeAre, CP k.10 = a1A21 + a2A22 +++: + aedze,.--, 
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and 
CT ke, 10 = A1Ant + A2An2 + +++ + GeAne- 
Thus 


OF (el)s(bEi1) = (Ait Bey H+ + Ae Ene + A21 Bho £2++ + A20 Eke Fe: 


-s+ + Mn Ee, 1 +--+ AneEr, 0) -U- (Fin +--+ Ep) € SxS. 
Therefore SxS'g <°** (eI)Sg, hence ef € B,(Q(S)). But note that el ¢ S. Observe 
that S' is a semiprime ring because R is semiprime. Thus the ring S' is not right 
p.q.-Baer by Theorem 8(ii). Furthermore, since R is right p.q.-Baer, Oras (R) = R. 
Thus we have that Qpqx(CFMr(R)) Z CFMr(Qpqa3(R)). Also CFMr(Qpqxs (R)) 
is not right p.q.-Baer. 


For Qvas (CRFMp(R)) Z CRFMr(Qpqxs (R)), let x and e be as in the case of 
the column finite matrix ring. Then, by the same method, we can show that el € 
B,(Q(CRFMp(R))); but el ¢ CRFMp(R). So CRFMp(R) (= CRFMr(Qpqos (R)) 
is not right p.q.-Baer by Theorem 8(ii). Also we have that 


Qpaxs (CRFMrp(R)) Z CRFMr(Qpqxu(R)): 


Finally for Qpqx(RFMr(R)) Z RFMr(Qpqx(R)), let U = RFMp(R) and 
x, e be as before. Then by modifying the method used for the case of column 
finite matrix rings, it can be shown that 


yvUau <* y(el)U, 
where J is the unity matrix in U. Note eI is a central idempotent. So we have 
that (enu(eryU@U <°* (eryu(er)(eL)U (el). Since UzU is an ideal of the semiprime 
ring (el)U(eL), renu(ern(UtU) = lenutern(UtU) = 0. So UtUenuen <* 
(eZ)U (el) (eryu(er). Thus UrUy <** (el)Uy. Moreover, since e € B(Q(R)) = 
B(Q™(R)), there exists J < R such that p(J) =0 and eJ C R. Thus 
RFMp(J) J RFMp(R), ¢reuy(r)(RFMr(J)) = 0, 


and 

(cI)RFMp(J) C RFMr(R), 
where J is the unity matrix in RFMp(R). So el € Q™(RFMp(R)). Hence we 
have that ef € B(Q™(RFMp(R))). So ef € B(Q(U)), hence eI € B,(Q(U)). But 
el ¢ U. Therefore U = RFMp(R) (= RFMp(Qpqxs(R)) is not right p.q.-Baer by 
Theorem 8. Thus Qpqx(RFMr(R)) Z RFMp(Qpqu(R))- 
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Strongly Prime Ideals of Near-rings 
of Continuous Functions 


G.L. Booth 


Abstract. In this paper we investigate strongly prime ideals in the near-ring 
No(R”) of continuous, zero-preserving self-maps of R”. The strongly prime 
and uniformly strongly prime radicals of these near-rings are characterized. 
The Peano space-filling curves play a crucial réle in this investigation. We also 
consider strongly prime ideals in No(R“), where w denotes the first transfinite 
cardinal. 


Mathematics Subject Classification (2000). 16Y30, 22A05. 


Keywords. near-ring of continuous functions, strongly prime, uniformly 
strongly prime. 


1. Preliminaries 


In this note, all near-rings are right distributive. For all relevant definitions, we 
refer to Pilz [9]. Strongly prime rings were introduced by Handelman and Lawrence 
[4], and the concept was extended to near-rings by Groenewald [3]. A near-ring 
N is called strongly prime if for all0 4 a € N there exists a finite subset F’ of 
N such that aF'x = 0 implies x = 0, for all x € N. F is called an insulator of 
a. If F is independent of the choice of a, then N is said to be uniformly strongly 
prime. An ideal A of N is called (uniformly) strongly prime if the factor near- 
ring N/A is (uniformly) strongly prime. The strongly prime radical P(N) (resp. 
uniformly strongly prime radical P,,(N)) is the intersection of the strongly prime 
(resp. uniformly strongly prime) ideals of N. N is said to be (uniformly) strongly 
prime of bound 1 if is (uniformly) strongly prime and the insulator F’ always 
contains exactly one element. (Uniformly) strongly prime ideals of N of bound 1 
are defined in the obvious manner. 

Let G be an additive (but not necessarily abelian) topological group. The set 
No(G) of continuous self maps f of G such that f(0) = 0 is easily seen to be a 
zero-symmetric near-ring with pointwise addition and composition of mappings. 
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For surveys of results on near-rings of continuous functions, we refer to [7] and [8]. 
Let 

Po ={f € No(G) | SU open in G such that 0 € U, f(U) = 0}. 
Then Pg is an ideal of No(G), which may be nontrivial [5]. Hence No(G) need 
not be simple, in contrast to the situation for the near-ring Mo(G) of all zero- 
preserving self-maps of G. Investigations of strongly prime ideals in near-rings of 
continuous functions commenced in [2], and continued in [1]. 


Proposition 1.1. [1, Proposition 2.8] Pr is a strongly prime ideal of No(R) which is 
contained in every strongly prime ideal of No(R), where R denotes the real numbers 
with the usual topology. 


Remark 1.2. In the proof of the above proposition, the required insulator for any 
a € No(R)\Pr was F = {f,g}, where f(x) = 27, and g(x) = —2? for allz ER. 
An examination of the proof shows that F' could be substituted by G = {h} where 


h(a) =| sr a oer 


Hence Proposition 1.1 can be sharpened to 


Proposition 1.3. Pg is a uniformly strongly prime ideal of bound 1 in No(R), which 
is contained in every strongly prime ideal of No(R). 


Corollary 1.4. P,(No(R)) = Pu(No(R)) = Pr. 


In the sequel, we will consider strongly prime ideals of No(IR"), where n € N 
and R” has the usual topology. We will also investigate No(R”), where w denotes 
the first transfinite cardinal, and R“ has the usual product topology. The Peano 
space-filling curves will play a fundamental réle in the investigation of No(R”). A 
space-filling curve is a continuous, surjective mapping f from J = [0,1] onto I”. 
The existence of such curves for all n € N is well known. From such curves, it is 
easy to construct continuous, surjective mappings o from I onto B(0,1) = {x € 
R” : || < 1} such that o(0) = o(1) = 0, and we will make frequent use of such 
mappings. 

If a,b,c,d € R, a < b,c < d, the standard homeomorphism of [a,b] onto [c, d] 
is the mapping 7 defined by r(x) = qe (a — b) +d. For all undefined topological 
concepts, we refer to any of the standard texts, for example [6]. 


2. Strongly prime ideals in No(R”) 


In this section, we investigate strongly prime ideals in No(R”), and characterise 
P;(No(R”)) and P,,(No(R”)). 


Lemma 2.1. Let G be a topological group with a countable, monotone decreasing 
open base at 0 consisting of arcwise connected sets. If f € NoG), then f ¢ Pa if 
and only if there exists an arc a such that a(0) = 0,a(1) £ 0 and for alle > 0 
there exists 0 <t<e such that f(a(t)) £0. 
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Proof. Suppose that there exists an arc a which satisfies the conditions of the 
lemma. Let U be an open set of G which contains 0. Since a is continuous, there 
exists € > 0 such that a([0,¢)) C U. Then there exists 0 < t < € such that 
f(a(t)) £0. Let g = a(t). Then f(g) £0, so f € Pe. 

Conversely, suppose that f ¢ Pg. Let B = {B, : n € N} be a countable, 
monotone decreasing open base at 0 which consists of arcwise connected sets. 
Since f ¢ Pe, for each n € N there exists gn € By such that f(gn) #0. Let a, be 
an arc in B, such that a,(0) = gn and an(1) = gn4i for each n € N. Define the 


arc a by 
i it 
alt) = ontalt) tte (a | 
0 ift=0 


nt+lon 
from the continuity of a, and 7, that a is continuous on (0,1]. Let U be an 
open set in G which contains 0. Then there exists n € N such that B, C U. It 
follows from the definition of a that a(t) € Bn C U for 0 < t < +. Moreover, 
a(0) =0 €U. Hence, a([0, +)) C U, so a is continuous at 0. Finally, a(0) = 0 and 


a(1) = gi £0, so a is the required arc. 


where 7, denotes the standard homeomorphism of ( 4 4] onto (0, 1]. It follows 


Proposition 2.2. For eachn € N, Pen is a uniformly strongly prime ideal of No(R”) 
of bound 1. 


Proof. Let a be an arc in R” whose range is the unit closed ball B(0, 1), such that 
a(0) =0 =a/(1), and let @: [0,1] — R” be defined by 


=o +atn(t) ifte st, 
ae ={ 0 AG 2 


[a ae 
Sih 


Slr 


onto (0, 1]. It is easily 


n+1? 


where 7, is the standard homeomorphism of (A 
verified that § is continuous on [0,1]. Moreover (0, +]) contains the open ball 
B(0, +) for each n € N. Let 7(x) = 2 arctan|z| for all zc € R". Then 7 maps 
R” continuously into [0,1] and (0) = 0 if and only if « = 0. Let f = G4. 
Let a,b € No(R”)\Pen. If e > 0, a(B(0,e)) # 0, so ya(B(0,¢)) A 0. It fol- 
lows from the continuity of the functions and the connectedness of B(0,¢) that 
ya(B(0,¢)) contains an interval [0,6) for some 6 > 0. Let n € N be such that 
+ < 6. Then B(0,+) € A([0,6)) and so B(0,+) C Bya(B(0,<)) = fa(B(0,e)). 
Since b € No(R”)\Pen, o(B(0,+)) 4 0 and so bfa(B(0,<)) A 0. Hence bfa € 
No(R”)\Pran Thus {f} is the required insulator. 


Let c be any cardinal (finite or infinite), and . Ifa € No(R), define @ : R° — R° 
by 1;@(a) = a(m;i(a)) for all i. Clearly, @ € No(R°). 


Lemma 2.3. Let I be an ideal of No(R°). If I contains all @ such that a is bounded 
on R, then I = No(R°). 
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xv «>0 F 
Proof. Let m(ax) := eters 8 n(x) := v,a(a) := arctanz. Then a is 
bounded on R and so @ € I. Let 6b := m(a+n)—mn € I. It may be shown 
_ 2x arctana+(arctanz)? ife>0 
ee ae { —2ex arctana —(arctanz)? if x <0 
and strictly monotone increasing and hence is a bijection of R onto itself. Hence b 


has a continuous inverse b~!. Clearly, 6 = ™(@+7) —™mm € I and (b)~! = (b-!). 
From this we deduce that I = No(R°). 


Proposition 2.4. Let I be a strongly prime ideal of No(R”). Then Pre C I. 


. Moreover, 6 is unbounded 


Proof. Suppose to the contrary that Pan Z I. Let a € Pen\I. Then there exists 
an open set U of R” such that a(U) = 0. Let fi,..., fm € No(R”). Let V := 


1) f, (VU). Then V is open in R” and 0 € V. Hence there exists 6 > 0 such that 
i=1 

B(0,6) CV. By Lemma 2.3 there exists a bounded function b € No(R) such that 
b € No(R”)\J. For a suitable choice of « > 0, we have that |eb(x)| < 6 for all 
x € R”. Moreover, eb ¢ I, otherwise 6 = e~1(eb) € I, contradicting our choice of 
b. Then eb(x) € V for all  € R”. Hence for 1 < i < n, it holds that f;(eb)(~) € U 


and so af;(b)(z) = 0. Thus af;(eb) = 0 € I, so {fi,-.., fm} is not an insulator for 
I. Hence J is not a strongly prime ideal of No(R”). This concludes the proof. 


Theorem 2.5. Pu(No(R”)) = Ps(No(R")) = Pre for alin EN. 


Proof. Follows immediately from Propositions 2.2 and 2.4 and the fact that every 
uniformly strongly prime ideal is strongly prime. 


3. Strongly prime ideals in No(R“) 


In this section we investigate strongly prime ideals in No(R“), where w is the first 
transfinite cardinal, and R” has the usual (Tychonoff) product topology. Recall 


soa i i i — > |zi-yil 
that R” metrizable, with metric d defined by d(z,y) := u FO Rw? where 
X= (Li)ien and y := (ys)ien. 
Proposition 3.1. Pg» is a strongly prime ideal of No(R“), and is contained in every 
strongly prime ideal of No(R”). 


Proof. Let a € No(RY)\Pae. Then B := {B(0, +) | n € N} is a countable, mono- 
tone decreasing local basis at 0 which consists of arcwise connected sets. Hence by 
Lemma 2.1, here exists an arc a such that a(0) = 0, a(1) 4 0, and for all ce > 0 
there exists 0 < t < e such that a(a(t)) 4 0. Let G(X) := d(a,0) for all x € RY. Let 
f := a6. If b © No(R”)\Pre, and e > 0, then b(B(0,¢)) 4 0, so Gb(B(0,¢)) 4 0. It 
follows from the continuity of 6 and 6 that @b(.B(0,<)) contains an interval [0, 4) 
for some 6 > 0. Then there exists ¢ € [0,5) such that a(a(t)) € 0. Let t = Bb(zx), 
where x € B(0,e). Then a(af)b(a) 4 0, ie., afb(x) 4 0. Hence afb € Pre, and 
so {f} is the required insulator for Pre. Hence Pr» is strongly prime. 
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Now let I be an ideal of such that Pre ¢ I. We show that I is not strongly 
prime. Let a € Pgn\J. Then there exists an open set U of R” such that a(U) = 0. 


Let fi,---; fm € No(RY). Let V:= () f; (U). Then V is open in R” and0 eV. 
i=l 
By definition of the product topology, there exist 6 > 0 and n € N such that 
0€ W CV, where V = J] W; with W; = (—d,6) for i < n and W; =R fori >n. 
i=l 
By Lemma 2.3 there exists a bounded function b € No(R) such that 6 € No(R®)\J. 
For a suitable choice of ¢ > 0, we have that |eb(x)| < 6 for all « € R. Moreover, 
eb ¢ I, otherwise b = e~!(eb) € I, contradicting our choice of b. Then eb(y) € V 
for all y € RY. It is clear that af;(eb)(y) = 0 for all y € RY and 1 <i < m. Hence 
aF (cb) =0€ I, so I is not strongly prime, as required. 


As an immediate consequence of Proposition 3.1 we have: 
Theorem 3.2. P,(No(R”)) = Pre. 


Proposition 3.3. Let G be a To topological group which is first countable, contains 
an arc and is not locally compact. Suppose that there exists a continuous mapping 
B:G—R such that B(0) = 0 and B(U) £0 for every open set U which contains 
0. Then Pg is not a uniformly strongly prime ideal of No(G). 


Proof. Let a : [0,1] + G be an arc in G. We may assume without loss of generality 
that a(0) = 0 and a(1) 4 0. We may also assume that a(t) 4 0 forO <t <1. 
For otherwise, replace a with 7, where + is defined as follows. Let s := sup{t € 
[0,1] | a(t) = O}. Since [0,1] is closed, s € [0,1]. By continuity of a, a(s) = 0. 
Let y = ar, where 7 is the standard homeomorphism of [0,1] onto [s, 1]. Let 
fis---sfn € No(G). Let S; := fa([0, 1]) for 1 <i <n. Since [0,1] is compact, so 


n 


is S;. Let S:= LU S;. Then S is a compact subset of G. Since G is Tp (and hence 


i=1 

Hausdorff), S is closed. 

Since G is first countable, there exists a monotone decreasing open basis 
B := {B,, | n € N} at 0. Since G is not locally compact, B, is not contained in S$ 
for alln EN. Let gn € By\S for each n € N. Since G is To, and hence completely 
regular, there exist a continuous mapping 6; : G — [0,1] such that 6;(S) = 0 
and 6;(gi) = 1. Let 6 := > %. It follows easily from the Weierstrass M-test that 

i=1 

Ds oe converges uniformly, and hence that 6 is continuous. Moreover, 6(S') = 0 


i=1 
and 6(g;) > 0 for alli € N. Let a := ad. Then a(g;) 4 0 and hence a(B;) 4 0 for 
allie N. Hence a ¢ Pg. 

Let b := a@. It is easily verified that b ¢ Pe. Moreover afjb = ad fia’ = 0 
for 1 <i<n. Hence Pg is not a uniformly strongly prime ideal of No(G). 


Corollary 3.4. Let G be a metrizable group which contains an arc and is not locally 
compact. Then Pg is not a uniformly strongly prime ideal of No(G). In particular, 
Pre is not a uniformly strongly prime ideal of No(R”). 
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Proof. Clearly, G is To and first countable. Let d be a metric which induces the 
topology on G, and let 6(g) = d(0,g) for all g € G. Then @ is continuous, 3(0) = 0 
and G(U) ¥ 0 for all open sets U which contain 0. Hence Pe is not uniformly 
strongly prime by of Proposition 3.3. Finally, we note that RY” metrizable, not 
locally compact, and contains an arc: Let g and h be distinct elements of R“”, and 
let a(t) := tg+(1—t)h for 0 < t < 1. Hence Pg. is not a uniformly strongly prime 
ideal of No(R”) by the first part of the corollary. 


Remark 3.5. We have not been able to establish whether No(R”) contains any 
proper uniformly strongly prime ideals, nor to characterize P,,(No(R”)). This is a 
matter of further investigation. 
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Elements of Minimal Prime Ideals 
in General Rings 
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Abstract. Let R be any ring; a € R is called a weak zero-divisor if there 
are r,s € R with ras = 0 and rs ¥ O. It is shown that, in any ring R, 
the elements of a minimal prime ideal are weak zero-divisors. Examples show 
that a minimal prime ideal may have elements which are neither left nor right 
zero-divisors. However, every R has a minimal prime ideal consisting of left 
zero-divisors and one of right zero-divisors. The union of the minimal prime 
ideals is studied in 2-primal rings and the union of the minimal strongly prime 
ideals (in the sense of Rowen) in NI-rings. 
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Introduction 


E. Armendariz asked, during a conference lecture, if, in any ring, the elements 
of a minimal prime ideal were zero-divisors of some sort. In what follows this 
question will be answered in the positive with an appropriate interpretation of 
“zero-divisor” . 

Two very basic statements about minimal prime ideals hold in a commutative 
ring R: (1) If P is a minimal prime ideal, then the elements of P are zero-divisors, 
and (II) the union of the minimal prime ideals is M = {a¢ R| dre R withare 
N.(R) but r ¢ N.(R)}, where N.(R) is the prime radical. We will see that (I), 
suitably interpreted, is true for all rings. The statement (II) is false in general non- 
commutative rings but a version of it does hold in rings where the set of nilpotent 
elements forms an ideal. 

In a commutative ring R we always have that R/N.(R) is reduced (i.e., has 
no non-zero nilpotent elements); this fails in the non-commutative case. Hence we 
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can expect “commutative-like” behaviour when, for a non-commutative ring R, 
R/N,,(R) is reduced; these rings are called 2-primal and have been extensively 
studied. Statement (II), above, holds for these rings. A larger class of rings is 
where the set of nilpotent elements, N(R), forms an ideal (called NI-rings). Once 
again statements (I) (Corollary 2.9) and (II) (Corollary 2.11) hold when “minimal 
prime ideals” are replaced by “minimal r-strongly prime ideals” whose definition 
is recalled below. (The two types of prime ideal coincide in commutative rings.) 

Various weakened forms of commutativity yield results which show that min- 
imal prime ideals consist of (left or right) zero-divisors. A thorough study of this 
is in [2, e.g., Corollary 2.7]. Our purpose here is to look at minimal prime ideals 
in general where elements need not be zero-divisors but always are what we call 
weak zero-divisors (Theorem 2.2); an element a in a ring R is a weak zero-divisor 
if there are r,s € R with ras = 0 and rs ¥ 0. It will also be seen that, in spe- 
cial cases, other sorts of prime ideals consist of weak zero-divisors. Examples will 
show that “weak zero-divisor” cannot be replaced by “left (or right) zero-divisor” 
(Examples 3.2, 3.3 and the semiprime Example 3.4), however, in any ring R there 
is a minimal prime ideal consisting of left zero-divisors and one consisting of right 
zero-divisors (Proposition 2.7). 


Terminology. For a ring R (always unital) the prime radical is denoted N,.(R), the 
upper nil radical N*(R) and the set of nilpotent elements N(R). As usual, R is 
called semiprime if N(R) = 0, while R is called an NI-ring if N*(R) = N(R). 
Recall that an ideal P in a ring R is called completely prime if R/P is a domain. 

There are several uses of the term “strongly prime”. In the sequel we will 
use the definition chosen by Rowen (see [13] and [6]). In order to avoid confusion 
we will say that a prime ideal P in a ring R is an r-strongly prime ideal if R/P 
has no non-zero nil ideals. (Since every maximal ideal of R is an r-strongly prime 
ideal, there are r-strongly prime ideals which are not completely prime.) A ring 
in which every minimal prime ideal is completely prime is called 2-primal. The 
2-primal rings are special cases of NI-rings. 

The (two-sided) ideal of a ring R generated by a subset X is written (X) or 
by an element a € R written (a). 

Section 1 is devoted to a brief look at r-strongly prime ideals. Section 2 
contains the main results and Section 3 is devoted to examples, counterexamples 
and special cases. 


1. On r-strongly prime ideals 


The main topic will be deferred to the next section. Since r-strongly prime ideals 
will show up in several places we first briefly study these ideals. We get a description 
of r-strongly prime ideals in terms of special sorts of m-systems. Recall that an 
m-system S in a ring R is a subset of R \ {0} such that 1 € S, and for r,s € S 
there is t € R such that rts € S. The complement of a prime ideal is an m-system 
and an ideal maximal with respect to not meeting an m-system S' is a prime ideal 
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(e.g., [11, §10]). A subset S of R \ {0} containing 1 and which is closed under 
multiplication is an example of an m-system. 

A ring R, viewed as an algebra over Z, has an enveloping algebra R° = 
R@®z R°?. The bimodule rRpr can be thought of as a left R°-module. The ring 
M(R) = R°/ anne R is called the multiplication ring of R. Then, R is a faithful 
M(R)-module. For 4 € M(R) we can lift A to some S>;"_, 7; @ s; € R® and, 
for a € R, think of Aa as Si, rias;. We now formalize the definitions (cf. [13, 
Definition 2.6.5]). (In [9], the multiplication algebra was used in the definition of 
a different sort of “strongly prime” ideal.) 


Definition 1.1. Let R be a ring. 


(1) A prime ideal P of R is called an r-strongly prime ideal if R/P has no non- 
zero nil ideals. 
(2) A subset S of R \ {0} is called an nm-system if 
(i) S is an m-system and 
(ii) for t € S there is X € M(R), depending on ¢, such that (At)” € S' for all 
n>. 


It is readily seen that any r-strongly prime ideal contains an r-strongly prime 
ideal which is minimal among r-strongly prime ideals. The intersection of the 
(minimal) r-strongly prime ideals of a ring R is N*(R) (see [13, Proposition 2.6.7]). 
The connection between r-strongly prime ideals and nm-systems is clear. The basic 
information is contained in the following. 


Proposition 1.2. Let R be a ring. Then 


(i) If S C R\ {0} with 1 € S is multiplicatively closed, then S is an nm-system. 
(ii) If P is an r-strongly prime ideal, then R\ P is an nm-system. 
(iii) If S is an nm-system and I is an ideal maximal with respect to not meeting 
S, then I is an r-strongly prime ideal. 
(iv) Every r-strongly prime ideal in R contains a minimal r-strongly prime ideal 
(i.e., minimal among the r-strongly prime ideals). 


Proof. (i) This is clear since for t € S we can use X = 1 € M(R) and then 
(At)? =t" € S for alln > 1. 

(ii) If P is an r-strongly prime ideal and S = R\ P, S is an m-system and 
because R/P has no non-zero nil ideals, for t € S' there is \ € M(R) such that At 
is not nil modulo P, which is exactly the defining feature of an mn-system. 

(iii) If S is an mm-system and J an ideal maximal with respect to not meeting 
S, then I is prime since S is an m-system. Suppose that « ¢ J generates an 
ideal which is nil modulo J. Consider the ideal J + (x). Using maximality we pick 
t € (1+ (2))NS and write t =at+y,aeTI, y € (x). There is X € M(R) such 
that (At)” € S for all n > 1. Now (At)” = (Aa + Ay)” = b+ (Ay)”, where DET. 
However, for some m > 1, (Ay)™ € I, which is impossible. Hence, J is an r-strongly 
prime ideal. 


(iv) Clear. 
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The result [6, Lemma 2.2], using a multiplicatively closed set for S, is a special 
case of Proposition 1.2(iii). 

In a commutative ring R a multiplicatively closed set S C R\ {0}, 1 € S, 
has a “saturation” T = {t € R| (t) VS #0} which is a multiplicatively closed set 
and is the complement of the union of the prime ideals maximal with respect to 
not meeting S. There is a similar result, [9, Proposition 3.6], in connection with 
the “strongly prime ideals” of that paper. However, there is no “saturation” for 
nm-systems, in general. A given nm-system can in some cases be enlarged but 
Example 3.1 will show that there is not always a “saturation”. 


Remark 1.3. Let R be a ring and S C R\ {0} an nm-system. Define T = {t € R | 
dr,s € R with rts € S}. Then, T is an nm-system whose complement contains 
the same ideals as the complement of S. 


Proof. We first show that T is an m-system. If t,u € T, there are r,s,r’s’ € R with 
rts,r’us’ € §. Since S is, in particular, an m-system there is x € R with rtszr’us’ € 
S. It follows that tsrr’u € T, showing that T is an m-system. Moreover, if rts € S, 
there is A € M(R) with (A(rts))” € S, for alln € N. However, rts € T. 


Theorem 2.10, below, gives examples of multiplicatively closed sets which are 
saturated. As a final remark in this section we have the following companion to 
a result of Shin, [14, Proposition 1.11]: R is 2-primal if and only if each minimal 
prime ideal is completely prime. 


Proposition 1.4. A ring R is an NI-ring if and only if each minimal r-strongly 
prime ideal is completely prime. 


Proof. If R is an NI-ring, then each minimal r-strongly prime ideal is completely 
prime by [6, Theorem 2.3(1)]. In the other direction, if each minimal r-strongly 
prime ideal is completely prime, then R/N*(R) is reduced. This means that 
N*(R) = N(R). 


2. Weak zero-divisors 
The following definition contains some terminology to be used throughout. 


Definition 2.1. Let R be a ring. 


(i) An element a € R is called a left zero-divisor if there is 0 4 r € R with 
ar = 0. The set of elements which are not left zero-divisors is denoted Sj. 
(Similarly for right zero-divisors and Spy.) 

(ii) An element a € R is called a weak zero-divisor if there are r,s € R with 
ras = 0 and rs # O. The set of elements of R which are not weak zero- 
divisors is denoted by Shy. 


The notion of a weak zero-divisor is what is needed to answer the question 
about elements of minimal primes. 
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Theorem 2.2. Let R be a ring and P a minimal prime ideal of R. Then, for each 
a€P, a is a weak zero-divisor. 


Proof. Let P be a minimal prime ideal and put S = R\ P. Suppose, on the 
contrary, that a € P is not a weak zero-divisor. Consider the set 


T ={ria'rg---rpa regi | KEN, i; > Ori e+ + reg € St. 


It is clear that T D> S. The claim is that T is an m-system. It first must be shown 
that 0 ¢ T.1f0 =rya"rg---rpa* rps, € T, then the product remains 0 if any fac- 
tors a are removed since a € Spw; once all the factors are removed from the expres- 
sion we get 71 --- 7x41 = 0, which is not possible since that product is in S. It is next 
shown that T is an m-system: given two elements of T, rya"r2---rpa"*rg4, and 
81) 89 --- 8," 8,41, we know that there is t € R such that ry ---rp4its,---si41 € 
S. From that, rya!' rg +--+ rpa’* rp tsa) so --+ 8ja/' 8,41 € T, as required. 


Examples 3.2 and 3.3, below, show that left or right zero-divisors cannot 
replace weak zero-divisors in Theorem 2.2. However, in a reduced ring weak zero- 
divisors are both left and right zero-divisors. 


Corollary 2.3. In a ring R, if a is an element of a minimal prime ideal, then there 
are r,s € R such that ras € N,(R) andrs ¢ N,(R). If R/N,(R) is reduced (i.e., 
N,.(R) = N(R)), then there is r ¢ N,(R) such that ra € N,(R) and ar € N,(R). 


Proof. The first part is Theorem 2.2 applied to R/N,(R). The second follows since 
in a reduced ring S, abc = 0 implies acb = bac = 0. 


Corollary 2.3 can, of course, be restated for any ideal J of R in place of N,(R) 
and using the prime ideals minimal over I. 
The following simple lemma will be used here and again later. 


Lemma 2.4. Let R be any ring and X a subset of R. Set M(X)={ae R|dr,s€ 
R with ras € X but rs ¢ X} and M,(X) = {ae R| dr € Rwithar € X butr ¢ 
X}. Then, R\ M(X) and R\ M,(X) are multiplicatively closed and both contain 1. 


Proof. We write M for M(X) and M, for M,(X). Suppose a,b € R\ M and 
ab € M. Then, there are r,s € R with rabs € X while rs ¢ X. Since a ¢ M, 
rbs € X and then b € M. This contradiction shows ab ¢ M. The statements 
about M,. are proved similarly. 


In Lemma 2.4 there is an analogous statement for M; = Mj(X) = {ae R 
dre Rwith ra € X but r ¢ X}. Results about M, for various sets X can be 
restated for M). 


Corollary 2.5. Let R be a ring. Then, Snhw and Sy are closed under multiplication 
and contain 1; in particular, Syw and Sy, are nm-systems with Spw © Shy. 


Proof. In Lemma 2.4 we take X = {0}. Moreover, if a is a left zero-divisor then it 
is a weak zero-divisor. 
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Remark 2.6. Let R be aring. If the set of weak zero-divisors in R forms an ideal W 
then W is a completely prime ideal. Moreover, if a minimal prime ideal P contains 
all the weak zero-divisors, then P is completely prime and P = N,(R) = N(R). 


Proof. By Corollary 2.5, R\ W is a multiplicatively closed set. Hence, W is prime 
and if rs € W thenr € W ors EW. 

For the remaining part, the minimal prime ideal P is the only minimal prime 
and is, hence, N,(R). 


Remark 2.6 can be illustrated by a trivial extension of a domain. If R is the 
ring of column finite No x No upper triangular matrices with constant diagonal over 
a domain D, then R is an example of the situation of Remark 2.6 with P = N,(R) 
nil but not nilpotent. Rings of the type in Remark 2.6 are the subject of [7]. 

According to Proposition 1.2(iii) or [6, Lemma 2.2], if S is a multiplicatively 
closed set in a ring R with 0 ¢ S and 1 € S, then an ideal maximal with respect 
to not meeting S is an r-strongly prime ideal. 


Proposition 2.7. Let R be any ring. 
(i) There is an r-strongly prime ideal consisting of weak zero-divisors. 
(ii) There is an r-strongly prime ideal consisting of left zero-divisors. There is a 
minimal prime ideal consisting of left zero-divisors. Similarly for right zero- 
divisors. 


Proof. By Proposition 1.2(i) and (iii), an ideal maximal with respect to not meet- 
ing the multiplicatively closed set S,w is an r-strongly prime ideal. Similarly for 
Sui. Moreover, among the prime ideals not meeting S,) there are minimal prime 
ideals. 


The ring of Example 3.2 has two minimal prime ideals, one consists of ele- 
ments which are both left and right zero-divisors while the other has weak zero- 
divisors which are not left or right zero-divisors. See also Example 3.6. 


Proposition 2.8. Let P be a completely prime ideal in a ring R which is minimal 
among r-strongly prime ideals. Then, the elements of P are weak zero-divisors. 


Proof. We use Proposition 1.2(iii) and put S = R\ P. The argument of Theo- 
rem 2.2 is modified. If a € P is not a weak zero-divisor then put 
T= {riya re rea’ rey |i; >0,7; © S,j =1,...,k}. 


It follows that T is a multiplicatively closed set strictly containing S and with 
0 ¢ T. An ideal maximal with respect to not meeting T is an r-strongly prime and 
is contained in P. This is not possible. 


There is an example, [6, Proposition 1.3], based on [6, Example 1.2], of a 
prime NI-ring R in which N*(R) 4 0. Hence, there are r-strongly prime ideals 
minimal among r-strongly prime ideals but which are not minimal prime ideals (0 
is the only minimal prime ideal). Moreover, by [6, Theorem 2.3(1)], these minimal 
r-strongly prime ideals are completely prime; then Proposition 2.8 applies and the 
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elements of such ideals are weak zero-divisors. We will use the construction of [6, 
Example 1.2] and our Example 3.2 to show that in Proposition 2.8 weak zero- 
divisors are required (see Example 3.3, below). We collect some of the remarks 
above as follows. 


Corollary 2.9. Let R be an NI-ring and P a minimal r-strongly prime ideal. Then 
P consists of weak zero-divisors. 


Proof. As already mentioned, [6, Theorem 2.3(1)] says that Proposition 2.8 applies. 


It also follows from [6, Example 1.2] that, unlike the commutative semiprime 
case, the union of the minimal primes is not the set of weak zero-divisors. However, 
in an NI-ring there is an analogous result. Recall (e.g., [12, §2.1, Exercise 11]), that, 
in a commutative ring R we always have N,(R) = N(R) and, also, the union of 
the minimal prime ideals is {r € R| ds ¢ N..(R) such that rs € N,(R)}. 

Recall that an ideal J of R is called a completely semiprime ideal if R/I is a 
reduced ring; if J is a completely semiprime ideal then the prime ideals minimal 
over I are completely prime. The next result mimics the commutative case. 


Theorem 2.10. Let R be a ring and I a completely semiprime ideal. Then, M,(I) = 
{ae R|sAre Rwithar €I butr ¢ I} is the union of the completely prime ideals 
minimal with respect to containing I. In addition, R\ M,(1) is multiplicatively 
closed and contains 1. The sets M,(I) and M)(1) coincide. 


Proof. Let P be the set of completely prime ideals minimal over J. Suppose a € P 
for some P € P and we can suppose a ¢ I. In the reduced ring R/I, a+ is a left 
zero-divisor. I.e., there is r ¢ I such that ar € I, showing that a € M,(1). 

In the other direction, if we have a € M,(I) with r ¢ I and ar € I but a ¢ P 
for each P € P, then, since these primes are completely prime, r would be in J, 
which is impossible. Hence, M;(I) = Upep P. 

The next part is an application of the second part of Lemma 2.4 applied to 
X =I. The last observation follows since left and right zero-divisors coincide in a 
reduced ring. 


The set R\ M,(I) in Theorem 2.10 is a saturated nm-system as discussed at 
the end of Section 1. 

When R is an NI-ring Theorem 2.10 yields a result analogous with the com- 
mutative case. 


Corollary 2.11. Let R be an NI-ring and M, = M,(N(R)) = {a € R| dre 
R with ar € N(R) but r ¢ N(R)}. Then, M, is the union of the minimal r- 
strongly prime ideals of R. Moreover, R\ M, is closed under multiplication and 
contains 1. 


Proof. We need only invoke Theorem 2.10 with J = N(R) and the fact that in an 
NI-ring N(R) is completely semiprime (e.g., [6, Lemma 2.1]). 
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In the special case of a 2-primal ring, the minimal r-strongly prime ideals 
of Corollary 2.11 are, in fact, the minimal prime ideals; in a 2-primal ring Corol- 
lary 2.11 is exactly as for commutative rings. 

It is remarked in [5, page 4869] that if R is a PL-ring or a ring of bounded 
index, then FR is a NI-ring if and only if R is 2-primal. 

The conclusion of Corollary 2.11 need not hold when the ring is not an NI- 
ring: see Example 3.5, below. 


3. Examples and special rings 
Our first example is to illustrate how an nm-system can fail to have a saturation. 


Example 3.1. There is a ring R such that T = {t €¢ R| (t) = R} = {te R| 
(t) OS AO} is not an m-system and is not a saturation for S = {1}. 


Proof. Let K bea field and F = K(Y, X1, X2) a free algebra in 3 variables. Set I to 
be the ideal of F' generated by p = X1;Y X2—1 and R= F’/I. We write the images 
Y4+l=y,X,+I = 2 and X2+/] = x2. By construction, y € T (as are 2; and x2). 
However, in order to have v,u;,w; € F, j =1,...,m with yy ujYvYw;-lel 
we would need an equation of the form pay ujYvYw; —1 = 0, rips; for some 
ri, 5; € F,i=1,...,n. The equation shows that for some k,1<k <n, rps, hasa 
non-zero constant term. The corresponding r,.X1,Y X2s,%, when split into monomial 
terms, has a monomial term with only one copy of Y. No such term can exist in 
the other expression. Hence, no element of yRy is in T. This shows that T is not 
an m-system. 


When a semiprime ring R& has only finitely many minimal prime ideals (see 
[10, Theorem 11.43] for characterizations of such rings) then each element of a 
minimal prime is a left and a right zero-divisor. The following example shows that 
even when there are only finitely many minimal prime ideals weak zero-divisors 
may be required when the ring is not semiprime. 


Example 3.2. Let K be a field and R = K(X,Y)/I where I is generated by the 
monomials XY’X,i > 1. Write X +I =a” and Y +I =y. Then, (y) is a minimal 
prime of R, R has only two minimal primes and N,(R) 4 0. Moreover, y is neither 
a left nor a right zero-divisor but xyz = 0 while 2? ¥ 0. 


Proof. Since R/(y) = K[X], (y) is a prime ideal, and, similarly, (x) is a prime 
ideal. Put L = (x) 1 (y). Then, L? = 0. Moreover, R/L is reduced since if r? € L 
and r is written as a polynomial with no terms containing a factor xy’x,i > 1, 
then r ¢ L would mean that r has a term purely in x or in y. Then, r? would also 
have such a term. It follows that any prime ideal Q of R contains L and, hence, 
(x) (y) © Q. Hence, the minimal primes are (x) and (y). However, y is not a left 
or a right zero-divisor while xyz = 0 and x? 4 0. On the other hand the elements 
of (x) are all left and right zero-divisors. 
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The ring R in Example 3.2 is an NI-ring (even 2-primal) because (x) 9 (y) = 
N(R) = N,(R). The set M, from Corollary 2.11 is (x) U (y) and R/N(R) is 
the reduced ring K(X,Y)/K, where K is generated by {XY, YX}. Moreover (cf., 
Corollary 2.5), Snw = R\ ((x) U (y)) and Sn = R\ (x) = Sor. 


Example 3.3. There is an example of an NI-ring R such that N,(R) 4 N(R) in 
which there is a prime ideal minimal over N(R) whose elements are neither left 
nor right zero-divisors (they are weak zero-divisors). 


Proof. We rename the ring from Example 3.2 as S and use it as the seed ring in 
the construction of [6, Example 1.2]. To recall the construction: for each n € N let 
S, be the ring of 2” x 2” upper triangular matrices over S, and S,, is embedded 
in S41 by sending A € S,, to (4 9). Then, R is the direct limit of this system of 
rings. According to [6, Example 1.2], R is an NI-ring but N,(R) 4 N(R). 

Now let P be the set of elements r from R which from some n € N, the 
matrices representing r have an element of (y) in the (1,1) position. The claim is 
that P is a prime ideal minimal over N(R). It is clear that it is an ideal. Moreover, 
R/P = S/(y) = K[a], a prime ring. Just as in Example 3.2, a prime ideal contained 
in P and containing N(R) would have to contain the elements with (1,1) entry 
equal to y. Again as in Example 3.2, if we take for a € P an element represented 
by (5 2) € $1, then the equation ar = 0 in R with r 4 0 would imply that there 
is a representative of r in, say, S,,. The element corresponding to a in S;, is yon 
where Jpn is the identity matrix. Then the product ar = 0 in S, multiplies each 
row of r by y. Since y is not a left zero-divisor, we have a contradiction. Similarly, 
a is not a right zero-divisor. 


In the ring R of Example 3.3, r € N(R) if and only if r has a representative 
whose diagonal elements are in N(S). Examples 3.2 and 3.3 are not semiprime; the 
next example is of a semiprime ring which has a minimal prime whose elements 
are neither left nor right zero-divisors. 


Example 3.4. There is a semiprime ring R and a minimal prime ideal P along with 
a € P such that a is neither a left nor a right zero-divisor. 


Proof. We again use the ring of Example 3.2 as a starting point. We will here call 
that ring Ro. Let R, be the ring K(X, Y, Z)/I where I is generated by {XY*X | 
i > 1}, the same defining relations as for Ro. There is a natural embedding of Ro 
into R,. However, R; is a prime ring. 

The ring R is defined as follows: R is the ring of all sequences r = (r,,) from 
R, such that for some k € N, depending on r, r; € Ro is constant for all j > k. 
The ring R is semiprime. To see this, if r = (r,) € R and, for some k € N, rz 40 
then r, Rir, 4 0, showing that rRr 4 0. 

We define P = {r = (rn) € R| rp is eventually constant and in (y)}. Since 
R/P = Ro/(y), P is a prime ideal. It now needs to be shown that P is a minimal 
prime ideal. Suppose that Q C P is a prime ideal. For any idempotent e € R (all 
the idempotents in R are central), eR(1 — e) = O means that e € Q or l1—e € Q. 
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However, if e is eventually 1, e ¢ P and, hence, e ¢ Q. Thus @jen Ri C€ Q. 
For u € Ro, let G denote the element of R which is constantly u. We will see 
that Rye C Q. Indeed, for v € R, we may assume that v ¢ @Qjen Ri and, 
hence, that v has the form v = (0,...,0,w,w,...), where w € Ro. Then, as in the 
proof of Example 3.2, zvy% € Q. The rest of the proof follows as in the proof of 
Example 3.2, showing that g € Q and that Q = P. 

Finally, g is neither a left nor a ring zero-divisor but is, of course, a weak 
zero-divisor. 


It can also be seen that the ring of Example 3.4 is left and right non-singular. 
See also Proposition 3.9 for more about constructions related to that in Exam- 
ple 3.4. 


Example 3.5. There is a ring R with N*(R) = 0 where M, = M,(N(R)) = {a € 
R| dr ¢ N(R) with ar € N(R)} is not the union of the minimal (r-strongly) 
prime ideals. 


Proof. Consider a division ring D and the ring R of sequences of 2 x 2 matrices 
over D which are eventually a constant diagonal matrix (e.g., [14, Example 5.6]). 
Then the von Neumann regular ring R has no nonzero nil ideals and the minimal 
r-strongly prime ideals are also the minimal prime ideals; they are the maximal 
ideals (i) I, of sequences zero in the nth component, and (ii) the ideals P;, i = 1, 2, 
of sequences, eventually a constant diagonal matrix which is zero in the 77 position. 
Consider a € R where, fori = 1,...,n,n > 1, the ith component of a, a;, is nonzero 
but there is 0 £ r;, which is not nilpotent, with a;r; = 0, while the constant part 
of a can be the identity matrix. Put r € R to be r; for i = 1,...,n and 0 beyond. 
Then, ar = 0 but a is not in the union of the minimal (r-strongly )prime ideals. 
For example, a = ((58),(49),(49),-+-) and r = ((99),(28),(98),.-.)- Hence, 
a € M, but is not in the union of the prime ideals. Similarly, a is in the set 
M = Mi(N(R)). 

On the other hand, the union of the prime ideals is contained in M,N M1). 


In the ring R of Example 3.5, the minimal prime ideals consist of left (and 
right) zero-divisors. The set of elements of R with constant part 0 is a completely 
semiprime ideal, call it kK. The minimal prime ideals containing K are P,; and 
P whose union is, according to Theorem 2.10, M,(K) = M)(K). As in any von 
Neumann regular ring, the set of left zero-divisors is {a € R | Ra 4 R} = M,(0) 
and that of right zero-divisors in {a € R | aR # R} = M,(O); these coincide 
if, as in our example, the ring is directly finite. However, elements of a proper 
ideal in a von Neumann regular ring are all left and right zero-divisors. (See also 
Proposition 3.8, below, for information about a related class of rings to that of the 
von Neumann regular ones.) 


The next example illustrates the left and right versions of Proposition 2.7. 
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Example 3.6. Let A be a domain which is neither left nor right Ore and R = (4 4). 
Then, R has two minimal prime ideals, one consists of left zero-divisors and the 
other of right zero-divisors; neither consists of both. 


Proof. The two minimal prime ideals are J = (g 4) and J = (04). 


See also [2, Example 2.6] and its references for information on minimal prime 
ideals and zero-divisors of rings of the form of that of Example 3.6. 

The ring K(X, Y)/I, where I = (XY), of [2, Example 2.8] shows the same 
phenomenon as that of Example 3.6. 

As in the commutative case, zero-divisors of all sorts do not behave well with 
respect to homomorphic images. Some information can be gleaned. 


Proposition 3.7. Suppose R is an NI-ring. 
(i) Ifa+N(R) € R/N(R) is a weak zero-divisor, then a is a weak zero-divisor 
in R. 
(ii) If every element of a proper ideal of R/N(R) is a weak zero-divisor, then 
every element of a proper ideal of R is a weak zero-divisor. 


Proof. (i) Suppose that a € R is such that a+ N(R) is a weak zero-divisor. Then, 
there are r,s € Rsuch that ras € N(R) and rs ¢ N(R). For some minimal m € N, 
(ras)™ = 0. If some of the factors a in (ras)™ can be removed to get a non-zero 
element, the proof is complete. Removing all the factors a, if necessary, leaves 
(rs)™ #0, which gives the result. (ii) This follows directly from (i). 


The converse of Proposition 3.7 is false even in the commutative case. Con- 
sider a field K and the ring R = K[X,Y]/I, where I = ({X", XY}), for some 
n > 2. Then Y + I is a zero-divisor in R but not modulo N,(R) = (X +1). 

The argument in Proposition 3.7(i) does not work for left zero-divisors and, 
in fact, the conclusion is false for left (or right) zero-divisors. In Example 3.3, the 
element a shown to be a weak zero-divisor but neither a left nor a right zero-divisor, 
is both a left and right zero-divisor modulo N(R). 

There are various weak forms of von Neumann regularity which guarantee 
that elements of proper ideals are in fact zero-divisors. Recall that a ring R is right 
weakly m-regular if for every a € R there is m € N such that a” € a™(a™). 


Proposition 3.8. Let R be a right weakly 7-regular ring. Then, every element of a 
proper ideal is a left zero-divisor. 


Proof. Let a € R be in a proper ideal and we may assume that a is not nilpotent. 
We can write, for some m € N, a™ = a™ So, ria™s* and a™(1— So rja™s;) = 0. 
We know that So rja™s; 4 1 and, thus, there is a minimal & > 1 such that 
a¥(1 — So rja™s*) = 0. Then, a*-1(1 — So r;a™s;) € ranna. 


Proposition 3.7 applies to rings not covered by Proposition 3.8. Using [1, 
Theorem 2.6], one needs to find NI-rings R which do not satisfy the idempotent 
condition WCI ({1, Definition 2.1]), and, hence, is not right weakly 7-regular, but 
for which R/N(R) is right weakly 7-regular. One such is [1, Example 1.7]. 
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For a von Neumann regular ring satisfying general comparability ([4, Defi- 
nition, page 83]), the minimal prime ideals are generated by central idempotents 
([4, Theorem 8.26]) and, hence, an element of a minimal prime ideal is annihilated 
by a non-zero central idempotent. More generally the observation applies to any 
ring in which the minimal primes are generated by central idempotents. We will 
not go into details here but the condition that each minimal prime of a ring R is 
generated by central idempotents is equivalent to saying that the Pierce sheaf of 
R has prime stalks (see [8, V2] or [3]). Biregular rings have this property as do 
full products of prime rings. 

More generally we have the following which will help in the construction of 
examples. The key property of a Pierce sheaf of a ring R which we will use is that 
if for some « € Spec B(R) and r,s € R we have r, = sz, then there is e € B(R)\zx 
such that re = se. 


Proposition 3.9. Let R be a ring whose Pierce sheaf has stalks Rz which have 
the property that each minimal prime ideal of R, consists of left or of right zero- 
divisors. Then each minimal prime ideal of R consists of left or of right zero 
divisors. 


Sketch of proof. Let R, be a stalk of R (x refers to a maximal ideal of the boolean 
algebra B(R) of central idempotents of R and Rz = R/Ra). 

Since for any prime ideal P of R, PO B(R) = 2, for some x € Spec B(R) and 
R—- R, = R/Rz is surjective, a minimal prime ideal P of R has the following 
form. For c = PN B(R) and Q = P, = P/Rz, P= {r€ R| rz € Q}. Moreover, 
each such pair (2, Q) yields a minimal prime ideal of R. 

Then, if Q, a minimal prime ideal of R,, consists, say, of left zero-divisors, 
for u € P, as constructed above, there is r € R with r, ¢ 0, and uzr, = 0. For 
some e € B(R) \ x, ure = 0. Since re ¥ 0, u is a left zero-divisor. 


The converse is true in a ring like that in Example 3.4 but a small change in 
that example shows that it is false in general. 


Example 3.10. There is a ring R which has a Pierce stalk R, so that R, has a 
minimal prime ideal with an element which is neither a left nor a right zero-divisor 
but the corresponding minimal prime ideal of R consists of zero-divisors. 


Proof. Let Ro be the ring of Example 3.2 and S = K(x, y,z)/I, where I is gener- 
ated by {xy*x |i > 1} and {zay, zx}. Then, let R be the ring of sequences from 
S which are eventually constant and in Ro. The Pierce stalks of R are R, = S, 
néN, and Ro = Ro. Let P= {r € R| ro € (y)}; P is a minimal prime ideal 
of R. It can be seen that the elements of P are all right zero-divisors even though 
Ps, has an element which is not a right zero-divisor. Indeed, any monomial in (y) 
is annihilated on the left by zz # 0. Now let r € P be such that r. =u € Ro, 
u #0. Then, for some n € N, r, = u. Let e € R be such that e,, = 0 if m An 
and e, = 1. Then, zxer = 0, while zxe # 0. 
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On a Theorem of Camps and Dicks 


Victor Camillo and Pace P. Nielsen 


Abstract. We provide a short, intuitive proof of a theorem of Camps and 
Dicks [1]. 
Mathematics Subject Classification (2000). Primary 16P20, Secondary 16D60. 


Keywords. Semi-local ring, Artinian module. 


1. The theorem 


Below, rings are associative with 1, but possibly noncommutative. Modules are 
unital. We also make use of the well-known fact that a ring R is semi-simple if and 
only if every maximal left ideal is a summand. 


Theorem 1. Let R and S be rings and let pMs be an R-S-bimodule. If Mg has 
finite uniform dimension and for r € R the equality anny(r) = (0) implies r € 
U(R) then R is semi-local. 


Proof. Let R = R/J(R), and let 7A be a maximal submodule of 7R. We wish 
to show that A is a direct summand. Since Mg has finite uniform dimension there 
exists an element b € R, b ¢ A, such that annas(b) C Mg has maximal uniform 
dimension (with respect to the restriction b ¢ A). 

Let « € R be such that xb € A. Notice the containment annjs(b — barb) D 
anny(b) @ annas(1 — xb) (in fact, equality holds, although we do not need that 
information). But 6 — bab ¢ A, so by the maximality condition on b we conclude 
annyg(1—2ab) = (0). Therefore 1—ab € U(R). Repeating the argument, we see that 
1—yaxb € U(R) for all y € R, so xb € J(R). We have thus shown that AN Rb = (0). 
By maximality of A we have A @ Rb = R, finishing the proof. 


Corollary 2. If S is a ring and Mg is an Artinian right S-module then R = 
End(Msg) is a semi-local ring. 


Notice that in the proof of Theorem 1, we could weaken the condition “r € 
U(R)” to “r is left invertible.” We also remark that in the original proof given 
by Camps and Dicks in [1], they showed that R is semi-local if and only if there 
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exists an integer n > 0 and a function d: R — {1,2,...,n} satisfying d(b— baxb) = 
d(b) + d(1 — xb), and if d(a) = 0 then a € U(R). One can recover this fact by 
letting d(a) denote the composition length of the right annihilator of @ € R and 
following the ideas in the proof of Theorem 1. 
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Applications of the Stone Duality in 
the Theory of Precompact Boolean Rings 


Mitrofan M. Choban and Mihail I.Ursul 


Abstract. In this paper we study connections between topological and alge- 
braical properties of a Boolean ring. We discuss some properties of the lattice 
of precompact topologies on a Boolean ring. A characterization of precompact 
topologies on a Boolean ring is given. The classes of extremally disconnected 
spaces and F’-spaces are characterized in terms of injectivity. 

The study of precompact topologies is related to the C,-theory. Many 
results of the C,-theory have natural analogous assertions in the theory of 
precompact Boolean rings. 


Mathematics Subject Classification (2000). 06E15, 54H13, 06B20, 13A15, 
06E20, 54040. 

Keywords. Boolean ring, Stone space, Bohr topology, totally bounded topol- 
ogy, self-injectivity, extremally disconnectedness, F'-space, compactness. 


1. Preliminaries 


Boolean rings form a remarkable subclass of the class of associative rings. Ring 
topologies on Boolean rings have many unexpected and subtle properties. For 
instance, if (R, 7) is a Boolean topological ring, then: 


(i) components coincide with quasicomponents; 
(ii) the product of two neighborhoods of zero is a neighborhood of zero; 
(iii) (R,T) is locally connected provided if it is a bounded connected ring. 


Recall that a Boolean ring is an associative ring R with identity satisfying the 
identity 2? = 2. We consider x < y if and only if zy = x. A Boolean ring R is 
called trivial if it consists of only one element. Any Boolean ring consisting of two 
elements is isomorphic to Fz = Z/2Z = {0, 1}. 

Methods and ideas of Boolean rings are used in the mathematical logics, 
measure theory, Stone duality, Banach algebras and other domains. An outstanding 
role in the theory of Boolean rings belongs to the theory of Boolean algebras, 
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established by M.H. Stone [4, 21, 22, 23, 24]. A Boolean ring R endowed with 
the operations 7 Vy =a+yt+ary,cAy = ry,2' =1+2 is a Boolean algebra. 
The element x’ is called the complement of x. Always x! Ax = 0,2’ Va = 1 and 
(x’)! =a. 

The paper uses the terminology from [3, 11, 21, 25]. As usual, w stands for 
the set of all natural numbers {0,1,2,...} or for the first infinite ordinal. As a rule, 
we will simply say “a space” instead of “a topological space”. By R we denote the 
topological ring of reals. Symbol |A| denotes the cardinality of a set A and w(X) 
denotes the weight of a space X. The closure of a subset A of a space X is denoted 
by clx(A) or, briefly, by clA. A clopen subset is a closed-and-open subset of the 
space. 

A zero-dimensional non-empty compact space is called a Stone space. 

Denote by C(X) the ring of all continuous functions of X into F2 for every 
Stone space X. Put My = {f|f € C(X), f(Y) = 0} for every subset Y C X. 
Obviously, My is an ideal of C(X) and My = Mery for every subset Y C X. The 
ideal Mz = M;,; of C(X) is maximal and My = M{M,|y € Y}. Every maximal 
ideal of the ring C(X) has the form M,. 

If A is a subset of a space X, then 14 : A — Fp. denotes the characteristic 
function of A for which 14(#) = 1 if and only if x € A. 


Proposition 1.1. Jf A, B are closed subsets of a Stone space X, then: 
(i) Ma C Mz ff and only if BC A. 
(ii) Ma = Mz ff and only if A= B. 


Proof. (i) Let B C A. Then Mg =N{M,|x € A} CN{M,|c € B} = Mg. Suppose 
that xo € A\ B. There exists a clopen subset U of X such that 79 EU C X \ B. 
Then ly € Mg \ Ma. Thus B C A provided Mg C M4. The assertion (i) is 
proved. The assertion (ii) follows immediately from (i). 


Let R be a Boolean ring. Denote by X (A) the set of all maximal ideals of R. 
We put V(L) = {1|I € X(R), LC I} for every LC R. The family {V(L)|L C R} 
is a closed base for the Stone topology on X(R). The space X(R) becomes a Stone 
space, rings R and C(X(R)) are isomorphic. 

If G is the category of all Stone spaces and % is the category of all Boolean 
rings, then X : 8 — G6 and C: G — §% are contravariant functors such that 
C(X(R)) = R,X(C(X)) = X for all R € B and X € G. The Stone Duality 
Theorem is composed from above given facts (see [4, 6, 20, 21, 23, 24]). 

For every property P (S, respectively) of the category G of all Stone spaces (of 
the category % of all Boolean rings, respectively) there exists a unique property 
C(P) (X(S), respectively) of Boolean rings (of Stone spaces, respectively) such 
that: 

(i) The properties P and X(C(P)) are equivalent. 
(ii) The properties S and C(X(S)) are equivalent. 
(iii) A Stone space X has the property P if and only if the Boolean ring R = 

C(X) has the property S = C(P). 
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One principal aim is to find characterizations of the properties C(P) and X(S') for 
the given properties P and S. We should mention that some properties of Boolean 
rings may be described in the terms: 


(a) of the properties of the lattice of precompact topologies on a ring; 
(b) of the properties of the upper semilattice of totally bounded topologies on a 
ring; 

(c) of the properties of the Bohr topology on a ring. 
An atom of a Boolean ring R is an element a € R, a # 0, such that if 0 4 b <a, 
then b = a, equivalently, the principal ideal of R generated by a is equal to {0, a}. 
A Boolean ring R is called atomless provided it has no atoms. An element y € R 
contains an atom provided x < y for some atom x € R. A Boolean ring R is called 
atomic provided each of its non-zero element contains an atom. Thus 1, = 1,5} is 
an atom in C(X) if and only if is an isolated point of X. 


Remark 1.1. We will consider that @ is a compact zero-dimensional space for which 


C(O) = 0. 


2. Topologies on a Boolean ring 


Let R be a Boolean ring. We will consider that R = C(X) for some non-empty 
Stone space X. 

Denote by T(R) the set of all ring topologies on R and by T,(R) — the set of 
all Hausdorff ring topologies on R. 

A topology T € T(R) is called precompact provided for every non-empty set 
U €T there exists a finite subset F' such that R = F+U. A Hausdorff precompact 
topology is called totally bounded. 

Set T?(R) = {T7|T € T(R),T is precompact} and 7?(R) = T?(R)N 7, (R). 
We associate to every subset Y C X a precompact ring topology Ty on R = C(X) 
having the family {M,|2 € Y} as a subbase at 0. 


Proposition 2.1. Let Y,Z be subsets of a Stone space X and R= C(X). Then: 
(i) Ty € T?(R). 

(ii) Ty is Hausdorff if and only if Y is dense in X. 

(iii) Ty C Tz if and only if Y C Z. 

(iv) Ty = Tz if and only if Y = Z. 

(v) T?(R) = {Ta|H C X}. 


Proof. (i) For every x € X there exists a unique homomorphism h, : R — F2 such 
that h;'(0) = M,. The homomorphism 
hx :R—FX, where r+ (hz(r))rex; 


is an isomorphism of R onto h(R) C FX. 
Let Y C X and ry : FX — FY be the natural projection. Obviously, hy = 
my o hx. Consider the topology of Tychonoff product on the ring FY. The ring 
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FY endowed with this topology is a compact Boolean ring. By construction, Ty = 
{hy'(U)|U is open in F} }. This implies Ty € T?(R). 

(ii) The homomorphism hy : R > F} is injective if and only if the set Y is 
dense in X. 

(iii) IE Y C Z, then Ty C Tz. Suppose that b € Y\ Z and Ty C Tz. For every 
y € M there exists a finite subset F(y) C Z such that y € N{M,|z € F(y)} C My. 
There exists a function f : X — F2 such that f(b) =1 and F(y) C f~+(0). Then 
f é€M, and f €N{M,|z € F(y)} C Mp, contradiction. 

(iv) Follows from (iii). 

(v) Suppose that T € 7?(R). If T = {0, R}, then T = Ty. Suppose that 
T # Ty. There exist a Hausdorff compact Boolean ring S and a continuous ho- 
momorphism g : R — S such that T = {g~1(U)|U is an open subset of S}. It is 
obvious that 0 = g(0) # g(1) = 1. There exists an open subbase {Hala € 9} at 
Os such that Hy is a maximal ideal of S for each a € {. For every a € 2 there 
exists a unique 2 € X such that M,, = g~'(Ha). If H = {xala € O}, then 
T = Tp. 


Remark 2.1. We call the homomorphism hy : R > F} canonical. 
Corollary 2.2. If |X| =7 and R=C(X), then |T?(R)| = 27. 


Corollary 2.3. If R = C(X), then the set T?(R) is a complete lattice, Tx is the 
maximal element and Tg is the minimal element of T?(R). 


Corollary 2.4. For every topology T € T?(R) there exists a unique topology T’ € 
T?(R) such that TV T' =Tx andT AT’ =Tp. 


Remark 2.2. The lattice T?(R) considered as a Boolean algebra is isomorphic to 
the Boolean algebra P(X) of all subsets of X. Denote by JT” the maximal element 
of T?(R). 


Remark 2.3. For two spaces X and Y denote by C,(X,Y) the space of all contin- 
uous functions of X into Y with the topology of pointwise convergence. Clearly, 
C,(X,Y) is a subspace of the space Y*. If Z is a closed subspace of Y, then 
C,(X, Z) is a closed subspace of the space C,,(X, Y) (see [3], Section 0.3; [11], Sec- 
tion 2.6). We consider F2 as a subspace (but not a subring) of the space R. Under 
this convention T™? is the topology of the space Cp(X) = Cp(X,F2) and Cp(X) 
is a closed subspace of the space C,(X,R). We identify C,(X) with (C(X),T™?). 
Hence, if P is a topological property hereditary related to closed subspaces and 
Cy(X,R) € P, then Cp(X) € P too. 


Remark 2.4. Let Y be a subspace of a space X and C(Y|X) = {f|Y|f ¢ C(X)}. 
Then (C(Y|X), Jy) is a subring and a subspace of the topological ring C,(Y). 
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3. Countably linearly compact Boolean rings 


The concept of a linearly compact ring (module) is a natural generalization of com- 
pactness in the class of topological rings (modules, respectively) (see, for instance, 
the historical notes in ([5], p. 675), [7], [28], [17], [18] and [15]). 

The following concept was introduced in ([26], p. 39). A topological ring R is 
called countably linearly compact if the intersection of every countable filter base 
consisting of the sets of the form «+ J, x € R and I is a closed left ideal of R, is 
non-empty. This concept is a generalization of countably compactness to the class 
of topological rings. 


Lemma 3.1. Let {Rala € Q} be a family of Boolean topological rings and R = 
hes Ra. Then every closed ideal I has the form I = [J Iq, where each Ig is 
a closed ideal of Ra. 


aEeQ 


Proof. Set Ig = pral, where pra is the projection of R on Ra, a € Q. Obviously, 
I © [peg La. Conversely, let x = (ta) € [laeqg Ja. Fix a € 9. There exists 
y € I such that pra(y) = tq. Then tq x [] 44,06 = y(®a x TI gzq 08) € I. This 
implies that cx = []yex% ta X [Ig 08 € J for every finite subset K C 0. Then 
x € cl{xK|K is a finite subset of 0} C I. 


The problem of the countably compactness of the product of two countably 
compact groups is not completely solved: under some set-theoretical assumptions 
there were constructed two countably compact abelian groups A and B whose 
product A x B is not countably compact [10]. In this context the theorem below 
may be of some interest. 


Theorem 3.2. Let {Ra|a € Q} be a family of Boolean topological countably linearly 
compact rings. Then R= |, cq Ra is a countably linearly compact ring. 


Proof. Let ro + Jo D1 + Jp D+ Dn + Jn D +--+ be a non-increasing family 
of closed subsets, where J; is a closed ideal of R,i € w. Let r; = (a',) for every 
i € w. According to Lemma 3.1, there exists the closed ideals Iq; of Ra, a € Q, 
such that J; = Teen Iq,i. Obviously, a + Iea,o0 2 sie +Ig12::: for everya€ 2. 
If ta € Niew (xt, + Iai), a € OQ, then (ta) € Niew (Ti + Ji), ie., R is a countably 
linearly compact ring. 


Remark 3.1. 


(i) Every countably linearly compact Boolean ring is precompact. 

(ii) The class of countably linearly compact Boolean rings is closed relative to 
the following operations: products, closed ideals and continuous homomorphic 
images. 

(iii) The underlying topological space of a countably linearly compact ring is a 
Baire space ([26], Lemma I.4.22, p. 40). 
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4. On minimal topologies 


A ring topology T on a ring R is called minimal provided it is a Hausdorff topology 
and there is no strictly coarser Hausdorff ring topology on R [19, 2, 8, 10]. 


Lemma 4.1. Let (R,T) be a Hausdorff (not necessarily associative) topological ring 
and b€ R. Then the set N, = {x|x € R, bx = b} is closed in the topology T. 


Proof. Follows immediately from continuity of the operations of the topological 
ring. 


Proposition 4.2. Let X be a Stone space, R = C(X) andb e€ X. The following 
assertions are equivalent: 


(i) b ts an isolated point of X; 

(ii) My € T for each T € T,(R); 
(iii) Mp € T for each T € T?(R); 
(iv) R\ M, €T for each T € T,(R); 
(v) R\ M,€T for each T € TP(R). 


Proof. The implications (ii)=(iii) and (iv)>(v) are obvious. The implications 
(ii) => (iv), (iii)=}(v) follow from the fact that any open subgroup of a topologi- 
cal group is closed. 

Let J be a maximal ideal of R and 1x be the identity of R. Then R \ I 
= 1x +I. Hence the ideal J is closed in the space (R,T) if and only if I € T. 
Therefore we have proved the equivalences (iv)(ii) and (v) (iii). 

(iii) (i). Let 6 be a non-isolated point of X. Then Y = X \ {b} is a dense 
subset of X, Ty € TP(R) and Mp ¢ Ty. 

(i) (ii). Let 6 be an isolated point of X. Consider r = 1, € R. If T € T,(R), 
then Mp = R\ N, €T. 


Proposition 4.3. The sets T,(R) and T?(R) are complete upper semilattices for 
every Boolean ring R. 


Proof. Obviously. 


0 
Theorem 4.4. Let X be a Stone space, R= C(X) and X be the set of all isolated 
points of X. The following statements are equivalent: 


(i) J,(R) is a complete lattice, i.e., there exists a topology To € T,(R) such that 
To <T for every T € T,(R); 
(ii) TP(R) is a complete lattice, i.e., there exists a topology Tg € TP(R) such that 
Io = T for every T E21? (R); 
(iii) R has a minimal totally bounded topology; 


0 
(iv) X is dense in X. 


Applications of the Stone Duality 91 


Proof. The implication (iv)=(i) follows from Proposition 4.2 (see [27], Theorem 
9). Let To € 7,(R) and Tp < T for every T € TP(R). Since T?(R) A 0, we obtain 
Toe Thin): 

The implication (ii)=>(iii) is obvious. 

(iii) (iv). Let Zo be a minimal totally bounded topology. According to 
Proposition 2.1, there exists a dense subset Y of X such that Jo = Ty. Obviously, 


0 0 
xX CY. Ifye Y\X, then the set Z = Y \ {y} is dense in X, Tz € T?(R), Tz < To 
and Tz # To, a contradiction. 


Corollary 4.5. There exists no more than one totally bounded minimal topology on 
a Boolean ring. 


0 0 
Corollary 4.6. Let X be a Stone space, X dense in X, R= C(X) andZ=X\X. 
Then: 


0 
(i) TPR) = (Ty|X CY CX}. 
(ii) ITP (R)| = 27, where T = |Z]. 
(iii) TP(R) is a Boolean lattice. 
(iv) The lattice T(R) is finite if and only if the set of non-isolated points Z of 
X is finite. 


Corollary 4.7. Let X be a Stone space, R = C(X) and Ty» = To. Then Tiny = 
x 
ATP(R) = 07, (R). 


5. Intersection of totally bounded topologies 


Let x be the set of all isolated points of a Stone space X and R = C(X). Then 
T”(R) is a lattice with zero and identity. Namely, the identity is T”? = Tx and 
the zero is Ty, = Ty = {0, R}. 

If R is an atomic ring, then Tm, is the least element of 7 (R). 


Definition 5.1. A topology T € T(R) is called atomic provided M, is open in T 
for every isolated point x of X. 


Let J,(R) be the set of all atomic topologies on R and T7,?(R) = Ta(R)N 
T?(R). 


Theorem 5.2. Let R be a Boolean ring and T € T?(R). The following assertions 
are equivalent: 
(i) T € T(R). 
(ii) There exist two totally bounded topologies T',T"” € T,P(R) such that T = 
T'NT" andT'UT" =T”™?. 
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Proof. Assume that R = C(X), where X is a Stone space. The implication (ii) (i) 
follows from Corollary 4.7. 
We fix T € T,?(R). According to Proposition 2.1, there exists a subset H C X 
0 
such that T = Ty. According to Definition 5.1 and Corollary 4.6, we have X C H. 
Case 1. H is dense in X. In this case T € T?(R), T' = T and T” = Ty. 
Case 2. H is not dense in X. Then X; = X \ clxdH is a locally compact subspace 


without isolated points and there exist two subsets Y; and Z, of X, such that 
YU ZZ = X1,X%1 C dxY, = elxZ, and YN Z, = 0. Let Y = HUY, and 


0 
Z = HU(X\Y};). Then Y and Z are dense subsets of X, X = YUZ, X CYNZ =H 
and J’ = Ty, TJ” = Tz are the searched totally bounded topologies. 


Corollary 5.3. Let R be an atomless Boolean ring. Then for every T € T?(R) 
there exist T',T" € TP(R) such that T =T'NT"” and T'’UT" =T™. 


Remark 5.1. Let R be a Boolean ring, X be a Stone space and R = C(X). 
0 
1. If X is dense in X, then 7,(R) = T,(R). 
0 
. If X = 9, then 7,(R) = T(R). 


A topology JT = Ty is atomic if and only if x Guy, 

The set 7,?(R) is a complete lattice with the minimal topology T,,,, 
and the maximal topology T™”. 

5. The lattice J?(R) considered as a Boolean algebra is isomorphic to the 


0 
Boolean algebra P(Z) of all subsets of Z = X \ X. 


Bo oN 


6. The Bohr topology on a Boolean ring 


The maximal totally bounded topology 7” on a Boolean ring R is the Bohr 
topology on R. 
It is well known that the set of all maximal ideals of R is a subbase and the 
set of all cofinite ideals of R, respectively, is a base for the space (R,7T””) at zero. 
A ring R is called a minimally almost periodic ring provided its Bohr topology 
is the coarsest possible Hausdorff ring topology on R (see [14]). 


Theorem 6.1. Every minimally almost periodic Boolean ring R is finite. 


Proof. Let R = C(X) and X be a Stone space. Since the topology T7”™” is the 
0 
minimal element of the lattice T?(R), the ring R is atomic and the set X is dense 


0 
in X. Moreover, in this case T”? = Tp and |TP(R)| = 1. Thus X \ X = o and 


0 
the set X = X is finite. Therefore the ring R = F% is finite too. 
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Theorem 6.2. For a Boolean ring R the following assertions are equivalent: 
(i) R is finite; 

(ii) R is minimally almost periodic; 

(iii) The Bohr topology on R is compact; 

(iv) The Bohr topology on R is countably compact; 

(v) The Bohr topology on R is pseudocompact. 


Proof. Implications (i)=(iii)=>(ii) and (iii)>(iv)=(v) are obvious. Implications 
(ii) (iii) and (ii)=(i) follow from Theorem 6.1. Implication (v)= (iii) follows from 
M.O. Asanov-N.V. Velichko’s generalization of Grothendieck’s Theorem (([3], The- 
orem 3.4.1). 


Recall that that the tightness t(X) of a space X is countable provided clx L = 
Uf{clx H|H C L,|H| < w} for every subset LC X. 


Theorem 6.3. If R is a Boolean ring endowed with the Bohr topology, then the 
tightness t(R) of R is countable. 


Proof. The proof is similar to the Arhangel’skii’s proof of Theorem 2.1.1 from [3]. 
Let A C C(X) = R, where X is the Stone space corresponding to the ring R. 
Denote by A’ the closure of A in (R,T™?). 

We fix f € A’. Ifn > 1, then for every € = (x1,...,%,) € X” there exists ge € 
A such that ge(a:) = f(a) for every i < n. We put Vz, = Ge (ge(as)) NF (F(a) 
and Ve = [[{Vz,|¢ < n}. Then V¢ is an open set and € € Ve. Thus there exists a 
finite set B, C X” such that X” = U{Ve|E € Bn}. Let L = {gelE € ULB, |n € wh}. 
Then féclL and LCA. 


Theorem 6.4. Let X be the Stone space of a Boolean ring R with the Bohr topology 
T™?. The following conditions are equivalent: 


(i) X is a scattered space; 
(ii) R is a superatomic ring; 
(iii) R is a k-space; 
(iv) R is a sequential space; 
(v) R is a Fréchet-Urysohn space. 


Proof. Implications (v)=(iv)= (iii) are obvious. Implications (i)=(ii)=(i) are well 
known. 

We can consider that the space (R,T'”) is a closed subspace of the space 
C,(X,R) of all real-valued continuous functions with the topology of pointwise 
convergence (see Remark 2.3). Thus the implication (i)=(v) follows from ((3], 
Theorem 3.1.2). Denote by Y the Cantor subset of reals. If X is not scattered, then 
there exists a continuous mapping of X onto Y and the ring C(Y) is a subring of 
R=O(X). The ring C(Y) with the Bohr topology is a closed subspace of (R,T™?). 
Thus the ring C(Y) with the Bohr topology is a Fréchet-Urysohn space. We claim 
that C(Y) is not a Fréchet-Urysohn space. There exists on Y a o-additive Borel 
measure yu such that p(Y) = 1 and px(U) > 0 for every non-empty subset U CY. 
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For every n € w there exists a finite cover €,, = {V;|i € A,} such that V,” is clopen, 

diam(Vj") < 27” and w(V,") < gage. Let & = {U{V"]i € B}|B CS An,|B| < n} 

and € = U{é) |n ew} = {W,,|m € w}, where: 

PL. u(Win41) < H(Win); 

P2. Ife > 0,F is a finite subset of Y, U is open in Y and F' C U, then there 
exists m € w such that F C W,, C U and p(W»,) < €. 


Thus € is a clopen base for Y and lim p(W,,,) = 0. 

We fix a point r, € W,,. Then {r,|n € w} is a dense subset of Y and for 
each m € w there exists fm € C(Y) such that {r;|i < m}UW»n C f7,1(0) and 
M(Far!(0)) < 2p4(Wrn). 

Let g(x) = 0 for every x € X. From P2 it follows that g is an accumulation 
point of Z = {fm|m € w} in R. For every sequence from Z there exists a sub- 
sequence { fm,|k € w} such that u(f7,1(0)) < 2-* for every k € w. There exists, 
in this case, a F,-subset H C Y such that (H) = 1 and lim f,,) (x) = 1 for any 
x € H. Thus a subsequence {f,,|n € w} of Z for which g = lim f,,,, does not 
exist. Hence C(Y) and C(X) are not Fréchet-Urysohn spaces. 


7. Compact topologies on Boolean rings 


A space X is called extremally disconnected provided the closure of each its open 
subset is open (see [11, 13, 20]). 


Theorem 7.1. Let X be a Stone space and R = C(X). The following conditions 
are equivalent: 
(i) There exists a compact ring topology in T,(R); 
(ii) There exists a compact ring topology in TP(R); 
(iii) R is atomic and X is extremally disconnected; 
(iv) There exists a discrete space D, such that X = BD,. 


Proof. The implications (i)=(ii)=(i) and (iii)=(iv) are obvious. 


(iv)=>(i) Let Y be a discrete space and X = GY. Then x = Y and the 
space X is extremally disconnected. Every mapping f : Y — F2 has a continuous 
extension Gf : GY — F2. Thus hy : R > F¥ is an isomorphism of R onto FY and 
Ty is a compact ring topology on R. 

(ii) (iii) Let T be a compact ring topology on R. Then T = Tiny = To =Ty. 


Thus X is a compactification of the discrete space Y = x and the canonical 
mapping hy : F — FY is an isomorphism onto F . In particular, for every function 
f : Y — Fe there exists a unique continuous mapping bf : X — Fe such that 
f =of|Y. Then cly f-1(0) Nclx f-(1) = 9, ie., X = BY. 


Remark 7.1. The Stone-Cech compactification of a discrete space is called a free 
compact space (see [20], p. 246). 
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8. Dense ideals of a ring 


The following concept is central in the theory of complete rings of quotients (see, 
for instance, [16]). Let R be a commutative ring with identity. An ideal J of R is 
called dense provided rI = 0 implies r = 0. 


Proposition 8.1. Let Y be a closed subset of a Stone space X and R = C(X). The 
following conditions are equivalent: 

(i) The ideal My is dense in R; 

(ii) The set X \ Y is dense in X. 


Proof. (i)=(ii) By definition, My =N{M,|y € Y} = {flf ¢ R,Y C f-'(0)}. 
Assume that the set Z = X \ Y is not dense in X. There exists r € R such 
that r—'(1) CY andr7!(1) 4@. Then r 40 and r- f =0 for every f € My. 
(ii)=>(i) Assume that the set Z = X \ Y is dense and f-r = 0 for every 
f € My. There exists a clopen subset U of X such that U = r7'(1). If r 4 0, 
then U #@ and there exists an element t € UN Z. Since Y is closed in X we can 
assume that UN Y = @ and r € My. Then r-r =r £0, a contradiction. 


9. Self-injective Boolean rings 


Let X be a Stone space and R = C(X). An open set U C X is called regular 
provided U = Int clxU = X \ clx(X \ clxU). 

A mapping f : X — Fo is called semicontinuous provided f—1(1) is a regular 
open subset of X. The set E(f) = f~+(1) U Int f~1(0) is open and dense in X. 

Denote by B(X) the set of all semicontinuous mappings f : X > Fo. 

For each mappings f, g € B(X) there exist an open dense subset Y of X and 
two uniquely determined mappings y, » € B(X) such that p(x) = f(x)+g(x) and 
w(x) = f(x) - g(x) for every x € U. We put p= f +g andy = f-g. Then B(X) 
will be a Boolean ring and C(X) a subring of B(X). The space X is extremally 
disconnected if and only if C(X) = B(X). 

It is well known that B(X) is a complete Boolean ring and the complete ring 
of quotients of C(X) (see [6, 12, 20, 24]). Recall that a continuous mapping f : 
X — Y ofaspace X ona space Y is called irreducible provided f(A) #4 Y for every 
proper closed subset A of X. A pair (aX,7x) is called the projective resolution 
or the projective envelope, or the absolute of the space X if aX is an extremally 
disconnected compact space and 7x :aX — X is acontinuous irreducible mapping 
onto X (see [11, 20]). 

If ix(f)(t) = f(ax(t)) for any f € B(X) andt € rx'(E(f)), then ix : 
B(X) — C(aX) is an isomorphism. 

Every ideal J of aring R is considered as an R-module. We put S(f) = f~*(1) 
for any f € B(X). 

We fix for an ideal J of R an R-module homomorphism y : I — R. We fix 
Vif,v) = S(v(f)) and W(f,y) = S(f) \ Vf.) for each f € I. We put also 
Vip) =UV (Los € Tf and W(y) = U{W(F, pif € TY. 
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We note that S(f), V(f,~) and W(f,¢), f € J, are clopen subsets of the 
space X. This implies that V(y~) and W(w) are open subsets of X. 
We mention also that S(f-g) = S(f)NS(qg) for all f,g € R. 


Lemma 9.1. V(f,y) C S(f) for every f € I. 


Proof. Since y(f) = y(f- f) = fe(f) we have V(f,y) = S(p(f)) = S(fe(f)) = 
S(F)AS(e(f)) S S(f). 


Lemma 9.2. [f f,g © B(X), then f <g if and only if S(f) C S(Qg). 


Proof. Obviously. O 
Lemma 9.3. If f,g € I and f < g, then V(f,~) CV(g, 9). 


Proof. Indeed, V(f,) = S(¢(f)) = S(e(fa)) =S(felg)) = S(f) 9 S(e(g)) 
S(p(g)) = Vg, ¥). 


Lemma 9.4. y(y(f)) = v(f) for every f € I. 


Proof. Since y(f) = o(f - f) = fe(f) € I, we have y(y(f)) = v(y(f- f)) = 
g(fel(f)) = o(f)e(f) = ¢(f). 


Lemma 9.5. If f,g € I, then S(f) 1 S(p(g)) = S(e(f)) 1 S(e(y)). 


Proof. According to Lemma 9.4 we have S(f)M S(p(g)) = S(f-v(g)) = S[v(f - 
9(9))] = Slele(g) Al = Se) oF) = SCA) 9 S(e(9))- 


Theorem 9.6. V(f,y~) = S(f) NV (yw) for every f € I. 


Proof. Obviously, V(f,~) € S(f) A V(¢). 

Conversely, let ¢ € S(f) MN V(y). There exists g € I such that t € V(g,y). 
According to Lemma 9.5, we have t € S(f) N S(v(g)) = S(v(f)) A S(v(g)) C 
V(f,¢). 


Corollary 9.7. Let DI) ={f-'(0)|f € I}. Then V(p)NW(y) = and V(y)U 
W(y) = X\ DU). 


Proof. From Theorem 9.6 it follows that V(y) NW(y) = 0. If f € J, then D(I)N 
V(f,~) Cf O)N FA) = 8 and V(f, y) UW(F, ») = S(f) = X \ f-*(0). Thus 
V(y) UW(y) C X \ DU). For every t € X \ D(L) there exists a function g € I 
such that g(t) = 1. Hence, t € S(f). 


Theorem 9.8. Jf yp € Homr(I, R), then the following statements are equivalent: 


(i) y can be extended to an R-module homomorphism wy: R— R; 
(ii) There exists a clopen subset H C X such that V(p) CH CX \ W(y). 
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Proof. (i)=(ii) Let 1x(¢) = 1 for every t © X. If: R — R is an R-module 
homomorphism and y = w|I, then we put H = S(~(1x)). The set H is clopen 
in X and v(f,) = S(v(f)) = SF - 1x)) = S@UF- 1x), SUF -¥0x)) = 
S(f) 9 S(w(1x)) C A for every f € I. This implies that V(y) C H. Furthermore, 
HOW(f,¢) = @ for every f € I. Assume on the contrary that there exists 
te HOW (f,¢). Then v(1x)(t) = 1, f(t) = 1 and y(f)(t) = 0. Therefore 0 = 
pf) = of = v0x)(t)-: f() = 1, a contradiction. 

(ii)=(i) Let H be a clopen subset of X and V(y) C H C X\W(y). Consider 
the mapping wy: R— Ryrwr-ly. IAC X \ D(d), then ANV(y) = ANG. 
Since V(f,y~) = S(f)NV = S(f) NH, we obtain y(f) = w(f) for every f € I. 


Remark 9.1. The clopen subset H = V(w) from Theorem 9.8 is called the kernel of 
the extension ~ of the homomorphism y. Every extension w of the homomorphism 
y is determined in this way by some kernel H. Thus, the set of extensions of the 
homomorphism y to R can be enumerated by kernels of type H. If X \ D(L) is 
dense in X, then y has at most one extension. 


Remark 9.2. Let yi, y~2 : R— R be the extensions of yp: I — R. We put v1 < Ye 
if yilg) < ye(g) for any g € R, ie., V(yi1) C V(y2). Denote Amin = clxV(y) and 
Hmax = X \ clxW(y). If is an extension of the homomorphism y, then Hmin C 
V(w) © Hmax. Suppose now that the space X is extremally disconnected. There 
exist two R-module homomorphisms Ymax,; min : R — R for which V(ymin) = 
Amin and V(¢max) = Hmax- In this case the mappings Ymax, Pmin are the maximal 
and the minimal extensions of the homomorphism yp. 


Theorem 9.9. Let (V,W) be a pair of open subsets of X such that VOW =0 and 
VUW =X \ D(L). Then: 
(i) The mapping yp: I > R, where V(f,y) = S(f) NV for every f € I, is an 
element of Hompr(I, R) and V(y) = V, W(y) = W. 
(ii) If gi € Homer(I, R),V(y~i1) = V and W(y1) = W, then vi = yp. 


Proof. (i) Let f € I. Then S(f)V is a clopen subset. It is obvious that S(f)M 
D(I) =0 and S(f) CVUW. 

By construction, y(f) = f-1y for any f € I. Since S(y(f)) = S(f)NV isa 
clopen subset, y(f) € R. Thus ¢ is a mapping of J in R. If f € J and g € R, then 
S(f-g =f CU Ngt* MV =f 4)N@ (1) NV). Thus 9(g- f) =9- (Ff). 
Let f,g € IT andh=f +g. Then V(h,y) =h‘(1)NV W(y) =W. 

(ii) Follows from Theorem 9.6. 


Theorem 9.10. The following assertions are equivalent for a Boolean ring R: 
(i) R is self-injective. 

(ii) The Stone space X of R is extremally disconnected. 

(iii) The ring R considered as a Boolean algebra is complete. 


Proof. (i)=(ii) We will use the well-known Baer’s Test for the self-injectivity of 
R: if I is an ideal of R and y: J — R is an R-module homomorphism, then there 
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exists an R-module homomorphism wy : R > R such that y = 7|I (see [16], §4.2, 
Lemma 1, p. 88). 

Let R be a self-injective ring, V be an open subset of X, W = X \ clxV, 
Y =X \(VUU) and I = My. Then D(I) = Y. We consider the homomorphism 
yp € Homa(I, R) such that V(y) = V and W(y) = W. There exists an R-module 
homomorphism 7): R — R such that yp = w|I. The set H = S(a(1x)) is clopen 
and V C H C X\W. By construction, H = cly V. Thus the closure of an open set 
is open. 

(ii)=(i) Let X be an extremally disconnected space and y : I > R be an 
R-module homomorphism. The set cly V(y~) = H is clopen in X and V(y) C H © 
X \ W(v). Theorem 9.8 finishes the proof. 

The equivalence (ii) (iii) is well known ([21], p. 140). 


Corollary 9.11. The ring B(X) is self-injective for every compact space X. 


Corollary 9.12. There are no Boolean self-injective countable rings. In particular, 
every infinite Boolean ring contains a non self-injective subring. 


10. Zero-dimensional F’-spaces 


A compact space Z is called an F-space provided for each pair of disjoint open 
F,-sets V and W their closures are disjoint. 

Every extremally disconnected compact space is an F’-space and each closed 
subspace of an F-space is an F-space (see [20], Proposition 24.2.5 and Notes 
24.2.12). 


Definition 10.1. A commutative ring R with identity is called w-self-injective pro- 
vided for every countably generated ideal I of R every y € Hompr(J, R) can be 
extended to an endomorphism 7) € Homr(R, R). 


Remark 10.1. If X is a compact zero-dimensional space and Y is a closed G5- 
subspace of X, then the ideal My is countably generated. 


Indeed, we may assume without loss in generality that Y = N{U;|i € wh, 
where U; are clopen subsets of X and Up D U; D--- . Let f € C(X) and f,1(0) = 
U, for any n € w. Then the ideal J is generated by the set {f,|n € w} and 
D(I) =Y. 

Theorem 10.2. Let X be a Stone space and R = C(X). The following assertions 
are equivalent: 

(i) X is an F-space; 

(ii) R is w-self-injective. 
Proof. (i)=(ii) An ideal I of R is countably generated if and only if D(J) is a 
G5-set. 


Let X be an F-space and I be a countably generated ideal of R. There exists 
a sequence (fn)new such that DI) = N{f; '(0)|i € w} and f;,4(0) C f;-*(0) for 
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any 7 €w. Then X \ D(I) = U{S(f;)|¢ € w}. We fix an R-module homomorphism 
p:I— R. The sets Vi(y) = V(y) N S(fi) and Wi(y~) = W(y~) N S(f;) are clopen 
in X for every i € w. Since V(w) = U{Vi(y)|¢ € w} and W(y) = U{LWi(y)]i € w}, 
the sets V(y) and W(y) are open F,-subsets of X. Thus clxV(y~) NclxW (yp) = 9 
and there exists a clopen subset H of X such that V(y) C X C X \ W(). From 
Theorem 9.8 it follows that y can be extended to an R-module homomorphism 
w:R— R. 

(ii)=(i) Assume that R is an w-self-injective ring, V and W are open F;,-sets 
of X and VM W = 9. The set Y \ (VUW) is a closed G5-set of X. According to 
Remark 10.1, the ideal J = My is countably generated. According to Theorem 9.9, 
there exists y € Homar(J, R) such that V(y) = V and W(y) = W. By condition, 
y can be extended to a homomorphism w € Homr(R, R). According to Theorem 
9.8, there exists a clopen subset H of X such that VC HC X\W=X\W(y). 
Therefore the closures of the sets V and W are disjoint. We proved that X is an 
F-space. 


Let m be an infinite cardinal. The union of m closed subsets is called an 
Fy -set. 


Definition 10.3. A space X is called an F'(m)-space provided the closures of each 
two disjoint open Fi,-sets are disjoint. 


Definition 10.4. A commutative ring R with identity is called m-self-injective 
provided for every ideal J of R generated by a subset of cardinality < m every 
y € Homar(I, R) can be extended to a homomorphism ~ € Homr(R, R). 


Theorem 10.5. Let X be a Stone space and R= C(X). The following assertions 
are equivalent: 


(i) The Stone space X is an F'(m)-space; 
(ii) R is m-self-injective. 


Proof. The proof is similar to the proof of Theorem 10.2. 


11. Necessary conditions for countably compactness 


Lemma 11.1. Let Y be a dense subspace of a Stone space X,Ty be a countably 
compact topology on R = C(X), {Un|n € w} be a sequence of clopen subsets of 
the space X and the family {Un VY |n € w} be discrete in the space Y. Then there 
exists a clopen subset U of X such that UNY =U{U;,NY|n € w}. Moreover, the 
set cly (U{U,,|n € w}) ts open in X. 


Proof. The assertions are true if the set {n|n € w,U, 4 9} is finite. We may 
suppose that U, 4 @ for any n € w. For every n € w there exists a function 
rn € C(X) such that r71(1) = U{U;|i < n}. Let r be an accumulation point of the 
set B = {r,|n € w}. By construction, U{Y NU;,|n € w} = YNr7'(1). Thus for 
U =r—'(1) we have UN Y =U{Y NU, |n € w} and U = ely U{U,|n € w}. 
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The cardinal number c(X) = sup{|7||7 is a family of pairwise disjoint non- 
empty open subsets of X} is called the Souslin number or the cellularity of the 
space X ([11], p. 86). 


Theorem 11.2. Let X be an infinite Stone space and R = C(X). If there exists a 
countably compact Hausdorff topology on R, then there exists a closed G'5-subspace 
Z on X with the properties: 

(i) Z is an F-space; 

(ii) the Souslin number c(Z) > 2”. 


Proof. Since a countably compact topology is precompact there exists a dense 
subspace Y of X such that the topology Ty is countably compact. Let C,(Y|X) 
be the set {f|Y|f € C(X)} in the topology of pointwise convergence and R be 
the space of reals. Then C,(Y|X) may be considered as a subspace of the space 
C,(Y,R) of all real valued functions in the topology of pointwise convergence 
(Remarks 2.4 and 2.3). The space (R, Ty) is homeomorphic to the space C,(Y|X). 


Case 1. The space C,(Y|X) is compact. It follows from Theorem 7.1 that Y is 
a discrete subspace and X = GY. Thus X is extremally disconnected. If Y, is a 
countable subspace of Y, then Z = clY \ Y1 is the searched space. 


Case 2. The space C,(Y|X) is not compact. In this case the subspace Y is not 
pseudocompact (see [3], Theorem 3.4.23). There exist a real-valued function f on 
Y and a sequence (Yn)new in Y such that f(yi) = 1 and f(yn+i1) > f(yn) + 3 for 
any n € w. We fix for every n € w aclopen subset U,, of X such that y, € U,NY C 
ff (Yn) — 1, f(yn) + 1). By construction, {U, NY |n € w} is a discrete family 
of non-empty subsets of Y. Obviously, Y; = U{U,|n € w} is an open o-compact 
subspace of the space X. By Lemma 11.1, the space X; = clY, is open and closed 
in X. Let Z = X1\ Yi. We claim that X, = BY. Let ®; and ®2 be two disjoint 
closed subsets of the space Y;. For every n € w there exists a clopen subset V,, 
of X such that ®; NU, CV, C Un, and V, 9 ®2 = 9. Thus V’ = U{V,|n € w} 
is an open subset of X,,®, C V’ and clV’N ®2 = @. According to Lemma 11.1, 
the set V = clxV’ is clopen in X. Therefore cl®, NM cl@,; = @ and X,; = BY,. 
The space Z = BY; \ Y; = X1 \ Yi is an F-space (see [13], Theorem 14.27, p. 
210). Clearly, Z is a Gs-subset of X. There exists a family {Ng|G € B} of infinite 
subsets of w such that the intersection NM Ng is finite for every pair a,@ of 
distinct numbers of the set B = [0,1] (see [11], Example 3.6.18, p. 229). Then 
{Wa|Ws = ZN cx (U{U,|n € Ne}), 6 € B} is a disjoint family of non-empty 
clopen subsets of Z of cardinality 2”. 


Corollary 11.3. Let m be an infinite regular number, m < 2”,{X,|G € B} be a 
family of non-empty Stone spaces, the density d(Xg) <m for any 6 € B,|Xg| > 2 
for any 6 € B and an infinite Stone space X is a continuous homomorphic image 
of the product []{X,|G € B}. Then every topology T € T,(R) on R = C(X) is 
not countably compact. 


Proof. Use Theorem 11.2 and Theorem 2.3.17 from ([11], p. 112). 
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Corollary 11.4. Let X be an infinite zero-dimensional dyadic space. Then no Haus- 
dorff topology T € T,(R) on R=C(X) is countably compact. 


Corollary 11.5. Let R = C(X) be an infinite free Boolean ring. Then no Hausdorff 
topology T € T,(R) on R= C(X) is countably compact and X is a dyadic space. 


A Boolean ring P is called a projective Boolean ring if for any two Boolean 
rings A,B and any homomorphisms g : P — B and f : A — B, for which 
f(A) = B, there exists a homomorphism h : P > A such that g = fh. 


Corollary 11.6. Let R = C(X) be an infinite projective Boolean ring. Then no 
Hausdorff topology T € T,(R) on R = C(X) is countably compact and X is a 
dyadic space. 


A space X is called a perfectly-K-normal if for each open subset U of X there 
exists a continuous function f € C(X,R) such that f—1(0) = clxU (see [3], Section 
0.3). 


Remark 11.1. Let R be a Boolean ring. Since (R, 7”) is a dense subspace of the 
space IF for some cardinal number 7, we have: 


(i) For each T € T?(R) the Souslin number c(R,T) is countable. 
(ii) The space (R,T™”) is perfectly-«-normal. 


12. Basically disconnected spaces 


Let m be an infinite cardinal. A space X is called m-basically disconnected if the 
closure of every open Fy-set is open. If m = w, then an m-basically disconnected 
space is called basically disconnected or w-extremally disconnected (see [11, 13, 20]). 

A space is extremally disconnected if and only if it is r-basically disconnected 
for every cardinal rT. 

Every m-basically disconnected space is an F'(m)-space. 

A lattice E is called m-complete if every non-empty subset H C E of the 
cardinality |H| < m has the supremum VH and infimum AH. 

Let X be a Stone space and R = C(X). The ring R is m-complete if and only 
if X is m-basically disconnected (see [21]). 


Let m be an infinite cardinal. A space X is called: 
— m-compact if every open cover of X of cardinality < m contains a finite 
subcover; 
— w(m)-bounded if for every subset H C X of cardinality < m the closure cly H 
is compact; 
— m-pseudocompact if X is completely regular and every completely regular 
continuous image of X of weight < m is compact. 
Every w(m)-bounded space is m-compact and every m-compact space is m-pseudo- 
compact. If m = w, then an w(m)-bounded space is w-bounded, an m-compact 
space is countably compact and an m-pseudocompact space is pseudocompact. 
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Theorem 12.1. Let X be a Stone space, R= C(X) an atomic m-complete Boolean 
ring, Y = {ala € X,x is an isolated point of X},r = |Y| and m an infinite 
cardinal. 
(i) There exists a dense subset S of the space (R,Ty) such that: 
(i) The set S is dense in the space (R,T™”) and S contains 
all atoms of R; 
(ig) S' is an m-complete atomic subring of R; 
(i3) S is w(m)-bounded as a subspace of (R, Ty). 
(ii) The space (R, Ty) is m-pseudocompact. 
(iii) If 7" = 7, then there exists a non-empty subset Z C X \ Y such that for 
every finite subset ® C Z the topology Tyus is m-pseudocompact. 


Proof. (i) Let 7 < m. In this case X = GY is an extremally disconnected space, the 
space (R, Ty) is compact and S = R is the searched subring. Thus we may consider 
that m < 7. Denote by So the set of all functions r € C(X) such that |r~1(0)NY| < 
m and by Sj the set of all functions r € C(X) such that |r~'(1) MN Y| < m and 
set S = So US). Then S is an m-complete atomic subring of R. It is obvious 
that S; = 1+ So. The subspaces So, 51,5 are w(m)-bounded respectively to the 
topology Ty. 

If a space contains a dense m-pseudocompact subspace, then it is m-pseudo- 
compact. Thus (ii) follows from (i). 

(iii) Suppose that 7™ = 7. Then the set Z = X \ U{clx H|H CY, |H| < m} 
is non-empty. If L C ZUY, the set LM Z is finite and |L| < m, then the subspace 
L is C*-embedded in X and clx L is the Stone-Cech compactificaton of L. Thus, 
ifY CLCYUZ and LN Z is finite, then Sp = {rir € C(X),|r-' A L| < m} is 
an w(m)-bounded subspace of the space (R, Tz). 


Theorem 12.2. Let Y be an infinite dense discrete subspace of a Stone space X, R= 
C(X),m be an infinite cardinal number, m < |Y|, and for every set Z CY the set 
clxZ is open if and only if min{|Z|,|Y \ Z|} <m. 

(i) The space (R, Ty) is w(m)-bounded. 

(ii) If7 is a cardinal, T € T,(R) and the space (R,T) is T-compact, then T <m. 


Proof. The space X is 7-basically disconnected if and only if 7 < m. Moreover, 
the space X is not extremally disconnected. 

(i) In this case S = R, where S is the set constructed in the proof of Theorem 
12.1. 

(ii) Suppose that the topology T € T,(R) is t-compact. Then the topology 
Ty C T is 7-compact too. If r > |Y|, then the topology Ty is compact, contra- 
diction (see Theorem 7.1). Thus rT < |Y|. We fix a subset A C Y, where |A| = 7 
and |Y \ A] = |Y|. If B C Y and |B| < m, then there exists a unique function 
fp € C(X) such that fz'(1) = clxB. Let H = {fp|B C A,|B| < w}. Then 
|H| = 7 and there exists a function f € C(X) such that if U € Ty and f € U, 
then |U M H| = r. By construction, f~'(1) = clx A is an open subset of X. Thus 
T= |Al <m. 
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A subset L C X of a topological space X is called bounded provided every 
continuous function f : X — R is bounded on L. 

By C,(X,R) it is denoted the set of all continuous real valued functions 
furnished with the topology of pointwise convergence. Let Y C X and C,(Y|X) = 
{f\Y|f € C(X,F2)}. We consider Fz = {0,1} as a discrete subspace of the reals 
R and C,(Y|X) as a subspace of the space C(Y, R). By construction, C,(Y|X) is 
a subring of the Boolean ring C(Y) and it is not a subring of the ring C,(Y,R). 
By construction, C,(Y|X) is a subring of the ring FY. 


Proposition 12.3. Let Y be a subspace of the space X and ind X = 0. Then: 
(i) Cp(Y|X) is a dense subspace of the space F3 . 
(ii) IfC,(Y|X) contains a non-empty compact subset ® of countable character in 
Cp(Y|X), then there exists a countable subset H CY such that the subspace 
Yo = Y \F is discrete and C*-embedded in X. 
(iii) If Cp(Y|X) contains a dense Cech complete subspace, then Y is a discrete 
C*-embedded subspace of the space X. 


Proof. The assertion (i) is obvious. 

(ii) Let ® be a non-empty compact subset of countable character in C,(Y |X). 
We fix xo = (toy|y € Y) € ® C C,(Y|X) C FY. There exists a sequence {U,,|n € 
w} of open subsets of FY such that U,41 CG Uy, for every n € w, and for every 
open set U D © there exists m € w such that ® C U,, C U. There exists a 
countable subset H C Y such that ®; = {x = (ay|y € Y)|zy = oy for all 
y © H} CN{U,,|n € w}. 

Let g : Yo > F3 bea function. Then there exists f € C(X) and x1 = (a1yly € 
Y) € ®, such that f(y) = g(y) = v1y for every y € Yo. Thus g is a continuous 
function and Yo is C*-embedded in X. Therefore Yo is a discrete subspace of the 
space X. 

Suppose that Z is a Cech complete dense subspace of the space Cy(Y |X). 
Thus Z is a dense Gs-subset of the compact space F}. We claim that C,(Y|X) = 
FX. Suppose that g € F} \ C,(Y|X). Then L = {f + g|f € Cp(Y|X)} is a dense 
Gs-subset of the compact space FS and ZNL C LNC,(Y|X) = 9, a contradiction, 
since in a compact space the intersection of two dense Gs-subsets is dense. 


Theorem 12.4. Let Y be a subspace of a space X. Then: 


(i) If Y is a pseudocompact space and C,(Y|X) is countably compact, then 
Cy(Y|X) is compact. 
(ii) If Y is a countably compact space and C,(Y|X) is pseudocompact, then 
Cy(Y|X) is compact. 
(iii) If Y is a countably compact space and C,(Y|X) is a closed bounded subset of 
the space C,(Y) =C,(Y|Y), then C,(Y|X) is compact. 


Proof. We consider C,,(Y) as a closed subspace of the space C,,(Y,R). 
If Cp(Y|X) is a bounded closed subset of the space Cp(Y), then C,(Y|X) is 
a closed bounded subset of C,(Y,R). Thus (iii) follows from the Asanov-Velichko’s 
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generalization of Grothendieck’s Theorem ({3], Theorem 3.4.1). The assertion (i) 
follows from ([3], Theorem 3.4.23). The assertion (ii) follows from (iii) and Theorem 
of Preiss-Simon (([3], Theorem 4.5.5). 


Remark 12.1. If Y is a o-pseudocompact subspace of the space X and C,(Y|X) 
is compact, then C,(Y|X) is an Eberlein compact (see [3], Theorem 3.4.23). 


Denote by A, the one-point compactification of the discrete space D, of 
cardinality rT. 

The cardinal p(Y) = sup{|&||€ is a point-finite family of non-empty open 
subsets of Y} is the Alexandroff number of the space Y. It is obvious that c(Y) < 
p(y). If Y is a Baire space, then c(Y) = p(Y). 


Theorem 12.5. Let Y be an infinite subspace of a space X andind X = 0. Then 
p(Y) = sup{r|A, is embedded in C,(Y|X)} = sup{w(Z)|Z is a compact subspace 
of Cr(V|X)}. 


Proof. Let € = {Ua|a € D-} be a point-finite family of non-empty open subsets of 
Y. We fix for every a € D, a non-empty clopen subset V, of X and fa: X — F2 
such that 0 A YNVq C Uy, and fz1(1) = Vo. Consider that f(x) = 0 for all 
x € X. Then the subspace {f|Y}U {falY|a € D-} of C,(Y|X) is homeomorphic 
to A,. Thus p(Y) < sup{7|A, is embedded in C,(Y|X)}. It is well known that 
p(Y) = sup{r|A, is embedded in C,(Y, R)} (see [3], Proposition 3.3.2 and Theorem 
3.5.9). Thus sup{7|A, is embedded in C,(Y|X)} < p(Y). 


We say that the spaces X and Y are S-equivalent if the topological spaces 
Cp(X) and C,(Y) are homeomorphic. 


Corollary 12.6. Let X and Y be S-equivalent Stone spaces. Then: 


(i) e(X) = e(Y). 
(ii) The space X is scattered if and only if the space Y is scattered. 


Construction 12.1 (D.B. Shakhmatov for E = [0,1] and m = w, [3], Example 
1.2.5). Let 7 and m be infinite cardinals, E be a compact space of the weight < m, 
7™ = 7 and |E| > 2. 

Denote by M the set of all ordinals of cardinality < rT. 

We put Eq = E for every a € M. If BC M, then E? = []{E,|a € B} and 
let tg: EM — E® stands for the natural projection. 

We fix xo,21 € E,xo # a1. Let Gm = {alz € E™,|{ala € M,ta(x) # 
xo}| < m}. Then Gm is a subspace of E™ and |Gm| = 7™ = 7. There exists an 
enumeration {g,|a € M} of Gm such that |{ala € M,g = ga}| = 7 for every 
g€Gmu- 

Let y = {AC M||A| < m}. Consequently, |y| = 7” = 7. We fix an enumera- 
tion {Ag|G € M} of y such that |{G|A = Ag}| =7 for every A € 4. 
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We consider for every a € M the point x, € E™, where 


Tyu(Ga); if y< a; 
Tu(Ga) = 4 £1, if > aanda€ A,; 
Xo; ifu>aanda¢ A,. 


Now we put X;m = {tala € M} Cc E™. 
Property 1. If B C M and |B| <m, then tp(X;m) = E®. 


There exists a > sup{d|6 € B} such that g = mge(gq). Then ma(tq) = g. 
Thus 7p(X,) = E®. 


Property 2. The space X7m is dense in E™. 
This assertion follows from Property 1. 


Property 3. Let Y be a dense subspace of EM. The space Y is m-pseudocompact 
if and only if tg(Y) = E® provided BC M and|B| <m. 


Let Y be an m-pseudocompact space, B C M and |B| < m. Then 7,2(Y) is 
a dense compact subset of E?. Therefore 7p (Y) = E®. 

Suppose that mp (Y) = E®, where |B| < m. Let yp: Y > Z be a continuous 
mapping and w(Z) < m. Since Y is dense in E™” and w(Z) < m, there exist a set 
BC M and a continuous mapping g : E? — Z such that |B| < m and y = gop 
(see [11], Problems 2.7.12 and 2.7.13 for m = w). Then 9(Y) = g(E®) is a compact 
space. Thus Y is m-pseudocompact. 


Property 4. X;m is an m-pseudocompact space and BXpm = E®. 
It follows from Properties 1-3. 


Property 5. Let H and L be the subsets of X;m and |HUL|<m. IfHONL=9, 
then cdlyamH OcdgmL=9. 

Suppose, that H = {xa € Mi} and L = {x,|a € M2}, where Mj; UM2 C M 
and MM, Mz = 9. We fix 6 © M for which 6 > sup(M, U M2). Let S, = S for 
a € M. Then C,(X;m,5S) is a subspace of the space S” = []{Sala € M}. We 
fix B C M, where |B| < m. We consider the natural projection mp : S™! > S®. 
We put L = {x,la € BY} C Xm. If g € S$, then g is a mapping of L into 
B. Since |B| < m, there exists a continuous function f : X;m — S such that 
g = f\|L. Thus f € C,(X7m,S) and g = mp(f). Since C,(X,;m,5) is dense in 
S™ , from Property 3 it follows that C,)(X;m,$) is an m-pseudocompact space. 
By construction, 79(%a) = @1, if a € My, and mo(a%q) = Xo, if a € Mo. Thus 
clgm H C 19 *(21),clgu L C 4 '(a0) and dlgmH NelguL = 0. 


Property 6. Let Z C X;m and |Z| < m. Then Z is a discrete closed subspace of 
the space X, and the subspace clymZ is homeomorphic to the Stone-Cech com- 
pactification BZ of Z. 


Property 6 follows from Property 5. The following property is obvious. 
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Property 7. Let S be a closed subspace of the space [0,1], {0,1} C S and S = [0,1] if 
indS > 1. Denote by C,(Y,S) the space of all continuous mappings of Y in S with 
the topology of pointwise convergence. Then Cy(X7m,S) is an m-pseudocompact 
space. 


Example 12.1. Let 7 and m be infinite cardinals, 7" = 7, D = {0,1} be the two- 

point discrete space, X = D7 and R= C(X). Then: 

(i) There exists no minimal totally bounded topology on R. 

(ii) The Boolean ring R is atomless, free and has 7 generators. 

(iii) There exists some m-pseudocompact topology T € 7,?(R) which is not count- 
ably compact. 

(iv) There exists a dense subset Y of X such that the topology Ty is m-pseudo- 
compact and Jz is a m-pseudocompact topology on R provided Z C Y and 
|[Y\ Z| <m. 

(v) If J € 7,(X), then the topology T is not countably compact. 

Construction. From Construction 12.1 it follows that there exists a dense subspace 

Y = X,m C D’ = X such that the space C,(Y, D) is m-pseudocompact and BY = 

X. The space (C(X), Ty) is homeomorphic to the space C,(Y, D). The assertion 

(iv) follows from Property 6. If Z C Y and |Y \ Z| < m, then Z is dense in X and 

Tz C Ty. The assertion (iii) follows from the assertion (iv). The assertions (i) and 

(ii) are obvious, since X is without isolated points. 


Example 12.2. Let 7 and m be infinite cardinals and m < 7. Then there exists a 
Stone space X such that: 

(i) X is m-basically disconnected. 

(ii) R = C(X) is an atomic m-complete Boolean ring. 

(iii) The minimal topology Tn, € TP(R) is w(m)-bounded. 
Construction. Let D, be a discrete space of cardinality 7. Denote by U(H) the 
closure of H in GD, for every H C D,. By definition, U(H) is a clopen subset of 
GD,. Let © = 6D,\ U{U(A)|H C D,,|H| < m}. Obviously, ® is a non-empty 
subset of 6D, and Y = GD,\® is a locally compact space. Denote by X = Y U{b} 
the one-point Alexandroff compactification of the space Y and let p: GD; — X 
be the natural projection, where p(y) = y,y € Y. 


Property 1. Y is an w(m)-bounded space. 


Indeed, let L C Y and |L| < m. For every y € L there exists H, C D, 
such that |H,| <m and y € U(H,). Let H = U{Hy|y € L}. Then |H| < m and 
LC U(H). Thus cly L is a closed subset of the compact set U(H) and hence it is 
compact. 


Property 2. The space X is m-basically disconnected. 


Let V be an open Fi,-subset of the space X. There exists a family {Pala € A} 
of compact subsets of X such that V = U{P,|a € A} and |A| < m. Suppose 
that b ¢ V. Then for every a € A there exists a subset Hy C D, such that 
Py CU(Ha) CV. We put H = U{Ha|a € A}. Then U(#) is a clopen subset of X 
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and clxyV = U(H). Suppose now that b € V. There exists a subset H of D, such 
that b © X\U(H) C V and |H| < m. The set X\U(H) is clopen. If H’ = HNV, 
then cly V = U(H’) U(X\U(#)) is a clopen subset of X. 


Property 3. Let Im = {f|f € C(X),|D- M f-1(0)| < m} and On = {f\f € 
C(X),|D-N f7*(1)| <m}. Then C(X) = InN Om and In UO, = 9 


Obviously, Im 1 ®m = 0. We fix f € C(X). If f(b) = 1, then there exists a 
subset H C D, such that |H| < mand be X\U(H) C f-1(1); thus f € ®m. If 
f(1) =0, then b€ X\U(H) C f71(0) and f € Im. 


Property 4. Im is an ideal of C(X). 

The proof is obvious. 
Property 5. R = C(X) is atomic. 

The set D, of isolated points of X is dense in X. Thus the ring R is atomic. 
Property 6. If Z = D,, then Tp» = Tz and the topology Tz is w(m)-bounded. 

We consider the projection 7 : Fi — FY. Then 
(In) ={f 22 Fallf OS m} and 1(Gq) ={f 22 Fellf (VI < mp. 
Obviously, 7(Jm) and 7(®,,) are w(m)-bounded subspaces of F%. Thus the subspace 


S = 1(®m)Ut(Im) of FZ is w(m)-bounded. The space (C(X), Zz) is homeomorphic 
to the space S. 


Example 12.3. Let 7 be an infinite cardinal and D, be a discrete space of cardinality 
tr. Denote by 3D, the Stone-Cech compactification of the space D,. Then: 
(i) GBD; is a free compact space. 
(ii) 6D; is extremally disconnected. 
(iii) The ring C(D,) is self-injective and atomic. 
(iv) The set 7?(C(GD,)) is a complete lattice and the topology Timp € TZ (C(GD;,)) 
is compact. 
(v) The set J,(C(3D-)) is a complete lattice with the minimal element Tip. 
(vi) If R is a Boolean ring of cardinality < 7, then we can consider that R is a 
subring of C(GD,). 


We deduce that every Boolean ring is a subring of a self-injective atomic 
Boolean ring. 


Example 12.4. Let D, be a discrete space of an infinite cardinality 7 and X = 
GD,\D,. Then X is an F-space which is not extremally disconnected. The ring 
R= C(X) is an w-self-injective but not self-injective. An ideal J of R and a non 
extendable homomorphism y : J — R can be constructed as follows: 

We fix a countable subset N C D, and a mapping gq: N — [0,1] such that 
the set q(N) is dense in [0,1]. We fix for every ¢ € [0,1] an infinite sequence 
(t(n) € g(N)|n € w) such that |t — t(n + 1)| < |t — t(n)| < 2~” for every n € w. 
Then ¢ = limt(n). We may consider that t(n) < t(n +1) < t for t > 0. We put 
At = {ar(n)|n € w}. If t,t’ € [0,1] and t # t’, then the set A; M Ay is finite (see 


108 M.M. Choban and M.I. Ursul 


[11]). There exists a maximal family {A,|G € B} of infinite subsets of N with the 
properties: 

— (0,1) C B; 

— ifa,B¢ Banda¥ #, then the set Ag NM Ag is finite. 
The subset Up = X Nclgp,Aq is clopen in X. The set U = X Nelgp,N = 
clgp, N\D, is clopen in X. If a 4 3, then UpNUg = 9. 

Therefore {U,|a € B} is a family of disjoint clopen subsets of U. The set 
U{U.|a € B} is dense in U. For any a € B fix a non-empty clopen subset Va, 
of U, such that Wa = Ua\Vo #9. We put V = U{U,|a € B}, W = (X \U)U 
U{W.la € B} and Y = X \(V UW). There is no clopen subset H of X such 
that V C H C X \ W. There exist an ideal I of R = C(X) and an R-module 
homomorphism y : I — R such that D(I) = Y,V(yv) = V and W(y) = W. 
According to Theorem 9.8, the homomorphism ¢ is not extendable. 


Example 12.5. Let X be an infinite perfectly normal zero-dimensional Stone space. 
Therefore every closed subset of X is a G5-set and every ideal of R = C(X) is 
countably generated. The space X is not an F-space. Hence by Theorem 10.2 
the ring R is not w-self-injective. We fix a non-isolated point b € X and a closed 
subset Y of X such that b € clx(X\Y) and b € Y. There exists a sequence 
{b, € X\Y|n € N} such that 6 = limb, and b, ¥ b,, for n # m. There exist 
two sequences {U,,|n € w} and {H,,|n € w} of clopen subsets of X such that 
Y =M{U,|n € N}, bn € An C Un\Un4i for any n € w. Let V = U{ Han|n € w} and 
W = X\clx(VUY). Then VOW = 0 and X\Y = VUW. There exists an R-module 
homomorphism y : I — R, where I = My,V(y) = V and W(y) = W. Since it 
does not exist a clopen set H for which V C H C X\W, the homomorphism ¢ is 
not extendable on R. The ideal J = M;, is maximal. 


Example 12.6. Let X be an infinite compact scattered space. Then X is not an 
0 
F’-space. Denote by X the set of all isolated points of X. We fix an isolated point b 


of the space X1 = X\X. There exists a sequence {U,,|n € N} of clopen subsets of 
X such that be Y =N{U,,|n € N},0, NX, = {b} and Uny1 C Un, Un\Un4i 49 
for any n € w. The set H, = U,\Un+1 is finite. We fix a point bp, € Un\Un41. Then 
b = limb,. We put V = Uf{Uon\Vansiln € N} and W = Uf{U2n-1\Uan|n € N}. 
Then X\Y = VUW. If I = My and »: I — R is a homomorphism for which 
V(y) = V and W(y) = W, then ¢ is not extendable on R. The ring R is atomic. 
The complete lattices T,(R) and 7,?(R) do not contain compact topologies. 


Example 12.7. Let Co = {(x,0)|0 < « < 13,C%) = {(2,L|0 < + < 1}, X = 
Co U C1, O(z, 0, €) = {(x,0)} U U{{(y, 0), (y, 1)} |x -—Eesys r} and O(z, 1,€) = 
{(x,1)} UUL{(y,0),(y, Dhle <y <a +e}. 

We consider a topology on X generated by the open basis {O(a,i,¢)|a” € 
X,i € {0,1},¢ > O}. The space X is perfectly normal, zero-dimensional and 
compact. The space X is called the two arrows space of P.S. Alexandroff and 
P.S. Urysohn (see [1], [11]). Every ideal of R = C(X) is countably generated. But 
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R is not w-self-injective. The ring R is atomless. The sets 7,(R) and T?(R) are 
not lattices. On X there exists a o-additive measure js such that u(X) = 1 and 
w(U{{(x, 0), (x, 1)}|a < a < b}) = b—a provided 0 < a < b < 1. The function 
d(f,g) = w({ala € X, f(x) A g(x)}) is an invariant metric on R. The topology 
Ta generated by the distance d on R is a ring topology and the space (R, Tq) is 
arcwise connected. The topology 7g is not minimal. 


Example 12.8. Let m be an infinite cardinal number, 7 = 2™ and L a dense subset 
of the topological space F3 of cardinality m (see [11],Theorem 2.3.15 of Hewitt— 
Marczewski—Pondiczery). For every subset A C F3 denote by r(A) the subring of 
the Boolean ring F3, generated by the set A. We consider that r(@) = {0,1} C F%. If 
H CF is an infinite subset, then we fix a point a(H) € F3 such that |HNU| = |H| 
provided U is open in FZ and a(H) € U. 
We construct the subrings {R,|a < 7} of the ring F3 with the properties: 
(i) Ro =r(L),Ra C Rg forO<a< 6<r. 
(ii) If a is a limit ordinal, then Ra = U{Rg|B < a}. 
(iii) If Ry is constructed, then Ra4i = r(({a(H)|H C Ra, HF is infinite and |H| < 
m})U Ra). 
By construction, R = U{Ra|a < 7} is a subring of the compact ring FZ. Let T be 
the topology of the subspace R of the compact space F%. 


Property 1. |R| =7 and |F3| = 27. 

Property 2. The topology T is m-compact. 
Property 3. The topology T is not w(m)-bounded. 
Property 4. The ring R is atomless. 


13. Open questions 
Question 1. Is it true that every minimal topological Boolean ring R is precompact? 


Question 2. Under which conditions a commutative infinite ring is minimally al- 
most periodic? 


Question 3. Let 7 be an infinite cardinal, R = Z(X) the free associative ring over 
a set X,|X|=7 and 7’ > 7. Does R admit a pseudocompact ring topology? 


Question 4. Does there exist a countably linearly compact Boolean ring which is 
not countably compact? 

We note that every countably linearly compact Boolean ring is pseudocom- 
pact. 

From Proposition 4.2 it follows that on infinite non-atomless Boolean rings 
no Hausdorff topology is connected. If R is a Boolean ring, T € T?(R) and the 
space (R,T) is connected, then T = {@, R}. 


Question 5. Which atomless Boolean rings admit connected ring topologies? 
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Question 6. Which atomless Boolean rings admit arcwise connected ring topolo- 
gies? 


We mention that each Hausdorff topological (Boolean) ring is a closed subring 


of some Hausdorff topological arcwise connected (Boolean) ring. 


Let Z be the discrete ring of the integers. 


Question 7 (see [3] for C,(X,R)). Let X, Y be topological spaces and ind X = 
ind Y = 0. Determine the relations between the following assertions: 


The spaces X and Y are homeomorphic. 

The spaces X and Y are S-equivalent. 

The spaces C’,(X, IR) and C,(Y,R) are homeomorphic, i.e., the spaces X and 
Y are t,-equivalent. 

The spaces C,(X,Z) and C,(Y, Z) are homeomorphic. 

The topological groups C,(X,R) and C,(Y,R) are isomorphic. 

The topological groups C,(X,Z) and C,(Y, Z) are isomorphic. 

The spaces C,(X,R) and C,(Y,R) are linear homeomorphic, i.e., the spaces 
X and Y are |,-equivalent. 
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Abstract. For any ring R, let 7(R) be the unique Boolean lattice of two sided 
ideals which is isomorphic to the lattice of natural classes of non-singular 
right R-modules N(R). Let 1 = 1re =1g€ RC Q be rings with RC Q an 
essential extension of right R-modules. Under some appropriate assumptions 
it is shown that there is an isomorphism of Boolean lattices U : 7(R) — 
J(Q). The natural inclusion map ¢ : R —> Q, induces a natural order 
preserving map ¢* : N¢(Q) —> N(R) of the Boolean lattices of natural 
classes of Q and R. It is shown that ¢* is essentially the inverse of WV. 
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Introduction 


It is known that the set \/(R) of natural classes of right R-modules is a lattice 
direct sum N(R) = N(R) ®N/(R) of complete Boolean sublattices, where Vs (R) 
consists of all non-singular (called torsion free) classes of right R-modules. Every 
associative ring with identity contains a unique lattice of (two-sided) ideals 7(R) = 
N(R). (See [11; Thm. 6.6.6, p. 202].) 

If T is a regular right self injective ring, then it was shown in [13 ; Prop. 4.1, 
p. 25] that the set B(T’) of central idempotents of T can be made into a complete 
Boolean lattice. The lattice operations in B(T) are not the ring operations in 
B(T):eAf=ef, eV f =e+f—ef, where e, f € T. More generally, for any ring 
R with identity with Z2(R) < R the second right singular submodule the right 
R-injective hull T = E[R/(Z2(R))] is such a ring as described above, and in [4; 
5.11, p. 74] it was shown that 7(R) = B(E[R/(Z2(R))]) = B(T). 

If R = Zo(R), then 7(R) = {0} is a singleton. If R is right non-singular, then 
the maximal right ring of quotients of R is its right R-injective hull ER = E(Rr). It 
was shown recently ({11 ; Corollary 6.6.7, p. 203]) that in this case 7(R) = J(ER). 
This note is just the beginning introduction of a larger project described below. 
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Let lp = lg =1¢€R CQ berings such that R C Qp is an essential extension 
of right R- modules. This note begins with determining how the essential right R- 
ideals of R are related to the essential right Q-ideals of Q (Theorem 3.4). Let £(R) 
denote the essential right ideals of R, and £(Q) the Q-essential right ideals of Q. 
Then under two additional hypotheses (H1) and (H2) on the essential extension 
RC Qra, it is shown that 7(R) = 7(Q). If R C Q is a rational extension of right 
R-modules, that is Q is a right ring of quotients of R, then (H1), (H2) hold. In 
order to prove that 7(R) = J(Q) it seems that there must be one to one functions 
L(R) — L(Q), and L(Q) —> L(R). The hypotheses (H1), (H2) seem to be the 
minimal hypotheses that guarantee this. 

Recently it has been shown that there exist subrings R C Q, where Q C 
E(R) is an essential right R-submodule such that Q carries several non isomorphic 
multiplicative ring structures extending the multiplication on R. Examples in this 
area are hard to come by. In [1] and [2], all the examples of rings R are upper 
triangular matrix rings, in which case 7(R) = J(Q) = {0} because R = Z(R). 
The same applies to the familiar first example in [16]. For the other examples in [16] 
and [17], the author has not been able to compute Z2(R). The results of Section 3 
might be useful in answering questions like the next one. Under what conditions 
on the correspondence between £(R) —— L(Q) is there up to isomorphism over R 
a unique ring structure on @ compatible with the right R-module structure? Are 
the conditions (H1) and (H2) necessary and sufficient for this? All of the above is 
in Sections 1-4. For those readers not interested in natural classes, their use has 
been avoided in Sections 1-4. 

This note is a part of an on going larger project. Section 5 applies the results 
of Section 4 to what should be functors. If ¢ : R — S is an identity preserving 
homomorphism of rings, then there always is an order preserving induced map 
ge : Ny(S) — N(R). If only surjective ring homomorphisms ¢ whose kernels 
are closed as right ideals are used, then it has been shown N( ), Ni(), Ny() 
are functors ([11; Theorem 6.5.14, p. 195], [9; 5.13, p. 538]), and they have been 
studied and used a lot in some form or other ({11], [10], [20], [9], and also in 
[4, 5, 6, 7, 8]). In this special case ¢* = Ny(¢) : N¢(S) —> N#(R) are lattice 
monomorphisms. The minimum condition needed to make N;( ) into a functor 
is that ¢*(N7(S)) C Ny(R). This note is the first step in extending some of the 
previous results (where ¢ had to be surjective with a right closed kernel) to the 
case when S = Q, 1 € RC Qrp is essential, and ¢ : R — @Q is the natural 
inclusion. Here it is also shown that ¢*(N7(Q)) C N(R) in 5.3(iv). One possible 
next step which is beyond the scope of this note is to create a category of rings 
and ring homomorphisms which includes all maps of the above-described kind 
oo :R— Q. Clearly, this is very far from allowing ¢ : R — _ S to be 
an arbitrary ring homomorphism, which is a project that is beyond the scope of 
this note. Y. Zhou invented and studied M-natural classes in [19] and pre-natural 
classes in [20], where he showed that the set N(R) of all pre-natural classes of 
right R-modules is a lattice. Another part of the on going larger project is to 
replace N(R) with NV? (R). 
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1. Preliminaries 


Notation 1.1. The categories of right and left unital modules over an arbitrary 
ring R are denoted by Mod-R and R-Mod. The symbols <, < denote right R- 
modules, and only right R-modules, while <., <e, <;, <, denote essential and 
rational extensions of right R-modules. For K < N €Mod-R, and x € N, define 
a+ ={réeR|ar=0} < Randa 'lK = (¢#+K)t ={reR| are K}. 
(Note that if Lz : Rr — M,r — L,(r) = ar, then a'K = Lz'K.) 
Set N+ = {r € R| Nr = 0} < R. Let ‘<1’ denote two sided ideals in any 
ring. Thus N+ < R. Right R-injective hulls are denoted by both ‘~’ and ‘E’ as 
N=EN= E(N), where the latter is used if N is given by a complex formula. 

For a module M its singular submodule 7M = Z(M) < M is ZM = {me 
M\|mt< R}, while the second singular submodule 7M <,. Z2(M) = Z.M 
is defined by Z[M/Z(M)] = Z.M/ZM < M/ZM. Right R-modules My, M2 
are orthogonal (=perpendicular), denoted by M, L Mao, if there do not exist 
OAV; < M; such that Vi = Vo. 

A class K of right R-modules is a natural class if it is closed under isomorphic 
copies, submodules, arbitrary direct sums, and injective hulls. Let A/(R) denote 
the set of all natural classes of right R-modules. It is well known that N(R) is 
a complete Boolean lattice, where the partial order is simply class inclusion of 
natural classes. The Boolean complement of K is K+ ={Nr|VM eK, N 1 M}. 

For simplicity, a module M is said to be torsion if J = Z2.M, and torsion 
free (abbreviate t.f.) if ZM = 0 (= = ZM = 0). A class K is torsion free if 
every module in K is torsion free, and N(R) denotes the set of all torsion free 
natural classes Ny(R) = {K € N(R) | K is t.f.}. The applicant has proved that 
N(R) = Ni(R)ON/(R) is a lattice direct sum, where N(R) are the torsion natural 
classes which are defined in a similar way. 

For any subclass ¥ of right R-modules, since natural classes are closed under 
arbitrary intersections, d(#) € M’(R) denotes the natural class generated by F. 
Very explicitly, 


d(F)={N=Ner|VOAWK<N, J04AV <W, and dV—A, some Ac F}. 


Note that this just says that N € d(F) if and only if there exists an essential direct 
sum @g%aR <. N of cyclics t,»R— Ag € F for some Ag € F. 

In fact, if Y is a right R-module, then d(Y) consists of all right R-modules 
which can be embedded in the injective hull of some direct sum of Y’s. Also, 
d(Y)+={Mr|MLY}. 


Terminology 1.2. As usual, R being a unital subring of Q means that 1 = lp = 
lg € RC Qare rings. If in addition also R <. Qp is an essential extension of right 
R-modules, then Q will be said to be a right over ring of R. Left over rings are 
defined similarly. If for a unital subring R C Q, R <, Qp is a rational extension of 
right R-modules, then as usual, Q will be said to be a right ring of quotients of R. 
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Notation 1.3. The same objets K, Z ,Z2 ,E, <, <e, <,, and d(-) as defined above 
for R, over another ring S will be denoted by superscripts as K°, 7° ,Z3 , BS, C 
, C°, C”, and d§(-). For y € Ng, define ann(y) = ann s(y) = {s € S | ys =0 }. 


Functors 1.4. In order to investigate the functors V(-), M’(-):, and under certain 
conditions N;(-), let d: R —> S' be any ring homomorphism preserving identities. 
The above map induces a map Mod-S —> Mod-R, N = Ns —> Ng €Mod-R, 
where for y € N andr € R, y-r = y(@r). For K* € N(S), define KS = {Ng : 
N € K*%}. The correspondence N = Ng induces a covariant functor ¢# : Mod- 
S' —> Mod-R which on morphisms, is the identity. This functor ¢¥ induces a map 
o* : N(S) — N(R) by $*(K) = d(K3). For any ring with identity R, the ring 
contains a unique lattice 7(R) of two sided ideals, defined as 7(R) = { I < Rp is 
a right complement |Z2(R) <I < Rr, E(L) < E(R) is fully invariant}. 

For any I € J(R), for any C < Re such that TOC <. Rr, necessarily 
ILC. 

Always, there is an isomorphism of complete Boolean lattices nr : J(R) — 
N(R) given by nr(1) = d(I/Z2(R)). (See [11; Thm. 6.6.6, p. 202], [5; Thm. 2.6, 
p. 106], [6; Thm. 2.6, p. 333].) 


2. Large right ideals 


We review and develop some facts about complement submodule which we need 
and which may be of independent interest. 
Complement closure 2.1. Let ZM C Kk < M be right R-modules. Then K has in 
M acomplement closure K <,. K < M satisfying the following: 

(1) K={2eEM|a1K <, R}; 

(2) K={reEM|K<.K+2R}; 

(3) K=(\{ C| K <C, C< M isa complement }. 

(4) K is the unique smallest complement closure of K in M. 

(5) If L <. K, then L= K. 

(6) K/Z2M < M/Z2M is a complement. 


Proof. Conclusions (1)—(4) are in [4; p. 53, Prop. 1.3 ]. (5) By (3) and (4), 7 C K. 
From L <. K <. K, we get L <. K, and hence L = K. (6) Since by 2.1 (1) > (2), 
for x € M, (1+ Z2M)"1(K/Z2.M)) ={reéR|are€ K } isa large right ideal if 
and only if K <. K+a2R=K. Thus K/Z.M = K/(Z2M). 


The following lemma circumvents the difficulties posed by the possibility that 
Z2Q~ JQ £9 for J € 7(R), or equivalently, Z2Q \ (Z2R)Q £ 0. 
Lemma 2.2. For any ring R, and any right R-modules A <. B < M, and any 
xreM, 
ctB<,R — «c!A<. R. 
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Proof. => If not, then (x~!A) @ C < R for some C # 0. There exists 0 # 
co € CN a"B. If xco = 0, then 0 4 cp € (x 1A) NC = 0, a contradiction. So 
0A acoR < B. But A <,. B, and hence also 0 4 top> RN AC «Cn A = 0, since 
aC +A=a2C 0A. Thus C= 0. 


3. Mod-FR and mod-Q for R Cc Q 


Throughout this section, unless otherwise stated, it is assumed that 1 = lg = 
lrpEeR<. Q are rings, ie., Q is a right over ring of R. If A,B € Mod-R, with 
AUBCN where N € Mod-Q, then (AQ + BQ) C Ng. This section considers 
when such binary module properties as AN B =0, A <. B, A 1 B do or do not 
transfer to AQN BQ = 0, AQ C* BQ, AQ L@ BQ. 

In (i) of the next lemma, R <e¢ Q is not required. It is worth stating explicitly 
in words, that below the converse of 3.1(i) holds either if Y is R-nonsingular, or if 
Q is a ring of right quotients of R. 


Lemma 3.1. If X C Y are right Q-modules, then 
(i) X<.Y = XC°Y; 

(ii) ZX =0, X C°Y = X<.Y; 

(iii) R<,-Q, X C°Y = X<Y. 


Proof. (i) is clear. (ii) For any 04 y € Y, there isa q € Q with 0 4 yq € X. But 
then also 0 4 (yg)q7'R C yROX, since 04 yg E ZX. So X CeY. 

(iii) For 0 #4 y € Y, again let 0 4 yq € X, g € Q. Since R <, Q, and 
yq, gq © Q, there is an r € R with ygr 4 0 and qr € R. Thus 0 ¥ yqr € yRNX. 
Hence X <, Y. 


Lemma 3.2. For X, Y € Mod-Q, Homg(X,Y) =Homr(X,Y) if one of (i), (ii), 
or (iii) holds: 

(i) ZY =0; 

(ii) R<,Q, andY CQ; 

(iii) X << R, Y <BR; X,Y € Mod-Q, R<, Q. 


Proof. For f € Homr(X,Y) and any x € X, q € Y, define z = f(xq) — (fx)q. (i) 
For any réq 'R<. R, zr = f((xq)r) — f(x(qr)) = 0. Thus z € ZY =0. 

(ii) Since R <, Q and z€ Y CQ, if z #0, we can find an r € R with zr 40 
and gr € R. Thus r € q7!R, and as above in (i) we have zr = 0, a contradiction. 
Thus z = 0. re 

(iii) By [15; p.95, Prop.2], Homa(R, R)=Homo(R, R). Extend f to f € 
Homp(R, R). Then z = f(xq) — (fx)q =0, and f € Homg(X,Y). 


The notation Xg 1 Yg or X 1® Y denotes orthogonality of Q-modules. 


Lemma 3.3. For rings 1=lg =1lrRER<eQ, letd: R—Q be the inclusion 
map. Let A,B € Mod-R, N € Mod-Q with A< Ng, B< Ng and let X,Y € Mod- 
Q. Then the following hold: 
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(i) A+ B=Ar® Br < Np, Z(A® B) =0 = AQ @ BQ < Na; 


ZX =), ZY 4 = 0; Xgl Yo => Xgl Y¢g; 


) 
(iii) Xs L¥y —> XQ 1 Yo; 
) 
(v) Z[A(Q)g] CA => AK, AQ. 


Proof. (i) I€0 A € = YY, aipy = Dj bq; © AQN BQ, a; € A, b; € B; pi, gy € 
Q, and L = [Ntp; RIN [Ni"q; Rl <- R, then €L C ANB = (0), and hence 
€ € Z(AQN BQ) = 0, a contradiction. 

(ii) If 0 4 aQ = BQ, a € AQ, B € BQ as Q-modules and with annga = 
anng /, then as in (i), there is an L <. RwithaLC A, BL C B. Since ZB =0, 
there is a A € L with 0 4 BA € B. Since at = R Nannga = B+ =R ON 
anng 3 = B+, also0 #4 aA, and (aA)+ = A716+ = (B))+. Thus aAR & BAR isa 
contradiction. 

(iii) If0 A cQ = yQ, « © X, y € Y with anng(z) = anng(y) C Q, then 
z+ = R Nanng(y) = yt. Thus zR & yR is a contradiction. 

(iv) If not, let c € X, y € Y, a+ = yt. Now define 7: cQ — yQ by 
waq = yq for q € Q. This is well defined, for if rq = 0, then xR = yR implies that 
0 = a[q(q-t R] = yla(q7! RI, and hence that yg € ZY = 0, and xq € ZX = 0. Thus 
not only w is well defined, but it is also a Q-isomorphism, which is a contradiction. 

(v) For any 0 #47 € AQN A, n = i aig, a € A, G € Q, since L = 
Wek <. R and since 7 ¢ Z(AQ), it follows that 0 4 nL C A. Thus A <, 
AQ. 


Theorem 3.4. Let 1 = 1g =1rR€ R <. Q be rings, andI < R, J< R, XC 
Qe, Y C Qa be any right ideals. 


(1) If R <. Q, then 
(i) XNOR<R = X CQ; 
(ii) 7<-R = 1QC°Q. 

(2) If R <, Q, then the converses hold 
(Gi) X C°Q = XNRK<, R; 
(ii) JQC°Q = I<. R. 


Proof. (1)(i). First we show that (X 9 R)Q <. Qr. For any 0 4 gq € Q, there 
is anr € R with 0 ¥ qr € R. Since XN R <, R, there is an s € R with 
OF (qr)sEXNARC(XNR)Q. Hence (X 1 R)Q <. Qr, and by Lemma 3.1(i), 
hence also (X MN R)Q C* Qa. 

(1) (Gi). For 0 4 q € Q, it suffices to show that 0 4 qRN I, since qdRNI C 
qQNIQ. First, 0 ¢ qr € R for some r € R. Then 0 # qrs € I. 

(2)(i). It suffices to show that Xr <. Qr, for then also XNR<. R=QOR. 
For any0 4y€Q,04 yq eX for some g € Q. Since R <, Q, for0 4 yg, gE Q, 
there exists an r € R with 0 ¥ yar and qr € R, or 0 ¥ yar € X with qr € R. 
Hence 0 4 ygr € yROX, and XR <e Qr, and hence XR <e Qr. 
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(2)(ii). It suffices to show that for any 04 y € Q, yRNI #0. By hypothesis 
we have for some 0 # qo € Q, 0 4 yqo € IQ C® Q, where ygo = Sof, Yee for 
some y, € 1, gq, € Q. 

Since R <, Q, for 0 4 yao, go € Q, there is an ro € R, with yqoro € 0, and 
goro € R. Thus ygoro = of, yearro. Next, for 0 A ygoro, Giri € Q, there is an 
ry € R with Qiror, € R, and 0 ¥ yqorori = ee YeGeTor1. There is an rg € R 
with 0 F yqororire = a UeGeToTir2, where gororire € R, as well the previous 


qgrorire € R. Continuing this way we get 79,71,---,7% © R such that 
0A yaororni-.-Tn = So yederor ---Trh CYR, aerori..- rr € RK. 
k=1 
Thus I<. R. 


Corollary 3.5. If above R<,Q,thenVY C°Q,4dSJ<.R, YIIQCQA. 


Proof. From Y C® @Q it follows by 3.4 (2)(i) that YN R <. R. Then for J = 
YOR <. R, by 3.4 (1)(ii), JQ. Ce Q. 


It is beneficial for later arguments to visualize the previous facts as set con- 
tainment relations in the lattices C(R), and £(Q) of all large right R-ideals and 
all large Q-ideals. 


Corollary 3.6. Let 1=lrp=lg Ee R<. Q be any rings, and let L(R) and L(Q) 
denote the set of all large right ideals of R and Q. Then the following hold: 
1) @LQ)2{XCQ|XNRELL(R) }; 
(ii) L(Q) 2 { 1Q | 1 € L(R) }; 
(2) If in addition, R <, Q, then 
(i) LR) D{XNR|X CQ}; 
(ii) CIR) DfT SRI IQCQ}. 
Below in (1) and (2), C refers to R-submodules, but not Q-submodules. 


Proposition 3.7. Let 1 = lg = lr € R <e Q be an over ring of R and let 
o:R—Q be the inclusion map. Then for any N €Mod-Q, the following hold: 
(1) ZN C Z@N; 
(2) ZN C ZEN. 
If in addition , R <, Q, then 
(3) ZN = Z°N; 
(4) Z.N = ZEN. 


Proof. (1) If € € ZN, then €+ <, R <, Q, implies that €+ < (€+Q)r <- Q. By 
Lemma 3.1(i), €£+Q C® Q. But since €(€+Q) = 0, it follows that €+@ C anng € C° 
Q. Thus € € Z2N, and ZN C ZEON. 

(2) Note that Z?°N by definition is a Q-module, while ZN may not be, 
and that [V/Z°N]g = Ng/(Z°N)4. Let 7; N/ZN —> N/Z®@N be the projection 
induced by the inclusion of right R -modules in (1), and that 7 is a homomorphism 
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of R-modules. Then since Z is a subfunctor of the identity functor, it follows that 
on objects 7Z|-] C Zz[-]. Hence 


N N N N 
i Z— CZ —||)=Z => =Z\sza].- 
(i BA GER (« lawl) (= [zanI,) Fa 
By (1) applied to N/Z2°N € Mod-Q, we get 
N N Z5N 

i Z| | C2" || = Se . 
Ce zw = zw ZON 
But 
be N ZoN ZoN + Z2N 
(iii) w(Z|=~—|)=7 = ———_. 

ZN ZN Z2N 
Thus 
’ BN PEON eS ZEN eee 
W) = gen =| gan) aN Sea 

Note that if in equation (ii), the “C” was “=”, then in (iv) we would get that 


Z.N+Z°N = ZN. Now if in addition it was known that Z°@N = ZN, then we 
could conclude that Z2N = ZEN. 

(3) Since ZN C Z°N by (1), let 04 x € ZN, and we will show that x € 
ZN. Since anng(x) C° Qg, by Theorem 3.4, (2)(i) we get that 2+ = anng(z) <. 
R. Hence x € ZN, hence Z°N C ZN, and by (2) above, Z°N = ZN. (4). The 
remark at the end of the proof of (2) above shows that Z.N = ZEN. 


Corollary 3.8. If R <. Q, then 

(i) ZRC ZRQCZQC Z°Q; 

(ii) Z.RC Z.RQC Z.Q C Z2Q. 

There is no reason to expect that the above inclusions in 3.8(ii) are essential 

extensions of R-modules. 
Proposition 3.9. If R <, Q, then 

(i) ZR<. ZQ = 2°Q; 

(ii) Z°(Q) <c Z}(Q); hence 

(iti) ZR <. oR <e Ze (Q). 
Proof. (i) If 0 4 n € ZQ then for some r € R, 0 4 nr € R. Then (nr)+ = 
anng(nr) <. R by Theorem 3.4 (2)(i). Thus 0 ¥ (yr) € ZR, and ZR <,. ZQ. 
Lastly, by Proposition 3.7 (3), 7Q = Z@Q. (ii) This follows by Lemma 3.1 (iii). 
Finally, upon combining (i) and (ii) we get conclusion (iii). 
Proposition 3.10. Jf R <, Q, consider0O A A< R, andOABK<R, with ZB=0. 
Then 

(i) A<. AQ ; and 

(ii) B<e BQ, and Z}(Q) + BQ = Z3(Q) ® BQ. 
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Proof. (i) Let 0 #4 7 = SS} aig € AQ with a; € A, G@ € Q. Since R <. Q, 
0A nro € R. Since R <, Q, there is anr; € R, OA nro € R, and qn € R. 
Continuing this way we get r= ror1..-Tn € Rand0AnNy>} aig; € AQ. 

(ii) Suppose that 0 4 7 = So} bigs © ZRN BQ. Since R <,. Q, there is an 
r, € R, nri #0, and qiri € R. Continuing this way we get r=71...Tn € R, and 
get the contradiction 0 4 nr € BN ZR=0. Thus ZRO@ BQ <e Z2(Q) ® BQ by 
the previous Proposition 3.8(iii). 


Hypotheses 3.11. Let 1 =1lre=1g€ R<. Qr=Q be rings, and ¢: R— Q, the 
inclusion map. Define (H1) and (H2) to be the following hypotheses. 


(H1) VB<R, B<, BQ. 
(H2) ZR<. Z7(Q). (ZR=0=> 2}(Q) =0). 
If R <, Q, all of the above hold. 


The next theorem allows us to transfer properties of right ideals between R 


and Q. 


Theorem 3.12. Let R <. Q be rings, and let (H1) and (H2) hold. Let X, Y ,U be 
any right Q ideals, where Z2Q CY C* Qg; Z2Q C X CX OU C* Qg. Then 
the following hold. 

(i) YOR <, R; in particular (XN R)® (UN R) <. R. 

(ii) X LCU => (XNR)L(UNR). 

(iii) ZR<. Z°Qr and ZR< I< IOV <R, S1Q+VQ=I1Q8VQC QQ. 
(iv) ZRCICI@VS.R, = I1Q0VQ & Qa. 

(vy) TLV = IQ 1° VQ. 


Proof. If not for some V 4 0, we have (YN R)@V < R. By (H1), V <. VQ, and 
hence (YN R) PBVQ < Qr. Also, ZROEVQ < Qr. Since Y C* Q, there exists 
04€= dug €YOVQ. Let Lane; 'R<. R. ThnO#4ELCVNX = 
VAYNOR=0D, a contradiction. ThuuV =OandYOR< R. 

(ii) Always, (ii) <= by Lemma 3.3 (ii). =>: Since ZR < XN R<_- X and 
UNR<. U, by Lemma 3.2 (i), this holds. 

(iii) Since ZR < I<. IQ, and V <. VQ, we have Z[(IQ) N(VQ)] = 0. Let 
OF E= VT yigi = LY vq; € (TQ) N (VQ)], and set L = [N?gz*R]N (Nia; * RI). 
Then €L C INV =0 gives the contradiction that 0 4 € € Z[(IQ) N (VQ)] = 0. 
Always <.==>C*. 

(iv) Since TOV <. R<. Q, and since 1 BV CIQ SVQ < Qr, it follows 
that 1Q ®VQ <-e Qr. But by Lemma 3.1, for Q-modules, always <. => C°, and 
thus (iv) follows. 

(v)<= always holds. =>: Since ZR < I <- IQ, and V <. VQ, ZVQ = 0, 
and the rest follows from Lemma 3.2 (i). 
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4. Over rings 


Throughout this section, many of the submodules used are so called type submod- 
ules, even when this is not stated. Type submodules are defined below, and the 
connection with natural classes clarified. 


Type submodules 4.1. For any right R-module M, a submodule N < M isa 
type submodule if N < M isacomplement, and if i P < M such that N@P <. M 
is an essential extension, and N 1 P (see 1.1 for ‘L’). If above ‘3’ is replaced by 
‘VY’, we get the same definition. Another equivalent definition is the following. A 
submodule N < M is a type submodule if there exists a natural class K € N(R) 
such that N € K, but for any N < L < M, L ¢ K. In other words, N < M 
is a maximal K submodule. Such a submodule N is also called a type K type 
submodule of M. 

A sort of converse of the above is that for any natural class K and any right 
R-module M whatever, M always has at least one maximal K-submodule. 


Notation 4.2. Recall that by definition 7(R) = {I < Rp is a right complement 
|Z2(R) <I < Rr, E(1) < E(R) is fully invariant}. Now let J € 7(R). Then firstly 
[11; Lemma 6.6.5, p. 202 ] states that J/Z2R < R/Z2R is the unique type sub- 
module of the right R-module R/Z2R of type d(J/Z2R). Secondly, [11; Proposition 
6.6.4 part (1), p. 201] says that J < Rp is also a type submodule. 

Let Z2(R) < J <R. Then J < R being a right complement is equivalent to 
J/Z2R < R/Z2R being a right R- complement. (See first [11; Lemma 6.6.3, p. 
201], and secondly observe the fact [12; Exercise 15, p. 20] that for any R-modules 
A<B<C, if B is closed in C, then B/A < C/A is closed in C/A.) 

Elements of 7(R) are complement right ideals of the form J < R with 
ZR < J, and such that J L C for any J@C <,. R. So given J € J(R), select 
any right ideals B,C’ < R, where 

ZROBK<K.J<JOCK<K.R, AMROBOECK.R, BLC. 
Furthermore note that it follows that J < R where ‘< denotes two sided ideals in 
an ring. 

Next 3.1, 3.3, 3.4, and 3.11 allow us to transfer essentiality, direct sums, 
orthogonality of right ideals from R to Q, and vice versa. We do this in Section 4 
without explicitly quoting the appropriate justifying result from Section 3. 


Lemma 4.3. With the above notation from 4.2, if 3.11 (H1) and (H2) hold, then 
Z3Q © BQ ®CQ CQ, BQL° CQ, and (BQ)r 1 (CQ)r. 


Lemma 4.4. Let 72ROEBB<.J< JOC < R be as in 4.2, and define J to be 
J={CEQ\|{qEQ| Cae Z2Q 8 BQ } CQ }. Then the following hold. 
(i) J is the unique right Q-complement closure of ZQ & BQ Cf Q in Q; it is 
independent of the choice of B in 4.2. 
(ii) TOCQ C°Q; 
(iii) JQ. C J. 
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Lemma 4.5. In the notation of 4.3, 4.4: 

(i) Z2Q, BQ, and CQ are pairwise orthogonal as Q-modules; 

(ii) TL° CQ. 

(iii) Je 7(Q); 

(iv) BQ. * F/Z3(Q). 
Construction 4.6. Let Ji, Jo © J(R). Define U1, U2 as any right ideals such that 
ZoR® (Si NM J2) ip) U; Ss Jy and Z2R@ (Si ia) J2) ip) U2 3 J. Then 

(i) U; L Jo, Uz L Jy and in particular U; L Uo; 

(ii) UiQ L J2Q, U2Q L JiQ, and UiQ L U2Q; 

(iii) 7(R) — J(Q), J — Tis one to one. 

Aside from showing that the function below is well defined and one to one, 

the next proposition gives a wealth of information about how the ideal structure 
of R relates to that of Q. 


Proposition 4.7. Assume (H1) and (H2), and let J € J(R), B, J, C be as above. 
Then the following hold. 
@:Fne€Q =o: 
(ii) JeCQC°Q. 
(iii) JL? CQ. 
(iv) JE F(Q). 
(v) J is independent of the choice of B. 
(vi) J— J is a well-defined map UV: F(R) — J(Q). 
(vii) The above map WV is one to one. 


Proposition 4.8. If as before R <- Q and (H1) and (H2) hold, then the map W in 
4.7 is an isomorphism. Both V and its inverse are order preserving maps. 


Proof. To show that the map is onto take Y € 7(Q), and choose any V and U 
such that Z2Q @eVCSY CY O@U C*Q with Y C Qg Q-closed. Then since Y is 
a type submodule we have Y L®@ U. 
Since (H1) and (H2) guarantee that Z2R <. Z2Q OR, and that C© = <, 
we conclude that 
ZSQOVGUCQ = ZROVNROUNRER. 


Next define J to be the unique complement closure of ZROVOAR<.I< R. 
Then the following five steps finish the proof. 
(i) LBUNR< RB; 
(ii) TLUNR; 
(iii) I € J(R) and VI € J(R), T € J(Q) as defined in 4.4 is a Q-complement 
with Z2Q © [(VN R)Q] C° TC Qa. 
(iv) Since [(VN R)Q] C° V, Z2Q 6 [((VNR)Q] C* Y. Thus 
(v) Y =T, and W is onto, and hence an isomorphism. 
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Since both W and its inverse, almost by definition preserve the partial order 
C C, W is an order isomorphism, and hence a complete isomorphism (i.e., preserv- 
ing arbitrary infinite joins and meets in both directions) of the complete Boolean 


lattices 7(R) = 7(Q). 


The next theorem is formulated in terms of lattices of ideals of the rings R 
and Q, and does not require a knowledge of natural classes and the functor N(-). 


Theorem 4.11. Let l1=1lrp=1lgé€ R<e Qr=Q be rings, assume (H1) and (H2), 
and let UV be the map WV: J(R) — J(Q), J € F(R), VJ) = J, where J is 
as defined in Lemma 4.4. Then WV is an isomorphism, and both V and its inverse 
preserve the order. 


5. Lattices 


For any identity preserving homomorphism ¢: R — Q of associative rings R, Q, 
there is an order preserving induced function ¢* = V(¢) : N(R) — N(Q). And 
there is always a lattice direct sum N(R) = Ni(R) 6 Ny(R) of complete Boolean 
lattices, and similarly for Q. 

The last section showed that WV is an isomorphism. This section contains 
new additional information that the restriction and co-restriction of * to ¢* : 
N;(R) — N;(Q) is not only an isomorphism, but essentially the inverse of W, 
in view of the isomorphisms N/(R) = 7(R) for all R. 

Since the above map ¢* has been used often in many articles for a long period 
of time, it is of interest to see what happens under the assumptions (H1), (H2) on 
the rings R <. Q, and how the map W relates to the map ¢*. 

Recall that in general, a one to one and onto order preserving map of partially 
ordered sets is not an isomorphism of ordered sets, for the inverse map need not 
preserve order. 


Corollary 5.1. When R <e Q and (H1), (H2) hold, then V induces a lattice iso- 
morphism UV = ngvng' : N(R) — N¢(Q), where nr, ng are as in 1.4. 


Proof. For any ring, J(R) = N;(R) under the isomorphism J — d(J/Z2R) € 
Ni(R). 


Observation 5.2. The following is valid for any identity preserving homomorphism 
o: R— Q of any rings R and Q without any special assumptions. Every element 
of N(Q) is of the form d®@(N), N = Ng. Then ¢*(d@(N)) = ¢*{ Vg | Vo € 
d?(N)} = d(Ng). 


Proposition 5.3. Let 6: R —> Q be the inclusion map of R <e Q, and let $* : 
N(Q) — N(R) and ¢*(K2) = d(k2) be the induced map. Let N(R) = N(R) ® 
N(R), and similarly for Q. Assume (H1) and H(2) and let Y € 7(Q), and let 


Z3(Q) C ZP(Q)eVeAYCYeuca. 
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Then define I to be the unique complement closure of Zo(R) ®@ (VNR) <e 
(YOR) <e I. 
Then the following hold: 


(i) nQ(¥) = 4?(Vq); nx) = d(VN R). 
(ii) ZROVAR)<. (YOR) <(YNR)G(UNR) < R. 
(iii) (YO R)®(UNR) <.- 16 (UNR); TE S(R); VD =Y. 
(iv) 6*[a2(V)] = d((V 1 R)R) = (YR) /ZaR; 6°(NG(Q)) CNA). 
(v) Ud* = 1y,(Q), OY = 1p), Y* =". 
(vi) In particular, the restriction and co-restriction o* : Ns(Q) —> N7(R) is a 
lattice isomorphism. 


Proof. (i) Since Vo @e Y/Z2(Q), and VAR ©, I/Z2(R) are essential sub- 
modules, (i) now follows by the definitions of nr(J) = d(1/Z2(R)) and ng(Y) = 
a(v/Z3(Q)). 

(ii) This follows by intersecting ZO} G Z2(Q) ex CYCY@UCQ 
with R. 

(iii) Since Y L@ U, by 3.11 YN R LUNR. But then (YN R) 1? (UN R)Q. 
Since (YN. R)Q C° Y, and similarly (UN R)Q C° U, it follows that IQ L@ U. By 
2.1 (4), [Q C* Y, and this means that V(J) = Y. 

(iv) By definition of ¢*, *(d@(V)) = d({ Vg | V € d@(V) } = d(Vr) = 
d((VOR)p). Since Z2(R) < Ris a complement submodule, by (**) VNR embeds 
as an essential submodule of (Y M R)/Z2R. Since an arbitrary element of N;(Q) 
is of the form d®@ (Vg), and since Z(Vr) = 0, d(V N R) € N(R), (iv) follows. 

(v) An arbitrary element of V’(Q), is of the form d@(V) as in (i). Then 
U[o*d?(Q)] = nq¥ (ng [d(V 9 RY) = ng¥Dna(Y) = 4° (¥/Z2(Q)) = a2(V). 
Thus Vd* = 1. 

An arbitrary element of N(R), is of the form d(B), where Z2ROB<.JE 
J(R) is as in 4.2. Let J € J(Q) be as in 4.4. Then ¢* Vd(B) =¢*ng¥(nR' [d(B)])= 
o*ng¥(J) =¢*d2[J/(Z¥ (Q)|=¢*d? (BQ) by Lemma 4.5 (iv). In view of (H1), and 
(H2), since B <. BQ, ¢*Wd(B) = ¢*d‘BQ) = d(B). Hence ¢*« UV = 1. 


Recall that N(R); = N(Q);, so that the maps 7”, 7g below are isomor- 
phisms of partially ordered sets. 


Finally, we summarize the main results of Section 5 in the next theorem. 
Theorem 5.4. Let 1=1lrep=1gE€ R<e Qr=Q be rings, assume (H1) and (H2), 


and let © be the map V: J(R) — J(Q), JE T(R), VJ) = J, where J is as 
defined in Lemma 4.4. Let $*, nr, nq be as in 1.4. Then there is a commutative 
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diagram of isomorphisms of complete Boolean lattices. In particular, 
U 


J(R) —— J(Q) 


nr | ne | 
$ 
N+(R) —— N7(Q) 
(i) U ,d* are isomorphisms, and WV ,¢* and their inverses preserve the order. 


(ii) UV = nod*ng’ : Ne(R) — N7(Q) is an isomorphism. 


(iii) U-! = ¢*. 


6. Examples 


The earlier proof that 7(R) = J(ER) when ZR = 0 was more of an existence type 
of proof, while here an explicit way of evaluating the map V : 7(R) — J(Q) is 
given. Even in cases when ZR = 0 and Q = ER, examples are of interest. Examples 
are hard to construct, since if R = Z2(R), then 7(R) = {0} is degenerate. 


Example 6.1. For p € Z, set Zp = Z/pZ, Zp) = { a/b | a,b € Z, gcd(b, p) = 1}, 
and set e;; to be the usual matrix units, 7 = n+ (p) € Zp, and 7 = le;;. Define 


0 0 O 
Z2(R) = Zp Zp 0 <Z(R)@BOC 


Oy te 2 Z 0 0 Zp) 0 0 
=R=|Z) Zp 0| CQ=|Z Zp O|. 
Z OO Z Zz 0 Z 
Recall that ‘<’ is used to denote two-sided ideals in both of the rings R as well 
as Q. Above B = Zey, < R, C = Ze3, + Ze33 I Re, BC = 0, CB #0, Z(R) = 
Zyen < Zo(R) dR. Then J(R) ={0, I, J, R}, where] = Z(RNO@ BAR, J= 
Zo(R)OCAR, (1) =1= ZY (Q) PZpye11 JQ € F(Q), where Z(Q) = Z2(R); 
and similarly W(J) = J = J dQ. Also U(R) = Q and (0) = 0. Note that 
I= Z2(R) 6 BQ, BQ <Q. 
Here N/(R) = { d(B) = d(I/Z2(R)), d(C) = d(J/Z2(R)), d(B @ C) = 
d(R/Z2(R)), 0}, and similarly 
T(Q) = {d?(BQ) = 49 (T/Z}(Q)), €°(CQ), d?(BQ © CQ) = Q/Z}(Q), 0}. 
Recall that the isomorphism nr : 7(R) —> N¢(R) is defined by 
nr) = d(I/Z2(R)) = d(B), 
and induces an isomorphism U~! = nRY— ng" : Ns (Q) — N/(R), which is 
essentially the inverse of UV. We now verify that Ul= ¢*, where the latter is 


the restriction and co-restriction to ¢*; N¢(Q) —> N(R), which is an order 
isomorphism. 


Over Rings and Functors 127 


First, 
Wd? (T/Z3 (Q))) = naeW~ ng" (a? (T/Z3 (Q))) 
= nrW~*(1) = nrll) = (I /Z2(R)) = d(B). 
Next, 
$* (d9 (T/Z} (Q))) = 9" (d9(BQ)) = d((BQ)r) = a(B). 
Thus 2 7 
w= ¢*, or YS wa) =): 

In the previous example all the rings in each row of the matrix had to be the 

same (i.e., Z, Z,, and Z). Here in the next example the fact that the ring R has 


a well-defined multiplication hinges on the fact that pZ-Z, = 0. The notation of 
the previous example is continued. 


Example 6.2. Let 


0 0 0 Z p-Z O 

Z(R)= |Z, Z 0] dR=2Z(R)OBOC=|Z, Z 0 
0 0 0 Ze De OZ 

p 


fz ‘Zo 0 | 
<-Q= | Z, Z(p) 0], 
Zp 0 Zip) 
where B = Ze, +p: Zeq2 < R, C = Zp@31 + Zez3 I Rr. Then BC =0, CB 0, 
Z(R) = Zyta < Z2(R) = Z(R) + Leg < R. And Z}(Q) = Zp@aq + Zipear. Set 
IT=ZROBCI=Z2(Q) BQ, 


or 
I =Zo(R) + Ze +p: Ze CT = Z3(Q) + Zqen t+p- Zen. 
Similarly set 
J=Z.RO@CC JI=ZE(Q) eCQ, 


that is 
J = Z2(R) + Zptar + Less C J = ZF (Q) + Zpear + Zip es3- 

Then 

JI(R)={0, I, J, Rf, 
while Sas 

JI(Q)={0, 1, J, Rh. 
Again 

Ww: F(R) — F(Q) 
by 
PS io Sa SO. 0: 
Here 


Nj(R) = { d(B), d(C), dB & C) = d(R/Z2(R)),0 }, 
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and similarly 
I(Q) = { d?(BQ), d°(CQ), d?°(BQ ® CQ) = Q/ZP(Q), 0}. 
Thus © : N(R) —> N;(Q) by 
d(I/Z2(R)) — d?(T/Z$(Q)), d(J/Z2(R)) — d?(F/Z?(Q)), 
d(R/Z2(R)) — d?(Q/Z2(Q)), 0 — 0. 
Here 
o*[I/Z$ (Q)] = [d°(BQ)] = d[(BQ) x] = a[B] = (¥)~!{d?(BQ)} = d(B), 


and similarly for the others. Thus again (¢*)~! = W as previously. 

It was only due to the uncomplicated nature of the last two examples that in 
both R/Zo(R) = (I/Zo(R)) @ (J/Z2(R)) is a direct sum, usually it is only essential 
in R/Z2(R), as is illustrated in the next example from T.Y. Lam ((14; p. 372] and 
[14; p. 381, Ex. 14)). 


Example 6.3. For any field or division ring F’, let 


FFF 0 F 0 00F 
BeC<.R=|0 F 0 0F 0|,C=|00 0|, Z(R)=0, BLC. 
00F 000 00F 


Then 7(R) = { 0, B, C, R }, and Ny(R) = { d(B), d(C), dB OC) = 
d(R), 0}. Here the maximal right ring of quotients of R is the direct product of 
the full two by two matrix ring Q = E(Rr) = Mo(F) x Mo(F), where ¢: R— Q 


is given by 
a Be a b| ja ec 
=|o ¢ of — =({F §).[5 §))- 
ee 0 d}’|0 e 

Now J(Q) = { 0, Ma(F’) x (0), (0) x Ma(F), Q}; YU: F(R) > F(Q) is 
B — Mp(F) x (0), C — (0) x Mx(F), 0 — 0, R= Q. Thus U(d(B)) = 
d? (Mz(F)) x (0)), W(d(C)) = d@((0) x Ma(F)),0 — 0, d?(Q) — d(R). Note 
that d(R) =Mod-R = 1 € N;(R) and similarly for d?(Q). 

Recall that the map ¢* : N;(Q) —> N;+(R) is given by $*[d@ (M2(F) x (0)] = 
d{(M2(F’) x (0))¢] = d(B), where the last step holds because B <¢ (M2(’) x (0))r. 
The latter is of course an R-module via the homomorphism ¢. Thus ¢*[¥(d(B))] = 
*[d2(M2(F) x (0))} = d(B), and similarly for C. Thus ¢*¥ = 1. In order to 
prove that Ud* = = 1, we use the steps in the last two computations to get that 
ae [d? (M2(F) x (0))] = W[d(B)] = d@(M2(F)) x (0)) and similarly for C. Thus 

= 0": 
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any unit of the ring GR(2*,m) that has the form 7 = (4ko — 1) + 4ki€+---+ 
Akm—1€™ +, for integers ko, ki,...,km—1. Among other results, duals of such 
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1. Introduction 


Constacyclic codes over finite fields play a very significant role in algebraic coding 
theory. The most important class of these codes is the class of cyclic codes, which 
has been well studied since the late 1950’s [47, 48, 49, 50]. However, most of the 
research is concentrated on the situation when the code length n is relatively 
prime to the characteristic of the field F’. In this case, cyclic codes of length n are 
classified as ideals (f(a)) of my. where f(a) is a divisor of x” — 1. The case 
when the code length n is divisible by the characteristic p of the field yields the 
so-called repeated-root codes, which were first studied since 1967 by Berman [6], 


and then in the 1970’s and 1980’s by several authors such as Massey et al. [41], 
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Falkner et al. [26], Roth and Seroussi [52]. However, repeated-root codes over finite 
fields were investigated in the most generality in the 1990’s by Castagnoli et al. 
[15], and van Lint [55], where they showed that repeated-root cyclic codes have a 
concatenated construction, and are asymptotically bad. Nevertheless, such codes 
are optimal in a few cases, that motivates researchers to further study this class 
of codes (see, for example, [54, 44]). 

In the early 1990’s, Nechaev [43], and Hammons et al. [13, 29] established 
the celebrated result that many well-known seemingly nonlinear codes over finite 
fields such as Kerdock and Preparata codes are actually closely related to linear 
codes over the ring Z4. Since then, codes over Za in particular, and codes over 
finite rings in general, have proved their importance, and they have received a 
great deal of attention. 

The Galois ring of characteristic p* and dimension m, denoted by GR(p*, m), 
is the Galois extension of degree m of the ring Ze, for some prime number p. In 
particular, rings of the form Z,o such as Z, are Galois rings. The class of Galois 
rings has been used widely as an alphabet for cyclic and negacyclic codes, for 
instance [14, 56, 24, 3, 7, 8, 34, 10]. Various decoding schemes for codes over 
Galois rings have also been addressed [9, 10, 11, 12]. 

In recent years, we have been working on the description of several classes 
of constacyclic codes, such as cyclic and negacyclic codes, over various types of 
Galois rings. In 2004, the structure of negacyclic codes of length 2° over Zga was 
obtained [24]. In 2005 [19], we investigated negacyclic codes of length 2° over the 
Galois ring GR(2%,m). We showed that the ring eee is indeed a chain 
ring, and the negacyclic codes of length 2° over GR(2%,m) are precisely the ideals 
generated by (x + 1)* of this chain ring, for i = 0,1,...,2°a. Using this structure, 
Hamming distances of such negacyclic codes were addressed. We were able to 
provide Hamming distances of such negacyclic codes ((a + 1)*) for 0 <i < 2%(a— 
1)+2°~'. The computation technique in [19] was used by other authors [59] to give 
Hamming distances of such negacyclic codes for all 7. In 2007, we computed the 
Hamming distances of all those negacyclic codes for the case when the alphabet is 
Zo [22], i-e., the Galois ring GR(2%,m) with dimension m = 1. We also provided 
the Lee, homogeneous, and Euclidean distances of all such codes. Since 2003, 
special classes of repeated-root constacyclic codes over certain classes of finite 
chain rings and Galois rings have been studied by numerous other authors (see, 
for example, [1, 7, 8, 37, 45, 53]). 


The purpose of this paper is to complete the computation of Hamming dis- 
tances and furthermore provide the homogeneous distances of negacyclic codes of 
length 2° over GR(2*, m) that started in [19], and then extend such structure and 
distances to other more general classes of constacyclic codes. Although our tech- 
nique in [19] was used recently in [59] to give Hamming distances of such negacyclic 
codes, our computation here is simpler with the use of the newly obtained Ham- 
ming distances of 2"-ary cyclic codes [23], and more importantly, it is applicable 
to the more general classes of y-constacyclic codes considered in Section 4. In Sec- 
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tion 3, we first use the structure of negacyclic codes of length 2° over GR(2%,m), 
and the Hamming distance of 2’-ary cyclic codes of length 2°, that we obtained in 
[19], and [23], to provide the Hamming distances of the remaining negacyclic codes 
from [19] (i.e., the codes ((a+1)*) for 2*(a—1)+2°~!+1 <i < 2%a—1.) Section 3 in- 
saa 
ier to carry our results over to the setting of y-constacyclic codes in Section 4. We 
also establish the homogeneous distances of all such negacyclic codes. In Section 4, 
this structure and computation technique are then extended to give the structure 
and Hamming and homogeneous distances of all codes of much larger classes of 
constacyclic codes over GR(2%,m), namely, the classes of y-constacyclic codes of 
length 2° over GR(2*,m), where ¥ is a unit of the Galois ring GR(2%,m) with the 
form y = (4k9 — 1) + 4k €+---4 d4km—1€™ 1, for integers ko, k1,..., km—1-. These 
y-constacyclic codes include as particular cases many classes of constacyclic codes 
that were investigated, such as negacyclic codes [24, 19, 22], (2° — 1)-constacyclic 
codes [20], (4k—1)-constacyclic codes [21, 22]. Among other results, we give the du- 
als of all such y-constacyclic code, and provide necessary and sufficient conditions 
for the existance of a self-dual y-constacyclic code. 


cludes a different proof of the structure of the ring , which makes it eas- 


2. Chain rings, Galois rings, and constacyclic codes 


In this paper, all rings under consideration are associative rings with identity. An 
ideal I of a ring R is called principal if it is generated by one element. A ring R isa 
principal ideal ring if its ideals are principal. R is said to be local if it has a unique 
maximal right (left) ideal. Furthermore, a ring R is called a chain ring if the set 
of all right (left) ideals of R is linearly ordered under set-theoretic inclusion. 

While we only consider finite commutative chain rings in this paper, it is 
worth mentioning that a finite chain ring need not be commutative. The smallest 
noncommutative chain ring has order 16 [35], that can be represented as R = 
GF(4) ® GF(4), where the operations +,- are defined as 


(a1, b1) + (a2, b2) = (a1 + a2, bi + bo), 
(a1, 61) - (a2, b2) = (a1az, aib2 + b143). 


The following equivalent conditions are known for the class of finite commu- 
tative chain rings (see for example [24, Prop. 2.1]). 


Proposition 2.1. Let R be a finite commutative ring, then the following conditions 
are equivalent: 
(i) R is a local ring and the maximal ideal M of R is principal, 
(ii) R ts a local principal ideal ring, 
(iii) R is a chain ring. 
The following properties of chain rings are well known. 


Proposition 2.2. Let R be a finite commutative chain ring, with maximal ideal 
M = (r). Denote R= z, and let 3 be the nilpotency of r. Then 
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(a) There is some prime p and positive integers k,l with k > 1 such that |R| = 
p*,|R| = p!, and the characteristic of R and R are powers of p, 


(b) The ideals of R are (r'), where i = 0,1,...,, and they are strictly inclusive: 
R= (9°) 2 (rt) D+ 2 (r?-4) 2 (r®) = (0). 
(c) Fori=0,...,8, |(r*)| =|R|F-*. In particular, |R| =|R|P, ie. k =1f. 


A polynomial in Z,« [2] is called a basic irreducible polynomial if its reduction 
modulo p is irreducible in Z,[z]. The Galois ring of characteristic p* and dimension 
m, denoted by GR(p%,m), is the Galois extension of degree m of the ring Zpe. 
Equivalently, 

a Zpa [u] 
CRN) = Thea) 
where h(u) is a monic basic irreducible polynomial of degree m in Z,«[u]. Krull 
[36] initiated the study of Galois rings in 1924, and later these rings were rediscov- 
ered independently by Janusz [33] in 1966, and Raghavendran [51] in 1969. Since 
then, Galois rings have been proven to be very applicable in many branches of 
mathematics such as combinatorics and coding theory. Note that if a = 1, then 
GR(p,m) = GF(p™), and if m = 1, then GR(p*,1) = Zye. We list some well- 
known facts about Galois rings (cf. [42, 29, 32, 46]), which will be used freely 
throughout this paper. 


Proposition 2.3. Let GR(p*,m) = ao be a Galois ring, then the following con- 


ditions hold: 

(i) Each ideal of GR(p*,m) is of the form (p*) = p* GR(p*,m), for0 <k <a. In 
particular, GR(p*,m) is a chain ring with maximal ideal (p) = pGR(p%,m), 
and residue field GF(p™). 

(ii) For0 <i <a, |p'GR(p2,m)| = p™-9. 

(iii) Each element of GR(p*,m) can be represented as up*, where v is a unit and 
0<k <a, in this representation k is unique and v is unique modulo (p"—*) 

(iv) h(u) has a root ¢ in GR(p*,m), which is also a primitive (p'™ —1)th root of 
unity. The set 


T (pt) SAG AGC eg} 


is a complete set of representatives of the cosets ae = GF(p™) in 


GR(p*%,m). Each element r € GR(p%,m) can be written uniquely as 


r=O+Gpt--++a-1p*", 


with G € T(p,m),0<i<a-l. 

(v) For each positive integer d, there is a natural injective ring homomorphism 
GR(p*,m) — GR(p%, md). 

(vi) In GR(p*,m) = ae, let € =u (h(u)), then h(€) = 0, and € is in fact 
a primitive element of GR(p*,m). The Galois ring GR(p*,m) can be viewed 
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as GR(p*,m) = Zpe[€]. Every element r € GR(p*,m) can be expressed as 
r= To brig tes tmaik 


where T0,T1,+-+;T?m—1 € Zpe. 

(vii) There is a natural surjective ring homomorphism GR(p*,m) — GR(p*!, m) 
with kernel (p*—'). 

(viii) Each subring of GR(p%,m) is a Galois ring of the form GR(p%,l), where | 
divides m. Conversely, if | divides m then GR(p%,m) contains a unique copy 
of GR(p*, 1). That means, the number of subrings of GR(p*%, m) is the number 
of positive divisors of m. 


For a finite ring R, consider the set R” of n-tuples of elements from R as 
a module over R. Any subset C C R” is called a code of length n over R, the 
code C' is linear if in addition, C is an R-submodule of R”. Given an n-tuple 
(%0,21,---,;%n-1) € R”, the cyclic shift r and negashift v on R” are defined as 
usual, i.e., 
T(%0,X1,-+-5¥n—-1) = (@n-1, 0, 21,°°* »Ln—2), 
and 
y(@,%1,---,%n—-1) = (—4n-1,%0,%1,°°* »Un—2). 
A code C is called cyclic if 7(C) = C, and C is called negacyclic if v(C) = C. Cyclic 
codes over finite fields, and more generally, over finite rings, are well studied, while 
negacyclic codes over finite fields were initiated by Berlekamp in the late 1960’s 
(cf. [4, 5]), and since 1999, repeated-root negacyclic codes over finite rings have 
been brought to attention by Wolfmann [57], Blackford [7], and Dinh and Lépez- 
Permouth [24], among others. 
More generally, if \ is a unit of the ring R, then the A-constacyclic (A-twisted) 
shift T, on R” is the shift 


T(X0, 21, tee ,Xn—1) == (Atn—1, U0, 01," Me ,Ln—2), 


and a code C is said to be A-constacyclic if r,(C) = C, ie., if C is closed under 
the A-constacyclic shift 7). In light of this definition, when ’ = 1, A-constacyclic 


codes are cyclic codes, and when A = —1, A-constacyclic codes are just negacyclic 
codes. 

Each codeword c = (co, ¢1,.--;C€n—1) is customarily identified with its poly- 
nomial representation c(17) =co tcix+---4 Cn—1e"~+, and the code C is in turn 


identified with the set of all polynomial representations of its codewords. Then in 
the ring aos , xc(x) corresponds to a A-constacyclic shift of c(a). From that, the 
following fact is well known and straightforward: 


Proposition 2.4. A linear code C' of length n is A-constacyclic over R if and only 
if C is an ideal of ee 


Given n-tuples © = (%0,%1,.--,2%n-1),Y = (Yo. Y1,---,Yn—1) € R”, their 
inner product or dot product is defined as usual 


LY = Xoyo + L1Y1 +--+ + Xn-1Yn-1 
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(evaluated in R). Two n-tuples x,y are called orthogonal if x -y = 0. For a linear 
code C over R, its dual code C+ is the set of n-tuples over R that are orthogonal 
to all codewords of C, i-e., 


Ct ={x|a-y=0,Vy € Ch. 
A code C is called self-orthogonal if C C C+, and it is called self-dual if C = Ct. 
The following result is well known (cf. [14, 24]). 


Proposition 2.5. Let R be a finite chain ring of size p*. The number of codewords 
in any linear code C of length n over R is p®, for some integer k, 0 < k < an. 
Moreover, the dual code C+ has p°"—* codewords, so that |C|-|C+| =|R|”. 


The dual of a cyclic code is a cyclic code, and the dual of a negacyclic code 
is a negacyclic code. In general, we have the following implication of the dual of a 
A-constacyclic code. 


Proposition 2.6. The dual of a \-constacyclic code is a \~1-constacyclic code. 


Proof. Let C be a A-constacyclic code length n over R. Consider arbitrary elements 
xz €Ct, and y € C. Since C is \-constacyclic, 77°"! (y) € C. Thus, 


n-1 


O=a-Ty(y) = Aty-1(@) -y = Ty-1(@) - y. 
That means 7)-1(2) € C+. Therefore, C+ is closed under the 7)-1-shift, i.e., C+ 
is a A~!-constacyclic code. 


3. Negacyclic codes of length 2° over GR(2%, m) 
As mentioned in Proposition 2.4, negacyclic codes of length 2° over a Galois ring 
GR(2%,m) are precisely the ideals of ring 
GR(2*, m) [a] 

(x +1) © 
The following fact is useful in expressing (x + 1)?” in R(a,m), as well as relating 
the roles of the elements x + 1 and 2 in R(a,m): 


R(a,m) = 


Proposition 3.1. (cf. [19, Lemma 3.1, Proposition 3.2]) For any positive integer n, 
there exists a polynomial an(x) € Z[a] such that (x + 1)?” = a?” +1+4 2an(a), 
and Q(x) is a unit in R(a,m). In particular, ((« + 1)?') = (2) in R(a,m), and 
the element x +1 is nilpotent in R(a,m) with nilpotency 2°a. 


We proved in [19, Proposition 3.3, Theorem 3.6] that R(a,m) is a chain ring, 
and from that derived the structure of its ideals as follows: 


Theorem 3.2. The ring R(a,m) is a chain ring with maximal ideal (x +1) and 
residue field GF(2™). Negacyclic codes of length 2° over the Galois ring GR(2%, m) 
are precisely the ideals ((x + 1)*), 0 < i < 28a, of R(a,m). Each negacyclic code 
((@ + 1)') has 2™?°¢-9 codewords, its dual is the negacyclic code ((a + 1)?*~*), 
which contains 2™ codewords. 


On Some Classes of Repeated-root Constacyclic Codes 137 


Here, we provide a different proof, using polynomial representation, which 
makes it easier to extend to a more general setting in Section 4. 


Proof. Let f(x) € R(a,m), then f(x) can be expressed as 
f(x) = bo + bi(@ +1) +--+ + Boe_a(e +1)? 7}, 


where b; € GR(2%,m). If bo is in the maximal ideal 2GR(2%,m), then f(x) is 
nilpotent, and so it is not invertible. On the other hand, assume that f(x) is 
not invertible. If bb) ¢ 2GR(2%,m), then bo is a unit in GR(2%,m). In R(a,m), 
by Proposition 3.1, x + 1 is nilpotent. So there is an odd integer k such that 
(a +1)* = 0, and thus, g(x)* = 0, where g(x) = b1(a@+1)+-+-+bgs_1(a@ +1)? 71. 
Now, f(x) = bo + g(x), and thus, 


1= 14 [g(x)bg*}* = [1 + g(x)bo*}h(x) = f(a)bo*h(2), 


which contradicts the assumption that f(x) is not invertible. Therefore, bo must 
be in 2GR(2%,m). That means that f(a) is not invertible if and only if bo € 
2 GR(27, m). Moreover, in light of Proposition 3.1, 2 € ((a+1)?') C (x+1). Thus, 
(a + 1) is the set of noninvertible elements of R(a,m), proving that R(a,m) is a 
chain ring whose maximal ideal is (a + 1) (cf. Proposition 2.1). By Proposition 
3.1, the nilpotency of z +1 is 2°a, so the ideals of R(a,m) are ((x + 1)"), 0 < 
i < 2%a (cf. Proposition 2.2). The rest of the theorem follows readily from the 
fact that negacyclic codes of length 2* over GR(2%,m) are ideals of this chain ring 
R(a,m). 


Using this structure, we obtained in [19] the Hamming distances of a large 
part of the class of such negacyclic codes. Indeed, the Hamming distances of the 
codes ((x + 1)*), where 0 <i < 2°(a — 1) + 2°", were established: 


Proposition 3.3. (cf. [19, Theorem 4.1]) Let C be a negacyclic code of length 2° over 
GR(2%,m), i.e, C = ((a +1)") C R(a,m), for some integer i € {0,1,...,2%a}, 
and let d(C) denote the Hamming distance of C. Then 

= if i=2%a, 

=1 if 0<i<2%(a—-1), 

= if 2(a-1)+1<i< 2%(a—1) +2571, 

ae if 2(a—1) +281 +1<i< 2%a-1. 


We now obtain the Hamming distances of the remaining negacyclic codes, 
ie., for 28(a — 1) + 28-141 <i < 2°a—1. Although our technique in [19] was 
used recently in [59] to compute Hamming distances of such negacyclic codes, our 
computation here is simpler, and more importantly, it is applicable also for the 
more general classes of y-constacyclic codes in the next section. The main tool is 
the Hamming distances of all 2-ary cyclic codes of length 2°, that we gave in [23]. 
Note that, over Foam, cyclic codes and negacyclic codes coincide. Their Hamming 
distances are as follows: 
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Theorem 3.4. (cf. [23, Corollary 4.12]) Let C be a (nega)cyclic code of length 2° 
over Fym, then C = ((x +1)') © a. for i € {0,1,...,2°}. The Hamming 
distance d(C) of C is determined by: 
‘a if i=0, 
2: if 1<i<2s-t, 
Qk+1 if 9s _ gs—k +1 < i < 98 _ gs—k ale D8-ko1, 
pele eee St 
where 1<k<s-—1l, 
0, if t= 25. 


Proposition 3.5. Let 7 be an integer with 1 <j <s—1. Then in R(a,m), 
i) the Hamming distance o x +1)? @-Y)tLin “is 25, 
(i) the H ga f ( (a + 1) Otter? 
(ii) the Hamming distance of (a 4 1)%@-DtH4Tia at) is 2941, 
iii) the Hamming distance of ((x + 1)*) is , for any integer 7 such that 
iii) the H ing di 1)’ Dhl h th 


2°(a—1)+2°—29-F 41<4< 2%(a—1) 4+ 29 —29-* 4 28-F1 


1.€., 
k k+1 
2°(a—1)+1+)5 m2 <i<2°(a-1)+5 a Pama 


wherel<k<s-—1l. 


Proof. By Proposition 3.1, ((« + 1)?") = (2) in R(a,m). Therefore, 
(e+ UP OMtEb 2 (p01 (ep Eh), 


and 


(eatin) a (omigeg paler, 
Now, the ideals 
on (a+ 1)Zin a) and (a4 (2 + pitti a 


of R(a,m) are indeed the sets of elements from the ideals (a te 1)Lia a) and 


((e+ 1)i+D i 2 ‘) of are multiplied with 2¢—'. Hence, (i) and (ii) follow 
from Theorem 3.4. 


Now, using (i) and (ii), we get that the Hamming distance of both ne- 
gacyclic codes ((@+ 12 @HHER I), and (e+ 1)? @-D+E ‘) are 


2**1. Since the ideals of R(a,m) are strictly inclusive, we get (iii). 


From Propositions 3.3 and 3.5, we now have the Hamming distances of all 
negacyclic codes of length 2° over GR(2%,m): 
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Theorem 3.6. Let C’ be a negacyclic code of length 2° over GR(2%,m), te, C= 
((a@ + 1)*) C R(a,m), for some integer i € {0,1,...,2%a}. Then the Hamming 
distance of C can be completely determined as follows: 


0 a 

1 yo 0ST 2(a—4), 

2 if 2(a-1)+1<i< 2%(a—-1) +291, 
Qetl Gf 28(a—1)+2%—-29-*§ +1 <4 


d(C) = <O(q@= 1) 428 ge—k 4 98—k-1 
eg 2@S1l)e14 eo <4 
< (a= 1)+ i 98- io 


wherel<k<s-—1. 


In [22, Theorem 4.4], we derived the Hamming distances of all negacyclic 
codes of length 2° over the Galois ring Zz, i.e., GR(2%, 1). That gave an affirmative 
answer to our conjecture in [19, Conjecture 4.16]. Theorem 3.6 shows that the same 
formula can be used to determine the Hamming distances of all negacyclic codes 
of length 2* over GR(2%, m), for any m. 

We now establish the other kind of distance of all negacyclic codes, namely, 
the homogeneous distance. The homogeneous weight was first introduced in [16] 
(see also [17, 18]) over integer residue rings, and later over finite Frobenius rings. 
This weight has numerous applications for codes over finite rings, such as construct- 
ing extensions of the Gray isometry to finite chain rings [31, 30, 27], or providing 
a combinatorial approach to MacWilliams equivalence theorems (cf. [38, 39, 58]) 
for codes over finite Frobenius rings [28]. 

Let a > 2, the homogeneous weight on GR(2%,m) is a weight function on 
GR(2%,m) given as 


wtn : GR(2°,m) —N, 


0, if r=0 
ree (2m—1j2me-2), if r € GR(2%,m) \ 24-1 GR(2%, m) 
geet): if r € 27-1 GR(2%,m ) \ {0}. 
The homogeneous weight of a codeword (co,¢1,..-;Cn—1) of length n over 


GR(2%,m) is the rational sum of the homogeneous weights of its components, 
i.e., 


wtn(co, 1, Bitsy Cn—1) = wtn(co) + wtn(c1) Se wth (Cn—1)- 


The homogeneous distance (or minimum homogeneous weight) dp, of a linear code 
C is the minimum homogeneous weight of nonzero codewords of C: 


dy(C) = min{wtp(a—y):2,y EC, « 4 y} =min{wty(c): ce C, c F Of. 


Theorem 3.7. Let C' be a negacyclic code of length 2° over GR(2%,m), t.e, C = 
((a + 1)') C R(a,m), for some integer i € {0,1,...,2%a}. Then the homogeneous 
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distance dy(C) of C can be completely determined as follows: 


0 if t= 2%a, 

(QM 1) Qe 2)! a Oe 99g = 2), 

gmat) ef P@=—2) +1 <4< 3264); 

goat yet if 2a) Sa & 28a 1) bo, 
rR ( Ge a aa a if 2(a-1)+28-2-F+1<i 


ee 1) 98 98— k aR ls 
6p PGI) LS 
we 2a — 1) 4 SEL é 
wherel<k<s-—1l. 


Proof. In R(a,m), note that, by Proposition 3.1, ((c + 1)?)) = (2), therefore 
(e+ W254) = ie +1). 

If 0 <i < 2%(a — 2), we get (1) DC D (2%-?). Since dy((1)) = dy((24~)) = 
(QR a1) 92d (Oy S(O = 1) ees), 

If 2°(a — 2) +1 <i < 28%(a — 1), then (2¢-?(x@ + 1)) D C D (2271). Clearly, 
dy (22-1) = ame=)) vand dy ((29-2(a 1) = 2" = 1296-2) & 2-1). Thus, 
ga) < ay ((2™-1)) < dy(C) < dy((22-4)) = 2B, 

implying d,(C) = 2-1), 
If 28(a—1) +1 <i< 28(a—1) +2971, then (22-1 (2 + 1)) DOD (2471 (a@4 
1)?"""). By Theorem 3.6, the Hamming distances of both (2°~!(x + 1)) and 


(2°-1(a 4+1)?°~") are 2, thus their homogeneous distances are 2”(¢-))+1, Hence, 
d(C) = 2m(a-+1, 


k k+1 
For 1<k<s—1, if 2°(a—1) +14 >> 297! <i < 28(a—1)+ >> 29-4, then 
l=1 l=1 


k k+1 
14 gs-l y> 28! 
(2% a 1) l=1 ) D C =) (2 lg je 1)=1 ) . 


Using Theorem 3.6, we have the Hamming distances of both 


k k+1 
14+ gs-l gs—l 
Care +1) a ) and (2% + 1)e ) 


are 2'+1, Thus, their homogeneous distances are 2+! . g™(4-1) = gm(a-l)+ht1, 
Therefore, AoOo= = gm(a-l)+k+1 


4. Some classes of constacyclic codes 
of length 2° over GR(27, m) 


As mentioned in Proposition 2.3, since the Galois ring GR(2%,m) is a Galois 
extension of Za, there exists a primitive element € such that GR(2%,m) = Zze[€]. 
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Each element r € GR(2%,m) is uniquely expressed as: 


r=rotmét-:-+rm—1e™"", 


where r; € Za. To simplify notations, we will say that an element y of GR(2%, m) 


is of Type (*—) if it has the form y = (4kg —1) + 4k,€+---+4kpm_1€™—1, and ¥ is 
called to be of Type (**) if it has of the form y = (4kgp +1)+4k,€+---+4km E+, 
for integers ko, k1,...,km—1. Clearly, elements of Type («~) or (**) are invertible 


in GR(2%,m). Furthermore, the sets of Type («~) and Type (**) elements are 
disjoint when a > 2, they coincide if a = 1. 

We now extend our technique in Section 3 to consider y-constacyclic codes 
of length 2* over GR(2%,m) where ¥ is of Type (*—). Such y-constacyclic codes 
are ideals of the ring 


Proposition 3.1 holds true when we replace the ring R(a,m) by R(a,m, ¥). 


Proposition 4.1. Let 7 € GR(2%,m) be of Type (*—). For any positive integer n, 
there exists a polynomial a,(x) € Z[2] such that (x +1)?” = 2?" +14 2a,(x), and 
Qn(x) is a unit in R(a,m,y7). In R(a,m,y), (a + 1)?') = (2), and the element 
x+1 is nilpotent with nilpotency 2°a. 


Proof. The first assertion can be proved using the same proof as for R(a,m) (cf. 
[19, Lemma 3.1]). For the second statement, using n = s, we have that there is an 
unit as(x) in R(a,m, y) such that: 
(x +1)? =a” +14 20,(z) 
=7+14 2a;(z) 
= Aky + 4k +--+ + 4m —1€™ |! + 2a5(x) 
= 2a,(x)(14+ y), 


where y = 2(ko+ki€+:--+hkm—1€™~!)aZ+(z) is a nilpotent element in R(a,m, 7). 
Thus, in R(a,m, 7), 1+y is invertible, and hence, ((a+1)?°) = (2), and 2 +1 has 
nilpotency 2°*a. 


Using Proposition 4.1, the same proofs as in Section 3 can be extended from 
R(a,m) to R(a,m,+) to provide the structure and Hamming and homogeneous 
distances of all 7-constacyclic codes of length 2* over GR(2%,m): 


Theorem 4.2. (cf. Theorems 3.2, 3.6, 3.7) Let y € GR(2%,m) be of Type (*7). 
The ring R(a,m,y) is a chain ring with maximal ideal (x + 1) and residue field 
GF(2”). y-constacyclic codes of length 2° over the Galois ring GR(2%,m) are 
precisely the ideals ((x +1)'), 0 < i < 28a, of R(a,m,y). Each y-constacyclic 
code C = ((a + 1)') has 2™?°¢-9) codewords, and its Hamming distance d(C) and 
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homogeneous distances dy(C’) are completely determined as follows: 


0 if 72a, 

1 f USTs Pe@=1), 

2 if 2(a—1)+1<i< 2%(a—1) +257}, 
Qetl Gf 28(a—1)+2%—-2>-*¥+1<i 


d(C) = < "(a 1) Q8 — 98k 4 ge-k-1 
i.e, 2(a—1)+1+ Dai wl <4 
SG) ye 2, 
wherel<k<s-—1l. 
0 if i= 2¥a, 
(Qe = 1) ge?) af (0 Ba (G9), 
pina="} if Pie + ta = G1), 
gre rd Gf Pa i41e7 oa 1) 3, 
dy(C) = gm(a-1)+k+1 if 2°(a 1)4 98 98— k 1 1 <i 


a. 2°(a 1) 1 95 gs-k laa 
6 Beat yo en 
<a ye oF 
wherel<k<s-—1l. 


Lemma 4.3 Let 71,72 be of Type (*—), and 3,74 be of Type («+). Then 

(a) y172 ts of Type (*T), t.e., the product of two elements of Type (*~) is an 
element of Type (*). 

(b) yi73 is of Type (*—), t.e., the product of an element of Type (*~) and an 
element of Type (**) is an element of Type (*—). 

(c) yaya is of Type (**), i.e., the product of two elements of Type (**) is an 
element of Type (" a, 

(d) 1° és of Type (#7), i.e 
of Type (7). 

(e) 73° is of Type (**), t.e., the inverse of an element of Type (**) is an element 
of Type (**). 


Proof. Note that each element (4k9 — 1) + 4k1€ +--+ + 4km—1€™ 1 of Type (#7) 
can be expressed as 4z — 1, and any element (4kj — 1) +4k{€+---+4k/,_,€™~1 of 
Type (*«*) can be expressed as 42’ + 1, for z,z’ € GR(2%,m). Parts (a), (b), and 
(c) follow readily. For (d), write y,; = 4z — 1. Then, observe that 


” Il [(42)” - i = (4z)" -1=-1, 
j=0 


, the inverse of an element of Type (*~ ) is an element 


therefore, 
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Since, for 0 < j < a—1, (4z)” +1 are of Type (**), (b), (c) imply that y~1 is of 
Type (*—), proving (d). The proof of (e) is similar to that of (d). 
Proposition 4.4. Let y € GR(2%m) be of Type (*~). Assume that C is a 4- 
constacyclic code of length 2° over GR(2%,m). Then C = ((x + 1)*) C R(a,m,7), 
for some i € {0,1,...,2°%a}. Its dual is a y~+-constacyclic code of length 2° over 
GR(22,m), C+ = ((a +.1)?°**) C R(a,m,y~!), which contains 2" codewords. 

Proof. In light of Proposition 2.6, C+ is a y~!-constacyclic code of length 2° over 
GR(2%,m). Lemma 4.3 shows that y~! is also of Type («~). Thus, Theorem 4.2 is 
applicable for C+ and R(a,m,y~1). Hence, C+ is an ideal of the form ((x + 1)), 
0 <j < 2%a, of the chain ring R(a, m,y~*). On the other hand, by Proposition 2.5, 


IC| . |c+| = | GR(2°, m) 2 Q2°am 


? 


which implies, 
92° am 92° am 


[CT fam@re-a 

Therefore, C+ must be the ideal ((x + 1)?°*~*) of R(a,m,y~!). 

Theorem 4.5. Let y € GR(2%,m) be of Type (*7), t.e., 7 can be expressed as 
yy = (4ko — 1) + 4ki€ +--+ + 4k&m—1E™?," 


for integers ko,ki,...,km—1- Self-dual y-constacyclic codes of length 2° over 
GR(2%,m) exist if and only if y? =1, which occurs only in the following cases: 


(i) 1<a<38: any values of ko, ki,...,km—1; 
(ii) a> 4: kj = 0 (mod 24-3), 0<i<m-1, ie. ¥ is of the form 


pO p21) Ae 2 
for 1; € {0,1}. 
In such case, ((x +1)?" '*) is the unique self-dual y-constacyclic code. 


= 


c+] = 


Proof. Let C be a y-constacyclic code of length 2* over GR(2%,m). By Proposition 
4.4, C = ((a + 1)/), for some integer j € {0,1,...,2%a} and C = C+ if and only 
if y =~! and j = 2°a — j. That means that C is self-dual if and only if y? = 1, 
and in such case C’ must be the ideal ((x +1)?” "*). 

We now determine values of 7 of the given form such that 7? = 1. Denote 
z= ko t+khy€+---+km_1€" 1, then y = 4z — 1. We have 77 = (4z — 1)? = 
82(2z — 1) +1, and so 7? = 1 if and only if 8z = 0, as 2z — 1 is invertible in 
GR(2%,m). If 1 < a < 3, 8z = 0 in GR(2%,m) for any z. When a > 4, 8z = 0 
if and only if, for 0 <i < m—1, 8k; = 0 in Zc, which is equivalent to k; = 0 
(mod 27-8), 


Remark 4.6. 


4.6.1. When a = 1, there is just one class of such y-constacyclic codes, namely, 
cyclic codes of length 2° over GR(2,m) = Fam, those were studied in [23]. When 
a = 2, there is also only one class of such y-constacyclic codes, namely, negacyclic 
codes of length 2° over GR(4,m), those were investigated by many researchers in 
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TABLE 1. 7-constacyclic codes of length 2* over GR(2*%, m) for any unit 


7 of the form y = (4ko — 1) + 4k € +--+ + 4k —1€™ 1. 
a || number of possible number of possible values of 
values of 7 so that self-dual codes exist 
(number of classes of | (number of classes of 7-constacyclic 
y-constacyclic codes) codes having self-dual codes) 
1 1(y=1) 1 
2 1 (y=-1) i 
3 2 2 
>4 gm(a—2) gm 


the general case, as well as in the special case when m = 1 (i.e., the alphabet is 
Za), see, for example, [1, 2, 7, 22, 24]. When a > 2, there are 2 (*—?) classes of 
such 7-constacyclic codes. When a = 3, Theorem 4.5 implies that y? = 1 for any 
values of ko, k1,...,km—1, which shows unique self-dual -y-constacyclic code over 
GR(2?,m) always exists. Table 1 gives the number of y-constacyclic classes, and 
those that have self-dual codes. 


4.6.2. The class of y-constacyclic codes with y = 4k9—1, ie., ky = +--+ = km_1 = 0, 
over Zoa, i.e., the Galois ring GR(2%, m) with dimension m = 1, was investigated 
in [21] and [22, Section XII]. There are 27~? classes of such y-constacyclic codes. 


4.6.3. Cyclic codes are in general not such y-constacyclic codes (except the case 
a = 1, when cyclic and negacyclic codes coincide). As pointed out in Proposition 
2.4, cyclic codes of length 2° over GR(2%,m) are ideals of the ring R(a,m,1) = 


eel, Using polynomial representation similar to the proof of Proposition 


3.2, it can be shown that, unlike the chain ring R(a,m), this ring R(a,m,1) is 
a local ring with maximal ideal (2,7 + 1), but it is not a chain ring. Indeed, [53, 
Se 
the complete structure of such cyclic codes is still unknown in general, there have 
been many results for the special case when the alphabet is the ring Z, (a = 2, 
m = 1). In 2003, [1, 2] gave a structure of cyclic codes of length 2° over Z4, and 
[8] provided a structure of cyclic codes over Z4 of oddly even length (length 2n, 
where n is odd). In 2006, [25] established a structure of cyclic codes over Z4 of any 
length. 


is not a chain ring. While 


Theorem 3.4] showed that for any prime p, 
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Couniformly Presented Modules and Dualities 


Alberto Facchini and Nicola Girardi 


Abstract. A module Ur is couniform if it has dual Goldie dimension 1, that 
is, it is non-zero and the sum of any two proper submodules of Up is a proper 
submodule of Ur. A module Mr is couniformly presented if it is non-zero 
and there exists a short exact sequence 0 Cr Pr Mr 0 with 
Pr projective and both Cr and Pr couniform modules. The endomorphism 
ring of a couniformly presented module has at most two maximal ideals, and 
a weak form of the Krull-Schmidt Theorem holds for finite direct sums of 
couniformly presented modules. Cokernels of morphisms between couniform 
projective modules are couniformly presented, provided that the morphisms 
are not onto. Via a suitable duality functor, finite direct sums of cokernels of 
morphisms between couniform projective modules correspond to finite direct 
sums of kernels of morphisms between uniform injective modules. 


Mathematics Subject Classification (2000). 16D70. 


Keywords. Krull-Schmidt Theorem, dual Goldie dimension, couniform 
modules. 


1. Introduction 


This paper is divided into two parts and devoted to two topics. In the first part, 
we generalize to a larger class of modules the results that were proved in [1] for 
cyclically presented modules over local rings. This larger class of modules consists 
of all couniformly presented modules, that is, the non-zero modules Mr for which 
there exists an exact sequence 0 - Cr — Pr — Mr — 0 with Pr projective and 
both Cr and Pr couniform modules. Recall that a module is couniform if it has 
dual Goldie dimension one, that is, it is non-zero and the sum of any two proper 
submodules is a proper submodule. 

During this last year, several classes of modules with a behavior very similar 
to the behavior described in Theorems 2.5 and 4.3 (at most two maximal ideals 
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in the endomorphism ring and the validity of a weak form of the Krull-Schmidt 
Theorem) have been discovered: cyclically presented modules over local rings [1], 
kernels of non-zero morphisms between indecomposable injective modules [2], ar- 
tinian modules whose socle is isomorphic to the direct sum of two fixed simple 
modules [7], and so on. All these classes mimic the behavior of uniserial modules 
[4], or, more generally, biuniform modules [5]. In this paper, we study the behavior 
of couniformly presented modules, which extend to arbitrary rings the class of 
cyclically presented modules over local rings. 

Direct sums of modules in each of the previous classes are described by a 
pair of invariants: lower part and epigeny class for cyclically presented modules 
over local rings, upper part and monogeny class for kernels of non-zero morphisms 
between indecomposable injective modules, monogeny class and epigeny class for 
uniserial modules, or, more generally, biuniform modules. In the second part of 
this paper, we consider dualities that allow us to exchange, in our context, two of 
these notions: monogeny class and epigeny class, and lower part and upper part 
(Propositions 5.2 and Corollary 6.2). It was discovered in [1] that the concepts of 
epigeny class and lower part for cyclically presented modules over local rings are 
exchanged in a similar way by the Auslander-Bridger transpose. 

The first author is greatly indebted to Dolors Herbera, who suggested to 
study the category C that appears in Theorem 5.1, that is, cokernels of morphisms 
between couniform projective modules. Our idea of studying the category of couni- 
formly presented modules is a slight generalization of her idea. Also, some of the 
techniques we use in this paper were suggested by her and already appear in the 
paper [6]. 

All the rings considered in this paper will be assumed to have an identity 
element. For any ring R, the Jacobson radical of R will be denoted by J(R), and 
the group of units will be denoted by U(R). Thus U(R) = R\ J(R) when R 
is a local ring. The modules we will consider are unitary right modules unless 
otherwise stated, and morphisms will be written on the left. If Mr is a module, 
we will write (Mp) to denote the isomorphism class of Mr, that is, the class of 
all right R-modules isomorphic to Mp. 


2. Couniformly presented modules 


Recall that a right module Mp over a ring R is said to be couniform (or hollow) if 
it has dual Goldie dimension one, that is, if it is non-zero and the sum of any two 
proper submodules of Mp is a proper submodule of Mr. Equivalently, a non-zero 
module is couniform if and only if all its proper submodules are superfluous, if 
and only if all its non-zero homomorphic images are indecomposable modules. For 
instance, every non-zero uniserial module, that is, every non-zero module whose 
lattice of submodules is linearly ordered under inclusion, is couniform. The follow- 
ing easy lemma, taken from [1, Lemma 8.7], describes the projective modules that 
are couniform. 
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Lemma 2.1. The following conditions are equivalent for a projective right module 
Pr over an arbitrary ring R: 

(1) Pr is couniform. 

(2) Pr is the projective cover of a simple module. 

(3) The endomorphism ring End(Pr) of Pr is local. 

(4) There exists an idempotent e € R with Pp = eR and eRe a local ring. 

(5) Pr is a finitely generated module with a unique maximal submodule. 

(6) Pr has a greatest proper submodule. 


Moreover, if these equivalent conditions hold, then Hom(Pr, R) is a couniform 
projective left R-module. 


Notice the following interesting elementary fact: 


Lemma 2.2. If Pp — Mp is the projective cover of a couniform module Mr, then 
the projective module Pr is also couniform. 


Proof. Let K be the kernel of Pe — Mr. Assume Pr = Ai + Ag. Then (Ai + 
K)/K + (Ag+ K)/K = Pr/K = Mp, so that, for i = 1 or i = 2, one has that 
(A; + K)/K = Pr/K. Thus A; + K = Pr. Now K superfluous in Pr implies 
A; = Pp. 


By the previous two lemmas, there is a bijection between the set of all iso- 
morphism classes (Pr), where Pr ranges in the class of all couniform projective 
right R-modules, and the the set of all isomorphism classes (Sp), where Sr ranges 
in the class of all simple right R-modules with a projective cover. It associates to 
each isomorphism class (Pr) the isomorphism class (Pr/rad(Pr)), where rad(Pr) 
denotes the unique maximal submodule of the couniform projective module Pr. 
In particular, the position (Pr) + (Pr/rad(Pr)) defines a bijection between the 
set of isomorphism classes (Pr) of all couniform projective modules Pr and the 
the set of isomorphism classes (Sp) of all simple modules Sz if and only if the ring 
R is semiperfect [5, Theorem 3.6(d)]. 


We say that a module Mp is couniformly presented if it is non-zero and there 
exists an exact sequence 


0— Cr — Pr — Mr —- 0 


with Pr projective and both Cr and Pr couniform modules. In this case, we will 
say that 0 Cr —> Pr Mr 0 is a couniform presentation of Mr. Notice 
that Pr — Mp is necessarily a projective cover of Mr, because every proper 
submodule of Pr is superfluous. Without loss of generality, we will always suppose 
that the monomorphism 1: Cr — Pp is the inclusion. Clearly, every couniformly 
presented module is cyclic. Every cyclically presented module over a local ring R is 
either zero, or isomorphic to R, or couniformly presented. Over a right chain ring 
R, that is, a ring R with Rr uniserial, a right module is couniformly presented 
if and only if it is cyclic but not projective. In particular, couniformly presented 
right modules over right chain rings are uniserial. 


152 A. Facchini and N. Girardi 


Let R be an arbitrary ring. Given any couniformly presented right module Mp 
with couniform presentation 0 > Cr —> Pr > Mp — 0, every endomorphism f 
of Mp lifts to an endomorphism fo of the projective cover Pr, and we will denote 
by f: the restriction of fo to Cr. Hence we have a commutative diagram 


b 


0 - Cr — Pr —- Mr — O 
fil | fo lf (1) 
0 —- Cr 4 Pr =F Mr — 0. 

The morphisms fo and f; that complete diagram (1) are not uniquely deter- 
mined by f. Nevertheless, it is easily seen that f: Mp — Mp is an epimorphism if 
and only if fo: Pr — Pr is an epimorphism, if and only if fo is an automorphism. 
It follows that if we substitute fo and f; with two other morphisms fj and f/ 
making the diagram analogous to diagram (1) commute, then fo: Pr — Pr is an 
epimorphism if and only if f§: Pr — Pr is an epimorphism. In this notation, let 
us show that the same holds for Cp, i.e., that 


Lemma 2.3. fi: Cr — Cr is an epimorphism if and only if fi: Cr — Cr is an 
epimorphism. 


Proof. The commutativity of the two diagrams (1) (one relative to fo, fi, the other 
relative to fj, f{) gives, by subtraction, a commutative diagram 


A-Fi | fo-#6 {0 (2) 
0 —- CR as Pr ee Mr — 0. 


Hence (fo — f§)(Pr) C Cr. Since Cp is superfluous in Pr, it follows that (fo — 
f6)(Cr) is superfluous in (fo — f$)(Pr), so that (fo — f§)(Cr) = (fi — f{)(Cr) is 
a proper submodule of Cr. Thus f; — f{ is not an epimorphism. This and the fact 
that Cr is couniform yields that fi: Cr — Cr is an epimorphism if and only if 
fi: Cr — Cp is an epimorphism. 


Our proof of Lemma 2.3 is essentially the same as the proof of [6, Lemma 7.1]. 

Notice that, in the proof of Lemma 2.3, we have seen that, for every morphism 
g: Pr — Cr (where Pr D Cp are couniform modules and Pr is projective), g(Cr) 
is properly contained in Cr. 

For every couniform module Ur, the endomorphism ring End(UR) has a 
proper completely prime two-sided ideal Ky, consisting of all the endomorphisms 
of Ur that are not surjective (see [5, Lemma 6.26]). The ring End(Upr)/Ku, is 
an integral domain, but it is not a division ring in general (for instance, take 
as Up the Priifer group Z(p™) viewed as a Z-module.) Our proof of Lemma 2.3 
also shows that for every couniformly presented right module Mr with couniform 
presentation 0 Cr — Pr Mr 0, there is a well-defined ring morphism 
End(Mpr) — End(Cr)/Kop, defined by fh fi + Keg. 

Similarly to [6, Section 7], by Lemma 2.3, we can consider the ring morphism 


Q: End(Mpr) = End(Mr)/Kup x End(Cr)/Kcp 
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defined by ®(f) = (f + Kup, fi + Ko,g) for every f € End(Mp). Recall that 
a ring morphism y: S — S" is said to be a local morphism if, for every s € S, 
p(s) € U(S") implies s € U(S). 


Lemma 2.4. Let 0 Cr Pr Mr 0 be a couniform presentation of a 
couniformly presented module Mr. Then the ring morphism ® is local. 


Proof. Let f € End(Mp) be an endomorphism with ®(f) invertible. Consider 
the commutative diagram (1). Then f + Ky, and f; + Ko, are invertible in 
End(Mpr)/Kmupy and End(Cr)/Kc, respectively, so that, in particular, f ¢ Kuz, 
and fi ¢ Kc,, that is, the morphisms f and f; are epimorphisms. Thus fo also 
is an epimorphism, hence an automorphism of Pr because Pr is projective and 
indecomposable. By the Snake Lemma applied to diagram (1), fo isomorphism 
and f; epimorphism imply f monomorphism. 


The next result describes the endomorphism ring of a couniformly presented 
module. 


Theorem 2.5. Let 0 Cr Pr Mr 0 be a couniform presentation of a 
couniformly presented module Mr. Let K := { f € End(Mp) | f is not surjective } 
and I := { f € End(Mrp) | fi: Cr — Cp is not surjective}. Then K and I are 
completely prime two-sided ideals of End(Mp), the union K UT is the set of all 
non-invertible elements of End(Mpr), and every proper right ideal of End(Mpr) and 
every proper left ideal of End(Mp) is contained either in K or in I. Moreover, one 
of the following two conditions hold: 
(a) Either the ideals K and I are comparable, so that End(Mpr) is a local ring 
with maximal ideal the greatest ideal among K and I, or 
(b) K and I are not comparable, J(End(Mr)) = KOI, and 


End(Mp)/J(End(Mp)) 


is canonically isomorphic to the direct product of the two division rings 
End(MpR)/K and End(Mpr)/I. 


Proof. Let 7 and 72 be the canonical projections of 
End(Mpr)/Kup x End(Cr)/Kcp 


onto End(Mpr)/Ky, and End(Cr)/Kc,, respectively. We already know that K = 
Kyurp is a completely prime ideal of End(Mp). Notice that I is the kernel of the 
composite morphism 72®: End(Mpr) — End(Cr)/Kco,. As End(Cr)/Kc, is an 
integral domain, it follows that I is a completely prime ideal of End(Mp). 

As the ideals K and I are proper, it follows that K UI C End(Mp) \ 
U(End(Mpr)). Conversely, if f € End(Mp) is non-invertible, it is not an auto- 
morphism, so that it is either non-surjective or non-injective. If f is not surjective, 
then f € K. If f is surjective but not injective, then in diagram (1) we have that 
fo is surjective, so that fo is an automorphism of Pr. By the Snake Lemma ap- 
plied to (1), we have that fo automorphism of Pr and f non-injective imply fi 
non-surjective. Thus f € J. 
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Every proper right or left ideal L of End(Mp) is contained in Kk UT. If there 
exist r€ L\ K andye€ L\I,thn«+yeLl,xelandye K. Hencex+y¢ Kk 
andat+y¢JI.Thusa+y¢ KUT, so that x+y € L and is an invertible element 
of End(Mp), a contradiction. This proves that L is contained either in K or in J. 
In particular, the unique maximal right ideals of End(Mp) are at most K and I. 
Similarly, the unique maximal left ideals of End(Mp) are at most K and I. 

If & and J are comparable, then (a) clearly holds. If K and J are not com- 
parable, the ring End(Mp) has exactly two maximal right ideals K and I, so 
that J(End(Mpr)) = KOI, End(Mp)/K and End(Mp)/I are division rings, and 
there is a canonical injective rig homomorphism 7: End(Mpr)/J(End(Mp)) - 
End(Mpr)/K x End(Mp)/I. But kK + I = End(Mpr) because K and I are incom- 
parable maximal right ideals of End(Mp), hence 7 is surjective by the Chinese 
Remainder Theorem. 


Remark 2.6. The ideal J in the statement of Theorem 2.5 does not depend on 
the couniform presentation of Mr. Suppose 0 Cr Pr Mr 0 and 
0 — Ch — Pr — Mer — 0 are two couniform presentations of Mr. Let f be an 
endomorphism of Mp, and consider a diagram (1) relative to f for each of the two 
couniform presentations. We need to show that f; is an epimorphism if and only 
if f] is an epimorphism. Construct another diagram (1) as follows. The identity of 
Mr lifts to an isomorphism go: P — P’ between the two projective covers of Mr, 
and go restricts to a morphism gi: C — C’, which is an isomorphism as well. By 
Lemma 2.3, we then have that f; is an epimorphism if and only if a fio is an 
epimorphism, and this is an epimorphism if and only if f] is an epimorphism. 


By Theorem 2.5, couniformly presented modules have semilocal endomor- 
phism ring, hence cancel from direct sums [5, Corollary 4.6]. 


Remark 2.7. When the base ring R is commutative, the endomorphism ring of the 
cyclic R-module Mp = eR/C is the ring eR/C = eRe/C, which is a local ring 
with maximal ideal eJ(R)e/C. Hence, in this case, K D I. This inclusion can be 
proper. For instance, let R be a commutative valuation domain of Krull dimension 
> 2, that is, a valuation domain with at least three prime ideals 0 C P C J(R), 
and consider the couniformly presented module R/P. If r € J(R)\P, thenr+P € 
K = J(R)/P, but r+ P ¢ I because rP = P (for every p€ P, rR D> P D pR, so 
that p= rs for some s € R, and s € P because p € P and r ¢ P.) 


3. Epigeny class and lower part 


Recall that if A and B are two modules, we say that A and B have the same 
epigeny class, and write [A]e = [B]e, if there exist an epimorphism A — B and 
an epimorphism B — A; cf. [4]. If Mr and M) are two couniformly presented 
modules with couniform presentations 0 — Cr — Pr — Mr — 0 and 0—- Ch = 
Ph — Mp — 0, we say that Mr and M}, have the same lower part, and we write 
[Mrle = [Mple, if there are two homomorphisms fo: Pr > Pp and fj: Pr > Pr 
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such that fo(Cr) = Cp and f§(C) = Cr. In particular, if Mp and Mp have the 
same lower part, then Cr and C’, have the same epigeny class. 

Notice the duality between this notion of having the same lower part, and 
the definition of having the same upper part given in [2]. For any right R-module 
A, let E(A) denote the injective envelope of A. Two modules A and B are said to 
have the same upper part if there exist a homomorphism fo: F(A) > E(B) and 
a homomorphism fj: E(B) — E(A) such that fo'(B) = A and f(A) = B. 
We write [A], = [B],, if A and B have the same upper part. Also notice that 
if Mp and M;, are couniformly presented modules with couniform presentations 
0 Cr Pr Mr 0 and 0 Ch Py Mh 0, then there are 
idempotents e,e’ € R with Pr = eR and Pp = e’R. If we assume Pr = eR 
and Pp = e'R, C,C” right ideals of R contained in eR,e’R respectively, and 
Mr = eR/C,Mp = e' R/C’, then Mr and Mp have the same lower part if and 
only if there exist r,s € R such that rC = C’ and sC’ = C. Also notice that 
our definition of having the same lower part for arbitrary couniformly presented 
modules over arbitrary rings extends the definition of having the same lower part 
given in [1] for cyclically presented modules over local rings. Moreover, since the 
ideal I of E := End(Mp) in the statement of Theorem 2.5 does not depend on the 
couniform presentation of Mr (Remark 2.6), our notion of having the same lower 
part is well defined. 


Remark 3.1. Let Mr and M), be couniformly presented modules. It is easily seen 
that Mp and My, have the same lower part if and only if there exists an en- 
domorphism f € End(Mp) \ I of Mp that factors through Mp. Similarly, Mr 
and Mj, have the same epigeny class if and only if there exists an endomorphism 
f € End(Mpr)\K of Mp that factors through M),. Here I and K are the completely 
prime ideals of End(Mp) defined in the statement of Theorem 2.5. 


Lemma 3.2. Let Mr and Nr be couniformly presented right modules over a ring 
R. Then Mp = Np if and only if [Mrle = [Nee and [Mr]. = [Nrle- 


Proof. Let E := End(Mp) and let I and K be the ideals of E as in Theorem 
2.5. Assume that Mr and Mj, have the same epigeny class and the same lower 
part. Then there exist f € E\ K and g € E'\ I such that both f and g factor 
through M),. If either f or g is an automorphism, it follows that Mp is isomorphic 
to a non-zero direct summand of My), which is indecomposable, thus Mr ~ Mp. 
Assuming that f and g are not automorphisms, we have f € J\ K andge K\ IJ, 
hence f +g is an automorphism of Mp that factors through Mp © Mp. By [3, 
Lemma 2.3], it follows that Mp is isomorphic to a direct summand of M;, thus 
also in this case we have Mr = Mp. 
The converse is obvious. 
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4. Weak Krull-Schmidt Theorem 


Proposition 4.1. Let M,M,...,Nn (n > 2) be n+1 couniformly presented right 
R-modules. Suppose that M is a direct summand of Ni @---PBN, and that M$ N; 
for alli =1,...,n. Then there are two distinct indices i,j = 1,...,n such that 
[Me = [Nile and [M]e = [Nyle- 


Proof. Since M is a direct summand of Ni @--- @ Ny, with the obvious notation 
for the canonical mappings, we have ly = tuly = ya TuleTpey. Let BE := 
End(Mp) be the endomorphism ring of Mp and let J and K be the ideals of E 
as in Theorem 2.5. There exist indices i and j such that masuimitas € E \ I and 
Tuljtjtm € E\ K. This implies that [M]¢ = [Nile and [Md]. = [Nj]e. Moreover, 
i #9 otherwise M would be isomorphic to N; = N;, which is not. 


Lemma 4.2. Let M,M',M" be couniformly presented modules over an arbitrary 
ring R and assume [Me = [M'Je and [M]e =[M" Je. Then 


(a) M®D=M'@M" for some R-module D; 

(b) the module D in (a) is unique up to isomorphism and is couniformly pre- 
sented; 

(c) [Dle = [M"Je and [D]e = [M"le. 


Proof. (a) Let E = Endr(M) and let I and K be the ideals of E as in Theorem 
2.5. There exist an endomorphism f € E \ I which factors through M’ and an 
endomorphism g € E \ K which factors through M”. If either f or g is an auto- 
morphism, then M = M’ or M & M”, thus (a) clearly holds with D = M” and 
D = M' respectively. We can thus assume f € K\J and g € I\K. It then follows 
that f +g is an automorphism of M which factors through M’ 6 M”, thus (a) 
holds also in this case. 

(b) If MOD=M'OM" and MOD = MOM", then MOED= MED", s0 
that D & D’ because the endomorphism ring of M is semilocal, hence M cancels 
from direct sums [5, Corollary 4.6]. This shows that the complement D is unique 
up to isomorphism. 

Taking the dual Goldie dimension of both sides of S := M@®D&M'@®M", 
we get that D is a couniform module. Considering the canonical projection 7p of 
S onto D, we have that D is a homomorphic image of M’ or of M”. In fact, D = 
wp(S) = tp(M’+M") = Tp(M')+7p(M") C D, hence D = tp(M')+7p(M"), 
and the claim holds because D is couniform. Without loss of generality we can 
assume that D is a homomorphic image of M’, thus it is a homomorphic image of 
the projective cover P’ of M’. We then have a short exact sequence 0 + A — P’ > 
D — 0, which is a couniform presentation of D provided that we prove that A is 
couniform. With the usual notation for the couniform presentations of M, M’, M”, 
consider the two short exact sequences 0 => CHA> P@OP’+-MOEDZS—0 
and 0 = C’@C” = P'@ P” = M'@M" = S — 0. By Schanuel’s Lemma we 
have CO AGP’ @P"=C’ SC" @P@P*. Taking the dual Goldie dimension of 
both sides, we see that A is couniform. 
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(c) If D = M’, then M ~ M” by cancellation, so that [D]. = [M’]. and 
[Dle = [M’Je = [M]e = [M"Je, as required. The case D = M” is exactly the 
same. So we can assume that D # M' and D # M”. By Proposition 4.1, either 
[D]e = [MJe¢ and [D]. = [M"]- or [D]e = [Me and [D]. = [M"]e. In the first case, 
D&M so that D, M, M', M” are all isomorphic, which is not. Thus the second 
case holds, as required. 


Theorem 4.3. (Weak Krull-Schmidt Theorem) Let Mj,...,Mn,Ni,...,N¢ be co- 
uniformly presented right R-modules. Then the modules M, ®---® M, and Ni ® 
---@ N; are isomorphic if and only ifn =t and there are two permutations o,T 
of {1,2,...,n} with [Mile = [Nociyle and [Mile = [N7(iyle for alli =1,...,n. 


Proof. (=) Assume M, @---® M, = Ni @---@ Nz. Comparing the dual Goldie 
dimension of the two sides, we get n = t. 

We will prove by induction on n the existence of the permutations o and 7, 
the case n = 1 being trivial. If Md; = N; for some indices i and 7, we can cancel 
M; and N; (which is possible because their endomorphism ring is semilocal) and 
conclude by induction. Therefore we may assume that M; % Nj for all indices i 
and 7. 

Since M, is isomorphic to a direct summand of N;@---@ Nz, Proposition 4.1 
implies the existence of two distinct indices 1,7 = 1,2,...,n such that [Mile = 
[NiJe and [Mi]. = [Nj]e. For the sake of simplicity, without loss of generality, we 
can assume that i = 1 and j = 2. By Lemma 4.2 applied to the three couniformly 
presented modules M1, Ni, N2, we can find a couniformly presented module D, 
unique up to isomorphism, such that M@, 6 D =~ Ni ® No, [De = [Nale and 
[D]. =[MiJe. Thus M1 @---©M, = Ni G---ON, =Mi SDON3ZS---ONy. 
Cancel M), getting that Mz 6---@ M,, is isomorphic to D@ N3 @---@ Ny. Now 
we deal with direct sums of n — 1 couniformly presented modules, so that we can 
again conclude by induction. 

(<=) The statement is trivial for n = t = 1 by Lemma 3.2, and we proceed by 
induction again. Assume that Mq,...,Mn,Ni,...,Nn are couniformly presented 
right R-modules and that there are two permutations 0,7 of {1,2,...,n} with 
[Mile = [Nociyle and [Mile = [Nr(i)]e for every i = 1,...,n. If o(1) = 7 (1), then 
M, = Noa). Thus o and 7 induce two bijections {2,3,...,n} — {1,2,...,n} \ 
{o(1)}, with the same properties as o and 7, so that, by induction, M2@---®M, 
is isomorphic to the direct sum of the N,’s with 7 4 o(1), from which it clearly 
follows that M, @---@M, =N,@---ONn. 

Thus we can suppose o(1) 4 7(1). By Lemma 4.2, there exists a couniformly 
presented module Mo, unique up to isomorphism, such that Mp 6 M; = Noa) & 
N71), [Mole = [Neale and [Mo]e = [No1yJe. That is, the modules Mo, M, and 
the modules N,(1),.N7(1) have the same lower parts and the same epigeny classes, 
counting multiplicities. The modules Mop, M1,...,M, and the modules Mo, Ni, 
..., Nn have the same lower parts and the same epigeny classes as well, so that 
the modules Mz, M3, ..., Mn and the modules Mo, Mi, ..., No): acy Nea, 
..., Nn have the same lower parts and the same epigeny classes. By the inductive 
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hypothesis, Mz 6 M3 @--- ® M,, and the direct sum of the modules Mp and N; 


with j different from o(1) and 7(1) are isomorphic. Thus Mp 6 Ni @:-: ON, = 
M2 ®---®8Mn®NoayO Nr) = Mo 8 Mi 6 M2@---O My. Cancelling the module 
Mo, we obtain that Ny 8 No @---@N, = M, 6 M2@---@ M,, as desired. 


5. Kernels of morphisms between indecomposable 
injective modules 


In [2] it has been proved that theorems similar to Theorems 2.5 and 4.3 hold 
for kernels of morphisms between indecomposable injective modules (equivalently, 
uniform injective modules). More precisely, let R be an arbitrary ring. Recall that 
two right R-modules A and B are said to belong to the same monogeny class if 
there exist a monomorphism A — B and a monomorphism B — A. In this case, 
we write [A], = [B]m. If £1, Eo, E), E4 are uniform injective right R-modules and 
yp: Ey — Eo, gy’: E — E% are arbitrary morphisms, then kery & kery’ if and 
only if [ker y]m = [ker y’]m and [ker y],, = [ker y’]u. If p: Ey — E> is a non-zero 
non-injective morphism, every morphism f: ker y — ker y’ extends to a morphism 
fi: Ey — E{. Any maximal ideal of Endr(ker y) is equal to either the completely 
prime ideal { f € Endr(ker y) | f is not injective } or the completely prime ideal 
{ f € Enda(ker y) | fy *(ker y) 2 ker y}. Then Endp(ker ¢) is either a local ring 
or has exactly two maximal ideals. 

If y;: Ei, Ej (@ = 1,2,...,n) and pi: Ey => Etsy (j = 1,2,...,t) are 
non-injective morphisms between uniform injective modules Fin, Fi2, E41, Ejo 
over an arbitrary ring R, then @7_, ker y; = Bhar ker Y if and only ifn = t and 
there exist two permutations o,7 of {1,2,...,n} such that [ker y;],,, = [ker Lecaylm 
and [ker yi]u = [ker y(;)]u for every 1 = 1,2,...,n. The proof of all these results 
can be found in [2]. Let us see the relation between this theory of finite direct sums 
of kernels of morphisms between uniform injective modules and the the theory of 
couniformly presented modules developed in the previous sections. 

Let R be a fixed ring. Fix a set {E, | \ € A} of representatives up to 
isomorphism of the uniform injective right R-modules. Set Ep := E(®yea Ey) 
and S := End(FR), so that sER turns out to be an S-R-bimodule. Consider the 
F-dual functors, i.e., the pair of contravariant additive functors 


H := gsHomp,(—, E): Mod-R — S-Mod 
H' := Homg(—, E)r: S-Mod = Mod-R. 


If Kp is the kernel of a morphism between uniform injective R-modules, 
there is an exact sequence 0 KR Ey, — E, for suitable A, € A. Ap- 


plying the exact functor H, we get an exact sequence H(E,,) i) H(E,) 


H(Kpr) — 0. Now for each index X € A there is a direct-sum decomposition 
Er = Ey © E(@p¥aL,), so that there exist a monomorphism 1,: E, — ER 
and an epimorphism 7,: ER — EF) such that mv, = 1p, and ey, := 47, € S 
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is an idempotent endomorphism of Er. Hence, for every 4 € A, we have that 
€-,ER = 1)E), and sH(E)) = Homr(Fy, Er) & Se is a cyclic projective left S- 
module whose endomorphism ring End(gsSe)) is isomorphic to e,Se, = End(£)), 
which is a local ring. Thus sH(E)) © Se, is a couniform projective left S-module. 

Now H(y): sH(E,) — sH(£,) corresponds to the right multiplication 
Se, — Se, by the endomorphism 1,7, of Er. Thus the finitely presented S- 
module sH(Kpr) = Se,/Stypr is the cokernel of a morphism between couniform 
projective left S-modules. In particular, if ¢ 4 0 and ¢ is non-injective, sH(Kr) 
is a couniformly presented S-module. 

Conversely, let us prove that every couniform projective left S-module is 
isomorphic to Se, for some A € A. To see this, recall that, by Lemma 2.1, a 
couniform projective left S-module is isomorphic to Se for some idempotent e € S' 
with eSe a local ring. Hence the direct summand eFR of ER is an injective right 
R-module, necessarily indecomposable because eSe ~ Endr(eER) is local. In the 
spectral category Spec-R of Mod-R, Ep is a semisimple object (it is the coproduct 
of the simple objects £)) and er is a simple subobject of ER [8, Ch. V, §7]. It 
follows that ep is isomorphic to Fy, for some A € A, in the category Spec-R. 
Thus eEr = E) in Mod-R, so that Se = Se, in S-Mod, which is what we wanted 
to prove. 

If gC is the cokernel of a morphism between couniform projective left S- 


modules, there is an exact sequence Se z Se, — sC — 0 for suitable A, uw € A. 
If we apply the left exact functor H’, we get an exact sequence 0 > H’(sC) > 


H'(Se,) fen H'(Se,). Now H’(Se,)rp = Homg(Se,,sE) = e,E = Ey isa 


uniform injective R-module. Thus H’(sC) is the kernel of a morphism between 
uniform injective R-modules. 

It is easily seen that H'H(Kpr) = Kp and HH'(sC) = gC canonically. Since 
Hand H’ are additive functors, they respect finite direct sums. It follows easily 
that: 


Theorem 5.1. The functors H, H’ define inverse categorical dualities 
H:K=AC and H':C 3K 


between the full subcategory K of Mod-R whose objects are all finite direct sums 
of kernels of morphisms between uniform injective right R-modules and the full 
subcategory C of S-Mod whose objects are all finite direct sums of cokernels of 
morphisms between couniform projective left S-modules. 


Proposition 5.2. Let Kr and Kf be kernels of non-zero non-injective morphisms 
between uniform injective right R-modules. Then: 

(a) [Kr]m = [Kp]m if and only if [H(Kr)le = [H(Kp)]e- 

(b) [Kalu = [Kp]u if and only if |H(Kr)le = [H(Kp)Ie. 
Proof. Let Kr be the kernel of the non-zero non-injective morphism y: Ey, — 


E,,. In view of Remark 3.1 and Theorem 5.1, it suffices to show that if f is an 
endomorphism of Kr, then 
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(a) f is in the completely prime ideal of End(/‘p) consisting of all non- 
injective endomorphisms of Kr if and only if H(f) is in the completely prime 
ideal of End(H(kR)) consisting of all non-surjective endomorphisms of H (KR); 

(b) f is in the completely prime ideal of End(/ Rr) consisting of all the endo- 

morphisms g of Kr with g; '(Kr) 2 Ke if and only if H(f) is in the completely 
prime ideal J of End(H(KR)) consisting of all the endomorphisms h of H(K Rp) 
with hy: sC — sC non-surjective. 
(In (b) we have that g: Kr — Kr, gi: E(Kr) — E(Kp), the endomorphism 
h of H(Kp) lifts to ho: sP — sP, where gP is the projective cover of H(Kpr), 
and hi: sC — gC is the restriction of ho to the kernel sC' of the epimorphism 
sP > H(KR).) 

Now (a) follows immediately from the fact that the contravariant functor 
H(—) = Hompa(-, Ep) is exact and Ep is an injective cogenerator. For (b), apply 
the contravariant exact functor H to the commutative diagram with exact rows 


0 xs Kr => Ey — E,, 


fl lf | fe 
0 se Kr => Ey — Ex. 


getting a commutative diagram with exact rows 
H(E,)=Se, — H(£,))=Sex=sP — H(Kp) = 0 
H(f2) | | Hf) L ACh) 
H(E,)=Se, — H(£y)=Se,=sP — (Kp) — 0. 
Then f is in the completely prime ideal of End(r) consisting of all the endomor- 
phisms g of Kp with g;'(Kr) 2 Kp if and only if fo is not injective, if and only 
if H(f2) is not surjective, if and only if H(f)1: sC — gC is not surjective, if and 
only if H(f) belongs to I. 


6. A further duality between epigeny classes and 
monogeny classes 


In Section 5, we saw that monogeny class and epigeny class (and lower part and 
upper part) are related by a duality between suitable categories of modules: the cat- 
egory of kernels of morphisms between uniform injective modules and the category 
of cokernels of morphisms between couniform projective modules. In [1, Proposi- 
tion 7.1] it was shown that, for cyclically presented modules over local rings, lower 
part and epigeny class are related by the Auslander-Bridger transpose, which also 
can be seen as a duality between suitable categories. In this final section, we will 
show that there is a similar relation between monogeny class and epigeny class in 
the case of suitable categories of uniserial modules. 

Recall that if >A and gB are left modules over a ring S, gA is said to be 
cogenerated by sB if gA is isomorphic to a submodule of a direct product of 
copies of ¢B. Equivalently, if for every non-zero a € gA there exists a morphism 
yp: sA — gB such that y(a) 4 0. 
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Let R be a ring. Fix a set { Ey) | \ € A} of representatives up to isomorphism 
of all injective right R-modules that are injective envelopes of non-zero uniserial 
R-modules. Set Er := E(®yeax Ey) and S := End(E£p). Then gEp is an S-R- 
bimodule and 


Hom(—, sR): Mod-R — S-Mod 


is an additive contravariant exact functor. Let Cr denote the full subcategory of 
Mod-R whose objects are all serial right R-modules of finite Goldie dimension. Let 
sC’ be the full subcategory of S-Mod whose objects are all finite direct sums of 
uniserial left S-modules with a projective cover and cogenerated by gE. Notice that 
if a non-zero uniserial module U has a projective cover P, then P is a couniform 
module by Lemma 2.2, so that, in particular, P, hence U, are cyclic modules. 


Proposition 6.1. The functor Hom(—, sER): Mod-R — S-Mod induces a categor- 
ical duality between Cp and gC’. 


Proof. Since the functor Hom(—, sR) is additive, it respects finite direct sums. 
Thus it suffices to show that Hom(—,sE,) induces a duality between uniserial 
right R-modules and the uniserial left S-modules with a projective cover and 
cogenerated by gE. 

Let us prove that if Up 4 0 is uniserial, then Hom(Up, sFR) is a uniserial 
left S-module with a projective cover and is cogenerated by gE. We claim that if 
y,y’ € Hom(Ur, sER) and kery C ker y’, then Sy D Sy’. To prove the claim, 
assume ker y C ker y’. Let 7: U > U/ker y, 7’: U = U/ker vy’ and p: U/ ker p — 
U/ker y’ be the canonical projections, so that 7’ = pr. Let G: U/kery — Er 
and y’: U/kery’ — Ep be the injective right R-module morphisms induced by ¢ 
and y’, respectively. We have y’p = s@ for some s € S because Ep is injective, 
so that y! = y’n'! = y'pr = sO = sy. This proves the claim. Hence, for every 
vy, y’ € Hom(Ur, sER), we have that ker y C ker y’ if and only if Sy D Sy’. Thus, 
Ur uniserial implies that Hom(Ur, s FR) is a uniserial left S-module. 

We will now determine the projective cover of Hom(Up, sER). Since Ur 4 0, 
there exists a unique A € A with F) an injective envelope of Up. Let v: Ur — E) be 
a fixed essential monomorphism. Applying the functor Hom(—,s5ER), we get an 


S-module epimorphism sHom(F), Er) gHOmMG PE) sHom(Up, Ep). Since Er = 
E\@E(®pzrL,), there exists a monomorphism 4: Ey, > ER and an epimorphism 
T .: Erp — Ey such that mt, = lg, and e, := tm, € S is an idempotent 
endomorphism of Er. Hence we have an isomorphism sHom(E£), Er) > Se given 
by f +> fay. Moreover, we have an isomorphism Endr(E£,) — e,Se, given by 
fifa, so that e,Se, ~ Endg(Se) is a local ring. Thus Se, is a couniform 
projective left S-module by Lemma 2.1. Finally, Hom(Ur,sER) 4 0 because it 
contains the embedding 1,4: Up — Er, and sHom(:, Fp) is a projective cover of 
Hom(Up, sER). 

Finally, Hom(Ur, sER) is cogenerated by sE because it is an S-submodule 
of sE”, the direct product of a family of copies of sE indexed in the set U. 
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Conversely, let us prove that every uniserial left S-module with a projective 
cover and cogenerated by s£ is isomorphic to Hom(Ur, sER) for some uniserial 
module Up. 

To this end, we claim that any couniform projective left S-module is isomor- 
phic to Se, for some A € A. To see this, notice that, by Lemma 2.1, a couniform 
projective left S-module is isomorphic to Se for some idempotent e € S with eSe 
a local ring. Hence the direct summand eF pz of Ep is an injective right R-module, 
necessarily indecomposable because eSe ~ Endpr(eER) is local. In the spectral 
category Spec-R of Mod-R, Ep is a semisimple object, namely the coproduct of 
the simple objects E), and eFR is a simple subobject of Ep [8, Ch. V, §7]. It 
follows that eER is isomorphic to FE), for some A € A, in the category Spec-R. 
Thus eFR & E) in Mod-R, so that Se & Se, in S-Mod, which is what we wanted 
to show. 

Hence couniform left S-modules with a projective cover are isomorphic to 
Se,/gsT for some left ideal sT of S properly contained in Se,. Thus, assume we 
have a non-zero uniserial module Se,/sT cogenerated by s£ and let us prove that 
there exists a uniserial module Up with Hom(Up, sEr) = Sey/sT. We will show 
that the required uniserial module is Up := { x € t)(E)) | tx = 0 for every t € T} 
(notice that TC S and 1)(E)) C Ep, so that the product ta is defined). 

Let us first prove that the submodule Up of 1,(Fy) is uniserial. Let x,y be 
any two elements of Ug. Then Lanng(x) and Lanng(y) are two left ideals of S that 
contain 1—e, and T. Thus Lanng(x)/(S(1—e,)+T) and Lanng(y)/(S(1—e,)+T) 
are two submodules of $/(S(1—e,)+T) = Se)/sT, which is a uniserial S-module. 
Hence Lanng(x)/(S(1—e,)+7) and Lanng(y)/(S(1—e,)+T7) are comparable, so 
that lanng(x) and Lanng(y) are comparable as well. Without loss of generality, 
we can suppose l.anng(x) C Lanng(y). Let us prove that this implies yR C «R. 
Assume the contrary, that is, assume yR Z «xR. Then (yR+ xR)/xR is a non- 
zero module. Now Ep is an injective cogenerator because simple modules are 
non-zero uniserial modules, so that there exists a morphism y: yR+ xR — Ep 
with v(x) = 0 and y(y) 4 0. The R-module morphism y extends to an element 
s€S,and sx =0, sy 40. This contradicts l.anng(x) C l.anng(y). Hence Up is a 
uniserial submodule of 1 (E}). 

We finally prove that Homr(Ur,sErR) =~ Sey/sT. We have a restriction 
morphism p: Se, — Hom(Ur,sER) because Up C t,(Fy) C Ep, and p is an 
epimorphism because Fp is injective. It remains to show that kerp = T. From 
TUR = 0, it follows that ker p = Lanng(Ur) NM Se, D T. Conversely, if se, € Se 
but se, ¢ T, then se, + sT #0. As Sey/sT is cogenerated by sF, there is an S- 
module morphism Se, — s£ that maps sT7 to 0 and se, to a non-zero element of 
s. S-module morphisms Se, — sE are given by right multiplication by elements 
of e,E =1)(E£)). Hence there exists « € Ur with seyx ¥ 0, that is, p(se,)(x) #0. 
Thus se, ¢ ker p, which proves that ker p = T. 

We now show that the functor Hom(—,s5FR) is full and faithful. Let U; 
and U2 be non-zero uniserial modules. For each 7 = 1,2, there exist an essential 
monomorphism v;: U; + Ey, and an epimorphism p;: Se,, > Hom(Ui, Er). 
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Notice that p; and p2 are projective covers. Any S-module morphism 
f: sHom(U1, Er) — sHom(U2, Ep) lifts to an S-module morphism g between 
the projective covers: 


0 — kerp, —> Se, “> sHom(Ui,E) — 0 
{ Lg Lf (3) 


0 — kerpp —> Se, “> sHom(U2,F) — 0. 


Now g is right multiplication by some ey, séy, € €y, S€a,. Set @ := 7, Sly,: Ey, 
E)y,. Let us prove that a(t2(U2)) C u1(U1). Suppose not. Then there exists y € 
to(U2) with a(y) ¢ 41(Ui). Since Ep is an injective cogenerator, there exists 
t: Ey, — Ep such that t(e;(U;)) = 0 and t(a(y)) £0, that is, t € Se,,, t € ker py 
and tm, 8ty,(y) 4 0. Hence tm), st), = g(t) 0. Thus t € ker p; and g(t) € ker po, 
which contradicts the commutativity of diagram (3). Thus a(2(U2)) C (U1), 
there exists G: Uz — U, with 118 = atz, and Hom($,5sEr) = f, which proves 
that the functor Hom(—, sFp) is full. 

It is also faithful, because if G: Uz — Uj, is a non-zero R-module morphism, 
there exists ug € U2 with G(u2) 4 0. But Ep is an injective cogenerator, so that 
there exists y: U; — Er with y(G(u2)) £ 0. Then Hom(f,5ErR)(y) = p8 4 0, 
which proves that Hom(—, sf) is faithful. 


Corollary 6.2. [f Up,U are uniserial right R-modules, then: 


(a) Up and Uf are in the same monogeny class if and only if the uniserial left 
S'-modules Hom(Ur, sER) and Hom(Uk, sER) are in the same epigeny class. 

(b) Up and Up are in the same epigeny class if and only if the uniserial left 
S-modules Hom(Ur, sEr) and Hom(U_, sER) are in the same monogeny 
class. 


Proof. (a) The implication (=) follows from the fact that Hom(—, Eg) is an exact 
contravariant functor. For (<=), every epimorphism Hom(Up, Er) ~ Hom(Up, Er) 
is of the form Hom(y, Fr) for some y: Up — Ur by Proposition 6.1. Applying 


the exact functor Hom(—, Ep) to the exact sequence 0 > kery — UR = Up, we 

see that Hom(ker y, Er) = 0, so that ker yp = 0 because Ep is a cogenerator. Thus 

yp: UZ — UR is a monomorphism. 
The proof for (b) is similar. 
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Abstract. This paper offers an expository account of some ideas, methods, 
and conjectures concerning quantized coordinate rings and their semiclassi- 
cal limits, with a particular focus on primitive ideal spaces. The semiclassical 
limit of a family of quantized coordinate rings of an affine algebraic variety 
V consists of the classical coordinate ring O(V) equipped with an associ- 
ated Poisson structure. Conjectured relationships between primitive ideals 
of a generic quantized coordinate ring A and symplectic leaves in V (rela- 
tive to a semiclassical limit Poisson structure on O(V)) are discussed, as are 
breakdowns in the connections when the symplectic leaves are not algebraic. 
This prompts replacement of the differential-geometric concept of symplectic 
leaves with the algebraic concept of symplectic cores, and a reformulated con- 
jecture is proposed: The primitive spectrum of A should be homeomorphic to 
the space of symplectic cores in V, and to the Poisson-primitive spectrum of 
O(V). Various examples, including both quantized coordinate rings and en- 
veloping algebras of solvable Lie algebras, are analyzed to support the choice 
of symplectic cores to replace symplectic leaves. 
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0. Introduction 


By now, the “Cheshire cat” description of quantum groups is well known — a 
quantum group is not a group at all, but something that remains when a group 
has faded away, leaving an algebra of functions behind. The appropriate functions 
depend on which category of group is under investigation. We concentrate here 
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on (affine) algebraic groups G, on which the natural functions of interest are the 
polynomial functions. These constitute the classical coordinate ring of G, which 
we denote O(G). (The group structure on G induces a Hopf algebra structure on 
O(G), but we shall not make use of that.) A quantized coordinate ring of G is, 
informally, a deformation of O(G), in the sense that it is an algebra with a set of 
generators patterned after those in O(G), but with a new multiplication that is 
typically noncommutative. Examples and references will be given in Section 1. We 
do not address the question of what properties are required to qualify an algebra as 
a quantized coordinate ring — this remains a fundamental open problem. Quantized 
coordinate rings have also been defined for a number of algebraic varieties other 
than algebraic groups, and our discussion will incorporate them as well. 

Many parallels have been found between the structures of quantized and 
classical coordinate rings, and general principles for organizing and predicting 
such parallels are needed. The present paper concentrates on a circle of ideas and 
results focussed on ideal structure, particularly spaces of prime or primitive ideals. 
The theme/principle we follow, based on much previous work, can be stated this 
way: 

The primitive ideals of a suitably generic quantized coordinate ring of an 

algebraic variety V should match subsets of V in some partition defined 

through the geometry of V and a Poisson structure obtained from a 

semiclassical limit process. 


Many of the terms just mentioned require explanations, which we will give over the 
course of the paper. Here we just mention that, in the above statement, “generic” 
refers to the assumption that suitable parameters in the construction of the quan- 
tized coordinate ring should be non-roots of unity. 


To begin the story (omitting many definitions and details), we refer to the 
results of Soibelman and Vaksman [51, 45, 46], who studied the “standard” generic 
quantized coordinate rings of simple compact Lie groups K. They established 
a bijection between the irreducible *-representations of K (on Hilbert spaces) 
and the symplectic leaves in K (relative to a Poisson structure arising from the 
quantization). This amounts to a linkage between primitive ideals and symplectic 
leaves, a relationship which is a key ingredient of the Orbit Method from Lie 
theory. Informed by this principle, and inspired by the work of Soibelman and 
Vaksman, Hodges and Levasseur conjectured that similar bijections should exist 
for semisimple complex algebraic groups [22]. The case of SL2(C) being easy [22, 
Appendix], they first verified the conjecture for S'L3(C) [op. cit.], and then for 
SL,,(C) [23]. It was established for connected semisimple groups by Joseph [27] and 
by Hodges, Levasseur, and Toro [24]. In light of these achievements, it is natural 
to pose this conjecture for other classes of generic quantized coordinate rings. (It 
is easily seen that the above conjecture cannot hold for non-generic quantized 
coordinate rings. In such cases, the quantized coordinate rings are usually finitely 
generated modules over their centers, and they have far more primitive ideals than 
can be matched to symplectic leaves.) 
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In the specific cases just mentioned, the symplectic leaves turn out to be 
algebraic, in the sense that they are locally closed in the Zariski topology. Hodges, 
Levasseur, and Toro pointed out in [24] that symplectic leaves need not be alge- 
braic for Poisson structures arising from multiparameter quantizations, and that 
the above conjecture cannot be expected to hold in such cases. We argue that it 
should not be surprising that the concept of symplectic leaves, which comes from 
differential geometry, is not always well suited for algebraic problems. Thus, sym- 
plectic leaves should be replaced by more algebraically defined objects. The notion 
of symplectic cores introduced by Brown and Gordon [6] fills the role well, up to 
the present state of knowledge; we will give evidence to buttress this statement. 


Our aim here is to present an account of the above story, with introductions 
to and discussions of the relevant concepts. In particular, the tour will pass through 
way stations such as quantized coordinate rings, semiclassical limits, Poisson struc- 
tures, symplectic leaves, the Orbit Method, symplectic cores, and the Dixmier map. 
By the end of the tour, we will be in purely algebraic territory, where we can formu- 
late a conjecture that does not require any differential geometry (i.e., symplectic 
leaves). Namely: 


If A is a generic quantized coordinate ring of an affine algebraic variety 
V over an algebraically closed field of characteristic zero, and if V is 
given the Poisson structure arising from an appropriate semiclassical 
limit, then the spaces of primitive ideals in A and symplectic cores in 
V, with their respective Zariski topologies, are homeomorphic. 


A parallel conjecture relates the prime and primitive spectra of A to the spaces of 
Poisson prime and Poisson-primitive ideals in O(V). 


Fix a base field & throughout the paper; all algebras mentioned will be unital 
k-algebras. This field can be general at first, but then we will require it to have 
characteristic zero, and/or be algebraically closed. When discussing symplectic 
leaves, we restrict k to R or C. 


1. Quantized coordinate rings 


We begin by recalling two basic examples, to clarify the idea that a quantized co- 
ordinate ring of an algebraic group (or variety) is, loosely speaking, a deformation 
of the classical coordinate ring. References to many other examples are given in 
881.2, 1.4, 1.5. 


1.1. Quantum SL». Recall that the group SL2(k) is a closed subvariety of the 
variety of 2 x 2 matrices over k, defined by the single equation “determinant = 
1”. The coordinate ring of the matrix variety is naturally realized as a polynomial 
ring in four variables X;;, corresponding to the functions that pick out the four 
entries of the matrices. The coordinate ring of SZ2(k) can thus be described as 
follows: 


O(SL2(k)) = k[X11, X12, Xo1, X22]/ (X11 X22 — X12X21 — 1). 
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To “quantize” this coordinate ring, we replace the commutative multiplication by 
a noncommutative one, parametrized by a nonzero scalar g, as below. The reasons 
for this particular choice of relations will not be given here; see [4, §81.1.6, 1.1.8], 
for instance, for a discussion. 

Given a choice of scalar g € k*, the “standard” one-parameter quantized 
coordinate ring of SL2(k) is the k-algebra O,(SL2(k)) presented by generators 
X11, X12, X21, X22 and the following relations: 


X11 Xy2 = XX Xu1Xa1 = Xa X11 
X42X22 = ¢X22X12 X291X22 = ¢X22X01 
X42X91 = X21 X12 X41 Xo2 — Xo2X11 = (¢— 7!) X12 X21 


X41 X22 — qX12X91 = 1. 


The case when q = 1 is special: The first six relations then reduce to saying 
that the generators X;; commute with each other, the last reduces to the defining 
relation for the variety SL2(k), and so the algebra O,(SL2(k)) is just the classical 
coordinate ring. We write this, very informally, as 


O(SL2(k)) = lim O,q(SL2(k)); 
q— 
it is our first example of a “semiclassical limit” . 


1.2. Quantum matrices, quantum SL, and GL,,. The pattern indicated in $1.1 
extends to definitions of “standard” single parameter quantized coordinate rings 
Oq(Mn(k)), Og(SLn(k)), and Og(GLn(k)) for all positive integers n. Multipa- 
rameter versions, which we label in the form ©),p(—), have also been defined. 
Generators and relations for these algebras may be found, for instance, in [12, 
§§ 1.2-1.4], [4, §§ 1.2.2-1.2.4]. 


1.3. Quantum affine spaces. The coordinate ring of affine n-space over k is the 
polynomial algebra in n indeterminates, and the most basic quantization is ob- 
tained by replacing commutativity (vy = yx) with q-commutativity: ry = qyx. 
Thus, the “standard” one-parameter quantized coordinate ring of k”, relative to a 
choice of scalar g € k*, is the k-algebra 


Og(k") = k(ai,..., Un | via; = quju; for 1 <i<j<n). 


The multiparameter version of this algebra requires an n x n matrix of nonzero 
scalars, q = (qi;), which is multiplicatively antisymmetric in the sense that gj; = 1 
and qj; = diy for all i, 7. The multiparameter quantized coordinate ring of k” 
corresponding to a choice of q is the k-algebra 


Og(k”) = k(a1,...,%n | LX; = GjvjX; for all i, 7). 


In the one-parameter case, we can write O(k"”) = lim,.; O,(k”) in the 
same sense as above. For the multiparameter case, we imagine a limit in which all 
Gj — 1. 
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1.4. Quantized coordinate rings of semisimple groups. The single parameter ver- 
sions of these Hopf algebras, which we denote O,(G), were first defined for semisim- 
ple algebraic groups G of classical type (types A, B, C, D) via generators and rela- 
tions, by Faddeev, Reshetikhin, and Takhtadjan [43] and Takeuchi [48]. A detailed 
development (done for k = C, but the pattern is the same over other fields) can be 
found in [32, Chapter 9]. In most of the more recent literature, O,(G) is defined 
as a restricted Hopf dual of the quantized enveloping algebra of the Lie algebra of 
G (e.g., see [4, Chapter I.7]). This is a more uniform approach, which also covers 
groups of exceptional type. That the two approaches yield the same Hopf algebras 
in the classical cases was established by Hayashi [20] and Takeuchi [48] (see [32, 
Theorem 11.22]). 

The single parameter algebras O,(G) constitute the “standard” quantized 
coordinate rings of semisimple groups. Multiparameter versions, which we label 
Oq,p(G), were introduced by Hodges, Levasseur, and Toro [24]. 


1.5. Additional examples. Quantized coordinate rings, both single- and multipa- 
rameter, have been defined for many algebraic varieties, such as algebraic tori, toric 
varieties, and versions of affine spaces related to classical groups of types B, C, D. 
For a general survey, see [12, Section 1]. Quantized toric varieties were introduced 
in [26] (see also [17, 16]). A family of iterated skew polynomial algebras cover- 
ing multiparameter quantized Euclidean and symplectic spaces was introduced by 
Oh [38] and extended by Horton [25] (see also [14, § 2.5] for the odd-dimensional 
Euclidean case). Among other algebras that have been studied in the literature, 
we mention quantized coordinate rings for varieties of antisymmetric matrices [47] 
and varieties of symmetric matrices [37, 28]. 


1.6. Limits of families of algebras. The semiclassical limits informally introduced 
in §§1.1, 1.3 are more properly viewed in the framework of families of algebras. For 
example, the algebras O,(SL2(k)) are quotients of a single algebra over a Laurent 
polynomial ring k[t*+'], namely the algebra A given by generators X11, X12, X21, 
Xo and relations as in §1.1, but with q replaced by t: 


XX. = tXy2X11 X11 Xo1 = (Xa X11 

X12X92 = tX22X12 X21Xo2 = tX22X21 (1.6a) 
6a 

X12Xo1 = X21 X12 X Xo — XooXu1 = (t —t71)X12X01 


X11 Xo2 — tX12X91 = 1. 


For each gq € k*, there is a natural identification A/(t — q)A = O,(SL2(k)). 
The “limit as gq — 1” is then simply the case q = 1 of these identifications: 
A/(t — 1)A = O(SLa(k)). 
Similarly, if we take 
B= klt*"](e1,...,¢n | via; = taza; for 1 <i<j<ni), (1.6b) 
then B/(t — q)B = O,(k”) for all g € k*, and 
lim, O,(k") = B/(t -1)B = O(k”). 
iam 
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The multiparameter algebras Og(k”) can, likewise, be set up as common quotients 
of an algebra over a Laurent polynomial ring k[ ae | 1<i<j< nj. However, 
for purposes such as obtaining Poisson structures on semiclassical limits, we need 
to be able to exhibit the Og(k”) as quotients of k[t*']-algebras. There are many 


ways to do this; we will discuss some in §2.3. 


1.7. An older example: the Weyl algebra. Weyl defined the algebra we now call 
the first Weyl algebra as 

Cix,y | ry — yx = hi), 
where fh is Planck’s constant and i = /—I. Physicists often use the term “classical 
limit” to denote the transition from a quantum mechanical system to a classical 
one by letting Planck’s constant go to zero. The fact that limp—.o of the above 
algebra is the polynomial ring C[z, y] is one instance of this point of view. 

To relate this semiclassical limit to the ones above, take k = C and take the 
scalar g in quantized coordinate rings to be e”. Then fi — 0 corresponds to q — 1. 
In many constructions, particularly the C*-algebra quantum groups corresponding 
to compact Lie groups, the parameter q is either written directly in the form e” 
or is taken to be a nonnegative real number, with calculations involving e” used 
for motivation. 


2. Semiclassical limit constructions 


In the context of quantized coordinate rings, semiclassical limits are constructed 
via quotients of algebras over Laurent polynomial rings, as in §1.6. A different 
version, using associated graded rings, is needed in other arenas, particularly for 
enveloping algebras of Lie algebras. We describe both constructions in this section. 


2.1. Semiclassical limits: commutative fibre version. Let k[h] be a polynomial alge- 
bra, with the indeterminate named h as a reminder of Planck’s constant. Suppose 
that A is a torsionfree k[h]-algebra, and that A/hA is commutative. Since A is 
then a flat k[h]-module, the family of factor algebras (A/(h — a)A) ach (OF, for 
short, A itself) is called a flat family of k-algebras, and A/hA is viewed as the 
“limit” of the family. It may happen that some of the algebras A/(h—«a)A collapse 
to zero or are otherwise not desirable. If so, it is natural to treat A as an algebra 
over a localization of k[h] (cf. Example 2.2(c), for instance). We will usually not 
do this explicitly. 

An immediate question is, what kind of information about the algebras 
A/(h — a)A is contained in this limit? Observe that, because of the commuta- 
tivity of A/hA, all additive commutators [a,b] = ab — ba in A are divisible by h. 
Moreover, division by h is unique, since A is torsionfree as a k[h]-module. Hence, 
we obtain a well-defined binary operation il-, —] on A. This operation enjoys four 
key properties: 

(1) Bilinearity; 
(2) Antisymmetry; 
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(3) The Jacobi identity (thus A, equipped with 4[—, —], is a Lie algebra over k); 
(4) The Leibniz identities, that is, the product rule (for derivatives) in each 
variable: ¢[a, bc] = (#[a, b])c + b(#[a,c]) for all a,b,c € A, and similarly for 

7 [bc, a]. 

Operations satisfying properties (1)—(4) are called Poisson brackets. 

The above Poisson bracket on A induces, uniquely, a Poisson bracket on 
A/hA, which we denote {—,—}. Thus, writing overbars to denote cosets modulo 
hA, we have 

{a,5} = Fla, bj 
for a,b € A. The commutative algebra A/hA, equipped with this Poisson bracket, 
is called the semiclassical limit of the family (A/(h — a)A) veg Loosely speaking, 
the Poisson bracket on the semiclassical limit records a “first-order impression” of 
the commutators in A and in the algebras A/(h — a)A. 


2.2. Examples 


(a) Fit the one-parameter quantum affine spaces O,(k”) into the k[t*+]-algebra B 
of (1.6b), and set h = t—1. Then B represents a flat family of k[h]-algebras, with 
B/hB commutative. We identify B/hB with the polynomial ring k[x1,...,2n] 
and compute the resulting Poisson bracket on the indeterminates as follows. For 


1<i< jg <n, we have [x;,x;] = ha;x,; in B, and hence 
{xi, 25} = LjiXy 


in kla,...,2%n]. Because of the Leibniz identities, the above information deter- 
mines this Poisson bracket uniquely. It may be described in full as follows: 


esa 


1<icj<n Ox; Ox; Ox; Ox; 


for all f,g € klx1,..., Un]. 


(b) Take A = k[A](x,y | ey — yx =h). Then A/(h — a)A & Aj(k) for all nonzero 
a € k, while A/hA can be identified with the polynomial ring k[z, y]. In this case, 
the semiclassical limit Poisson bracket on k[x,y] satisfies (and is determined by) 


{x,y} = 1. 

(c) The family (Og(SL2(k))) jens fits into the k[t*"]-algebra A with generators 
X11, X12, X21, X22 and relations (1.6a). This is a flat family over k[h], where 
h =t-— 1. Since ¢ is invertible in A, the specialization A/(h + 1)A is zero, corre- 
sponding to the fact that A is actually a torsionfree (even free) algebra over the 
localization k[h][(h + 1)~+]. Here the semiclassical limit is the classical coordinate 
ring O(SL2(k)), equipped with the Poisson bracket satisfying 

{X11, X12} = Xu X12 {X11, Xai} = X11 X21 

{X12, X22} = X12Xo2 {X21, X22} = X21 X22 (2.2c) 

{Xi2, X21} =0 {X11, X22} = 2X12Xo1- 
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(d) In parallel with (c), the family (Oq(Ma(k))) genx fits into a k[t*]-algebra C 
given by generators X11, X12, X21, X22 and the first six relations of (1.6a). Its 
semiclassical limit is the classical coordinate ring O(M2(k)), equipped with the 
Poisson bracket satisfying the equations (2.2c). 

To illustrate one piece of information reflected in this semiclassical limit, we 
focus on the quantum determinant in the algebra C, namely the element D,; = 
X 11X22 —tX 42X21. It is well known that D; is a central element. Hence, its image 
in O(M2(k)), namely the ordinary determinant D = X11 X22 — X12Xa21, is Poisson 
central: {D, f} = 0 for all f € O(Mo(k)). (This can also be checked directly, via 
(2.2c) and the Leibniz identities.) 


2.3. Multiparameter examples. To obtain a semiclassical limit — with Poisson 
bracket — for a multiparameter family of algebras, we convert to a single param- 
eter family and apply the construction of §2.1. The procedure is clear when the 
parameters involved are integer powers of a single parameter. For example, con- 
sider the algebras Og(k") where q = (q*’) for g € k* and an antisymmetric 
integer matrix (a;;). Then define 


A= RE | Giiss ee [ie ae forall 44), 


which is a torsionfree k{t — 1]-algebra with A/(t — 1)A commutative. The semi- 
classical limit is the polynomial algebra k[x1,...,2»], equipped with the Poisson 
bracket satisfying 


{lis Xj} = Aig Vix; 
for all i, 7. 
More general parameters can be dealt with by various means. A simple but 
ad hoc method to handle any Og(k”) is via the algebra 


A=k[A](x1,...,2n | via; = (1+ (Giz —1)h)x;x; for 1 <i<j <n), 


which is set up so that A/(h — 1)A & Og(k”) and A/hA = klay,...,2,]. This 
yields a Poisson bracket satisfying {x;,7;} = (qij — 1)viax; for all i,j. 

A variant of the previous procedure, involving quadratic rather than lin- 
ear polynomials in h, is used in [18] to construct semiclassical limits for which 
the conjecture sketched in the Introduction applies to the generic multiparameter 
quantum affine spaces O,g(k”). 

Inverse to the construction of semiclassical limits is the problem of quantiza- 
tion: trying to represent a given algebra supporting a Poisson bracket as a semiclas- 
sical limit of a suitable family of algebras. We will not discuss this problem except 
to indicate a solution for the case of homogeneous quadratic Poisson brackets on 
polynomial rings. Namely, suppose we have a polynomial algebra k[{a,...,2n], 
equipped with a Poisson bracket such that {a;,2;} = aijaiax; for all i, 7, where 
(aij) is an antisymmetric matrix of scalars over k. In place of ad hoc procedures 
such as the one sketched above, it is natural, assuming that chark = 0, to use 


power series. In this case, set exp(aij) = 09 aayh” € k[[h]] for all i, 7, and 
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form the k[[h]]-algebra 
A=k{[A]](a1,..-,¢n | viv; = exp(auj)x;2; for all i,j). 


The semiclassical limit algebra is k[z,,..., 2], and its Poisson bracket is the orig- 
inal one. 

Analogous k|[h]]-algebra constructions are given for commonly studied fami- 
lies of quantized coordinate rings of skew polynomial type in [14, Section 2]. 


2.4. Semiclassical limits: filtered/graded version. Suppose that A is a Z-filtered 
k-algebra, say with filtration (A,)nez. Thus, the A, are k-subspaces of A, with 
Am C An when m <n, such that AmAn C Am+n for all m, n. We will assume 
that the filtration is erhaustive, that is, that Unez A n = A, and that 1 € Apo; thus, 
Apo is a unital subalgebra of A. Finally, let gr A = @,,cz Bt, A be the associated 
graded algebra, where gr, A = A,/An-_1. 

Now assume that gr A is commutative. Homogeneous elements a € gr,,, A 
and b € gr, A can be lifted to elements @ € A, and be An, and since grA 
is commutative, the commutator (a, 6] must lie in Am+4n—1. We then set {a,b} 
equal to the coset of (a, 6] in 2T,,4n-1A. It is an easy exercise, left to the reader, 
to verify that {a,b} is well defined, and that the extension of {—,—} to sums of 
homogeneous elements defines a Poisson bracket on gr A. The commutative algebra 
gr A, equipped with this Poisson bracket, is called the semiclassical limit of A. 

More generally, assume there is an integer d < 0 such that [Am, An] C 
Am-+n+a for all m,n € Z. This assumption of course forces gr A to be commuta- 
tive. Modify the definition above by setting {a,b} equal to the coset of [@, 6] in 
8lminta A, for a € gr,, A and b € gr,, A. This recipe again produces a well-defined 
Poisson bracket on gr A [34, Lemma 2.7]. 


2.5. Bridging the two constructions. The semiclassical limit of a Z-filtered algebra 
A constructed in §2.4 can also be obtained by applying the construction of §2.1 to 
an auxiliary algebra, namely the Rees ring 


A:= 57 Anh” © Alh*], 


neZ 


where A[h*"] is a Laurent polynomial ring over A. Since 1 € Ag, the polynomial 
algebra k{h] is a subalgebra of A, and we note that A is a torsionfree k[h]-algebra. 
(It is not a k[A* me algebra pier A_; = Apo, in which case all A, = Ap.) On one 


hand, A/(h—1)A & A. On the other, A/hA & gr A, because hA = dinez A main” 
Thus, if gr A is commutative, we have a Poisson bracket il-, —] on A, which 
induces a Poisson bracket {—,—}, on gr A as in §2.1. This bracket concides with 


the Poisson bracket {—,—}4 constructed in §2.4, as follows. 
Start with a € er,, A and b € gr, A, and lift these elements to @ € Am and 
b € An. With respect to the natural epimorphism 7 : A — gr A, the elements a 
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and 6 lift to Gh", bh” e A. Hence, 
‘ae os — = — 
{a,b}; = (= [an™,bh")) = n([4, Jk") = [4,8] + Amin—2 = {a,b}. 
Therefore {—, —}1 = {-,—}.. 


2.6. Example: enveloping algebras. Let g be a finite-dimensional Lie algebra over 
k, and put the standard (nonnegative) filtration on the enveloping algebra U(g), so 
that U(g)o = k and U(g)i =k+g, while U(g)n = U(g)7 for n > 1. The associated 
graded algebra is commutative, and is naturally identified with the symmetric 
algebra S(g) of the vector space g. In particular, we use the same symbol to denote 
an element of g and its coset in gr; U(g) = S(g)1. Then S(g) is the semiclassical 
limit of U(g), equipped with the Poisson bracket satisfying 


{e, ft = le, f] 
for all e, f € g, where [e, f] denotes the Lie product in g. The above formula 
determines {—,—} uniquely, since g generates S(g). 


Now view the dual space g* as an algebraic variety, namely the affine space 
A‘™58_ The coordinate ring O(g*) is a polynomial algebra over k in dim g indeter- 
minates, as is S(g). There is a canonical isomorphism 


9: S(g) ——> O(s*) (2.6) 
which sends each e € g to the polynomial function on g* given by evaluation 
at e, that is, 6(e)(a) = a(e) for a € g*. (This isomorphism is often treated as 
an identification of the algebras S(g) and O(g*).) Via 6, the Poisson bracket on 
Sg) obtained from the semiclassical limit process above carries over to a Poisson 
bracket on O(g*), known as the Kirillov-Kostant-Souriau Poisson bracket. 

If {e1,..., en} is a basis for g, then S(g) = k[ei,...,e,] and @ sends the e; to 
indeterminates x; such that O(g*) = k[a1,...,2,]. An explicit description of the 
KKS Poisson bracket on O(g*) can be obtained in terms of the structure constants 
of g, as follows. These constants are scalars c},; € k such that [e;,e;] = )2, cer for 
all i, j. Since {e;,e;} = [e:, €;] in $(g), an application of 6 yields {x;, aj} = 0, 4,41 
for all 2, 7. It follows that 

1, Op Og 
{p,q} = 2435, Bey 
for p,q € O(g*) [7, Proposition 1.3.18]. To see this, just check that the displayed 
formula determines a Poisson bracket on O(g*) which agrees with the KKS bracket 
on pairs of indeterminates. 

The KKS Poisson bracket on O(g*) can also be obtained by applying the 
method of §2.1 to the homogenization of U(g), that is, the k[h]-algebra A with 
generating vector space g and relations ef — fe = hle, f] for e, f € g (where [e, f] 
again denotes the Lie product in g). Here A/hA = S(g) = O(g*) and A/(h—A)A = 
U(g) for all A € k*. 
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3. Symplectic leaves 


We introduce symplectic leaves first in the context of Poisson manifolds, following 
the original definition of Weinstein [54], and then we carry the concept over to 
complex affine Poisson varieties, following Brown and Gordon [6]. 


3.1. Poisson algebras. We reiterate the general definition from 82.1: a Poisson 
bracket on a k-algebra R is any antisymmetric bilinear map R x R — R which 
satisfies the Jacobi and Leibniz identities. Unless a special notation imposes itself, 
we denote all Poisson brackets by curly braces: {—,—}. 

A Poisson algebra over k is just a k-algebra R equipped with a particular 
Poisson bracket. We restrict our attention to commutative Poisson algebras in the 
present paper. As for the noncommutative case, Farkas and Letzter have shown 
that Poisson brackets essentially reduce to commutators [11, Theorem 1.2]: If R is 
a prime ring which is not commutative, any Poisson bracket on R is a multiple of 
the commutator bracket by an element of the extended centroid of R. 


3.2. Symplectic leaves in Poisson manifolds. Let M be a smooth manifold, and let 
C™(M) denote the algebra of smooth real-valued functions on M. (Some authors 
replace C'™°(M) by the algebra of smooth or analytic complex-valued functions.) A 
Poisson structure on M is a choice of Poisson bracket on C'°(M), so that C™°(M) 
becomes a Poisson algebra. A smooth manifold, together with a choice of Poisson 
structure, is called a Poisson manifold. 

Now assume that M is a Poisson manifold. For each f € C°(M), the map 
Xz ={f,—} is a derivation on C(M) and thus a vector field on M. Such vector 
fields are called Hamiltonian vector fields (for the given Poisson structure), and the 
flows (or integral curves) of Hamiltonian vector fields are known as Hamiltonian 
paths. More specifically, a smooth path y : [0,1] — M is Hamiltonian provided 
there is some f € C™(M) such that, at each point y(t) along the path, the 
tangent vector dy/dt equals X | (4). Since the change from a Hamiltonian path 
following the flow of a vector field Xy to one following a different vector field X, 
need not be smooth, one must work with piecewise Hamiltonian paths, i.e., finite 
concatenations of Hamiltonian paths. 

These paths determine an equivalence relation on M, points p and p’ being 
equivalent if and only if there is a piecewise Hamiltonian path in M running 
from p to p’. The resulting equivalence classes are called symplectic leaves, and 
the partition of M as the disjoint union of its symplectic leaves is known as the 
symplectic foliation of M. 


3.3. Poisson bivector fields. For many purposes, it is more useful to record a 
Poisson structure in the form of a bivector field rather than a Poisson bracket. In 
particular, this allows the most direct definition of Poisson structures on non-affine 
algebraic varieties. 

Let M be a Poisson manifold. For a point p € M, let m, denote the maxi- 
mal ideal of C°°(M) consisting of those functions that vanish at p. Evaluation of 
Poisson brackets at p induces an antisymmetric bilinear form 7p on the cotangent 
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2 
space m,/ms,, where 


T(f +m2,9+m3) = {f,9}(p) 


for f,g € mp. Now zy,» acts in each variable as a linear map in the dual space 
of m,/m, that is, as a tangent vector to M at p. Since a, is antisymmetric, it 
is thus a tangent bivector at p, namely an element of T,(M/) A T,(M). The map 
1: P+ Tp is a smooth global section of A?Ty,, that is, a tangent bivector field on 
M. To recover the Poisson bracket on C°°(M) from the bivector field 7, observe 


that {f,9}(p) = {f — f(p), 9 — 9(p)}(p) for f,g € C°(M) and p € M, which we 
rewrite in the form 


{f,9}(P) = ™(df(p), dg(p)), (3.3) 


where df(p) = f — f(p) + ms € m,/m2 and similarly for dg(p). 

Conversely, via (3.3) any tangent bivector field 7 on M induces an antisym- 
metric bilinear map {—,—} on C®(M) satisfying the Leibniz conditions. This is a 
Poisson bracket exactly when the Jacobi identity is satisfied, which is equivalent to 
the vanishing of the Schouten bracket [7,7] (which we will not define here; see [1, 
p. 44], [53, 2nd ed., Remark 2.2(3)], for instance). A Poisson bivector field on M is 
any tangent bivector field for which [7, a] = 0. As indicated in the sketch above, 
Poisson brackets on C'° (MM) correspond bijectively to Poisson bivector fields on M. 


3.4. Poisson varieties. For any complex algebraic variety V, the definition of a 
Poisson bivector field on V can be copied from §3.3 — it is any tangent bivector 
field x on V for which [7,7] = 0. In the context of algebraic geometry, however, 
the map 7 : V — A?Tyv is required to be a regular function. Now one defines 
a Poisson variety to be a complex algebraic variety equipped with a particular 
Poisson bivector field. Associated concepts are defined by requiring compatibility 
with these bivector fields. For example, a Poisson morphism from a Poisson va- 
riety (V,7) to a Poisson variety (W,7’) is a regular map ¢: V — W such that 
(Té A T¢)x = 7d. A Poisson subvariety of V is a subvariety X such that the 
inclusion map X — V is a Poisson morphism. 

If V is an affine Poisson variety, the formula (3.3) defines a Poisson bracket 
on O(V). Conversely, any Poisson bracket on O(V) induces a Poisson bivector 
field on V as in §3.3. Thus, affine Poisson varieties can equally well be defined as 
complex affine varieties whose coordinate rings are Poisson algebras. This point 
of view can be extended to arbitrary varieties by defining a Poisson variety to be 
a complex algebraic variety whose sheaf of regular functions is a sheaf of Poisson 
algebras. 


3.5. Smooth Poisson varieties as manifolds. In order to define symplectic leaves 
in Poisson varieties, manifold structures are needed. The fundamental result is 
that any smooth (i.e., nonsingular) complex variety V has a unique structure as a 
complex analytic manifold (e.g., [44, Chapter II, §2.3]). This allows one to view V 
as a smooth manifold. If V is a Poisson variety, its chosen Poisson bivector field 
m is necessarily smooth (because it is regular), and so V together with 7 becomes 
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a Poisson manifold. One can achieve this result in the affine case with Poisson 
brackets as well, by showing that any Poisson bracket on O(V) extends uniquely 
to a Poisson bracket on the algebra of smooth complex functions on V; taking real 
parts then yields a Poisson bracket on C™(V). 

Given a smooth Poisson variety V, we view V as a smooth manifold as above, 
and define the symplectic leaves of V to be the symplectic leaves of the manifold 
V, defined as in §3.2. 


3.6. Symplectic leaves in singular Poisson varieties. Let V be an arbitrary complex 
variety, and define the sequence of closed subvarieties 


Vo=VIVD-::D Vn = @, 


where each V;,1 is the singular locus of V;. To build this chain, recall first that 
the singular locus of a nonempty variety is a proper closed subvariety. Since V is 
a noetherian topological space, the chain must eventually reach the empty set. 

If V is a Poisson variety, then V; is a Poisson subvariety [42, Corollary 2.4]. By 
induction, all the V; are Poisson subvarieties of V. Consequently, V is (canonically) 
the disjoint union of smooth locally closed Poisson subvarieties Z; := Vi-1 \ Vi. 
Following [6, §3.5], we define the symplectic leaves of V to be the symplectic leaves 
of the various Z;, defined as in §3.5. 


3.7. Example. There is a known recipe, described in [22, Appendix A], for deter- 
mining the symplectic leaves in a semisimple complex algebraic group G, relative 
to the Poisson structure arising from the “standard quantization” of G. For illus- 
tration, we present the case G = SL2(C); details are given in [22, Theorem B.2.1]. 
The Poisson bracket on O(G) is described in §2.2(c) above. The symplectic leaves 
in G are as follows: 


e the singletons { F a \ fora€ C*; 


0 
x a £6 
e the sets {|$ a,yEC \ and ‘ke Z| 


0 
an! 


° the sets {|° Al eG|a=ay 40}, forsee, 


Q 


3.8. Example. The standard example of a non-algebraic solvable Lie algebra is a 
3-dimensional complex Lie algebra g with basis {e1, e2,e3} such that 


[e1,€2] =e2 [e1,e3] =ae3 [e2,e3] = 0 


for some a € R\Q. Write O(g*) = C[x1, x2, x3] following the notation of §2.6. 
The KKS Poisson structure on g* is given by the Poisson bracket on O(g*) such 
that 

{a1, tq} =22 {21,¢3}=ax3 {2,43} =0. 
As in [53, Ist ed., Example II.2.37; 2nd ed., Example II.2.43], the symplectic leaves 
in g* are the following sets: 


e the individual points on the x-axis; 
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e the x12%2-plane minus the x-axis; 
e the x123-plane minus the x-axis; 
e the surfaces (73 = Ax #0) for A € C%. 


Since aq is irrational, the surfaces (v3 = Av # 0) are not algebraic — they are 
locally closed in the Euclidean topology but not in the Zariski topology. 


4. The Orbit Method from Lie theory 


4.1. The Orbit Method. This term has been applied to a whole complex of methods 
in the representation theory of Lie groups and Lie algebras, and extended, as a 
guiding principle, to many other domains. To quote Kirillov’s survey article [30], 


The idea behind the orbit method is the unification of harmonic analy- 
sis with symplectic geometry (and it can also be considered as a part of 
the more general idea of the unification of mathematics and physics). 
In fact, this is a post factum formulation. Historically, the orbit method 
was proposed in [29] for the description of the unitary dual (i.e., the set 
of equivalence classes of unitary irreducible representations) of nilpo- 
tent Lie groups. It turned out that not only this problem but all other 
principal questions of representation theory — topological structure of the 
unitary dual, explicit description of the restriction and induction func- 
tors, character formulae, etc. — can be naturally answered in terms of 
coadjoint orbits. 


In Lie theory, the relevant orbits are defined as follows. Recall that if G is 
a Lie group with Lie algebra g, then G acts on g by the adjoint action and on 
g* by the coadjoint action. The G-orbits of these actions are called adjoint orbits 
and coadjoint orbits, respectively. As a particular instance, the Orbit Method 
suggests that the primitive ideals of the enveloping algebra of g, being the kernels 
of the irreducible representations, should be related to the coadjoint orbits in g*. 
Kirillov’s original work provided the best such relationship — a bijection — when g 
is nilpotent. There is also a bijection in case g is solvable, except that the coadjoint 
orbits may have to be taken with respect to a different group than a Lie group 
with Lie algebra g. We discuss this situation in Section 5. 

To place the coadjoint orbits in a geometric setting, view g* as the variety 
Adms. as in §2.6. We can then ask for a geometric description of these orbits 
within g*. The answer is a famous result discovered independently by Kirillov, 
Kostant, and Souriau (see, e.g., [31, §1.2.2, Theorem 2]): 


4.2. Theorem. [Kirillov-Kostant-Souriau] Let G be a Lie group and g its Lie al- 
gebra. Then the coadjoint orbits of G in g* are precisely the symplectic leaves for 
the KKS Poisson structure. 
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4.3. Example. Return to Example 3.8, and place the 71 72%3-coordinates of points 
of g* in column vectors. We choose a Lie group G with Lie algebra g as follows: 


luv 
G:= 0 t O|] juvEeC, tec” 
0 0 t® 


The coadjoint action of G on g* can be identified with left multiplication of ma- 
trices from G on column vectors representing points in g*. One easily checks that 
the G-orbits are exactly the symplectic leaves of g* identified in Example 3.8, as 
required by Theorem 4.2. 


4.4. A general principle. In situations outside Lie theory, there may not be a 
suitable group action whose orbits play the role of coadjoint orbits. Instead, taking 
account of Theorem 4.2, one focusses on symplectic leaves. Restricting to the study 
of irreducible representations and primitive ideals, one is led to a general principle 
that we formulate as follows: 


Given a noncommutative algebra A, relate the primitive ideals of A to 
the symplectic leaves corresponding to the Poisson structure on some 
associated algebraic variety arising from a semiclassical limit. 


This loose phrasing is intended to give the flavor of ideas coming out of the Orbit 
Method rather than to set up a precise recipe. Furthermore, this principle already 
requires modification in the case of enveloping algebras, and for general quantized 
coordinate rings. 

On the other hand, the principle is right on target for the generic single pa- 
rameter quantized coordinate rings O,(G) of semisimple complex algebraic groups 
G, as conjectured by Hodges and Levasseur in [22, §2.8, Conjecture 1]: there is a 
bijection between the set of primitive ideals of O,(G) and the set of symplectic 
leaves in G (for the semiclassical limit Poisson structure). They verified this con- 
jecture for G = SL2(C) and G = SL3(C) in [22, Corollary B.2.2, Theorems 4.4.1, 
A.3.2], and then for G = SL,,(C) in [23, Theorem 4.2 and following remarks]. The 
full conjecture was established by Joseph [27, §§10.3, A.4.5] and by Hodges, Lev- 
asseur, and Toro [24, Theorems 1.8, 4.18, Corollary 4.5] for connected semisimple 
complex Lie groups G. The latter results also cover the multiparameter algebra 
Oq,p(G) under suitable algebraicity conditions on p. 


4.5. Generic versus non-generic situations. As mentioned in the introduction, the 
principle discussed in §4.4 does not apply to non-generic quantized coordinate 
rings, which typically have “too many” primitive ideals. The quantum plane pro- 
vides the simplest illustration of this difficulty, and of the differences between the 
generic and non-generic cases. Take 


Aq = O,(C?) = Cla, y | cy = aya), 


where gq is an arbitrary nonzero scalar in C. By Example 2.2(a), the semiclassical 
limit of the family (Aqg)gecx is the polynomial ring k[x,y], equipped with the 
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Poisson bracket such that {x,y} = xy. It is easily checked that the corresponding 
symplectic leaves in C? consist of 

e the individual points on the x- and y-axes; 

e the xry-plane minus the x- and y-axes. 
If q is not a root of unity, one similarly checks that the primitive ideals of A, 
consist of 

e the maximal ideals (2 — a, y) and (x, y — 8), for a, 8 € C; 

e the zero ideal. 
(See [4, Example II.7.2], for instance, for details.) In this case, there is a natural 
bijection between the set of primitive ideals of A, and the set of symplectic leaves 
in C?. 

On the other hand, if ¢ is a primitive [th root of unity, the center of A, equals 
the polynomial ring C[z',y'], and A, is a finitely generated C[z’, y'|-module. In 
this case, the primitive ideals of Ag are maximal ideals, and they are parametrized 
(up to l-to-one) by the maximal ideals of C[!, y']. While the set of primitive ideals 
of A, has the same cardinality as the set of symplectic leaves in C?, there is no 
natural bijection, and certainly no homeomorphism if Zariski topologies are taken 
into account. 

Such disparities occur in all the standard families of quantized coordinate 
rings, and provide just one of many distinctions between the generic and non- 
generic cases. We do not discuss the non-generic situation further, and concentrate 
on generic algebras. 


5. Limitations of the Orbit Method for solvable Lie algebras 


For a solvable finite dimensional complex Lie algebra g, the primitive ideals of the 
enveloping algebra U(g) are parametrized by means of the famous Dixmier map. 
At first glance, this is a successful instance of the Orbit Method, since the Dixmier 
map induces a bijection from a set of orbits in g* onto the set of primitive ideals 
of U(g). However, the relevant orbits are not, in general, those of the coadjoint 
action of a Lie group with Lie algebra g. Instead, the following group is needed. 


5.1. The algebraic adjoint group. Let g be a finite dimensional complex Lie algebra. 
Treating g for a moment just as a vector space, we have the general linear group 
GL(g) on g, which is a complex algebraic group whose Lie algebra is the general 
linear Lie algebra gl(g). Any algebraic subgroup of G'L(g) (i.e., any Zariski closed 
subgroup) has a Lie algebra which is naturally contained in gl(g). The algebraic 
adjoint group of g is the smallest algebraic subgroup G C GL(g) whose Lie algebra 
contains adg = {ada | x € g} (cf. [2, §12.2]; [50, Definition 24.8.1]). 

The natural action of GL(g) on g by linear automorphisms restricts to an 
action of G on g, the adjoint action. This, in turn, induces a (left) action of G on 
g*, the coadjoint action, under which 


(g.a)(%) = a(g~* 
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for g € G, a € g*, and x € g. The orbits of this action, the coadjoint orbits, are 
collected in the set g*/G. We equip g*/G with the quotient topology induced from 
the Zariski topology on g*, and thus refer to it as the space of coadjoint orbits. 


5.2. Prime and primitive spectra. For any algebra A, we denote the collection of 
all primitive ideals of A by prim A. This set supports a Zariski topology, under 
which the closed sets are the sets V(I) := {P € prim A| P D I} for ideals I of A. 
We treat prim A as a topological space with this topology, and refer to it as the 
primitive spectrum of A. The analogous process, applied to the set of all prime 
ideals of A, results in the prime spectrum of A, denoted spec A. Since primitive 
ideals are prime, prim A C spec A. In fact, prim A is a subspace of spec A, that is, 
its topology coincides with the relative topology inherited from spec A. Finally, we 
shall need the subspace of spec A consisting of all the maximal ideals of A. This 
is the maximal ideal space of A, denoted maxspec A. 


5.3. The Dixmier map. Let g be a solvable finite dimensional complex Lie algebra. 
Following [2, §10.8], we use the name Dixmier map and the label Dx for the map 


Dx : g* —> prim U(g) 
introduced by Dixmier in [9]. We do not give the definition here, but just refer to 
[2]. It turns out that this map is constant on G-orbits, and so it induces a factorized 
Dixmier map 
Dx : g*/G — prim U(g) 

[2, §12.4]. Work of Dixmier, Conze, Duflo, and Rentschler led to the result that Dx 
is a continuous bijection [2, Satze 13.4, 15.1]. The conjecture that it is a homeomor- 
phism was established later by Mathieu [35, Theorem], resulting in the following 
theorem: 


5.4. Theorem. [Dixmier-Conze-Duflo-Rentschler-Mathieu] Let g be a solvable fi- 
nite dimensional complex Lie algebra, and G its adjoint algebraic group. Then the 
factorized Dixmier map Dx is a homeomorphism from g*/G onto prim U(g). 


5.5. Algebraic versus non-algebraic cases. If g is an algebraic Lie algebra, meaning 
that it is the Lie algebra of some algebraic group, then the adjoint algebraic group 
G is a Lie group, and its coadjoint orbits in g* are the symplectic leaves for the 
KKS Poisson structure, by Theorem 4.2. Otherwise, G is larger than the relevant 
Lie group, in the sense that its Lie algebra properly contains ad g. In this case, its 
coadjoint orbits are larger too, typically larger than individual symplectic leaves. 
Our basic example illustrates this behavior. 


5.6. Example. Return to Example 3.8, and again place the 21%2%3-coordinates of 
points of g* in column vectors. The adjoint algebraic group G, written so as to act 
by left multiplication on column vectors, can be expressed as 


lu iv 
G= 0 t O} |u,veC, t,t’ eCc~* 
0 0 
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(50, §24.8.4]. The coadjoint orbits of G in g* are the following sets: 


the individual points on the x1-axis; 

e the x122-plane minus the x-axis; 

e the x1273-plane minus the x-axis; 

e g* minus the 71 %9- and x1 73-planes. 
Comparing with Example 3.8, we see that the first three G-orbits are symplectic 
leaves, while the fourth is not. However, the fourth is at least a union of symplectic 
leaves. 

The fourth G-orbit above is Zariski dense in g*, while the others are not. 
Viewing these orbits as points in the orbit space g*/G, we find that g*/G has a 
unique dense point (i.e., a unique dense singleton subset). By Theorem 5.4, the 
same holds for prim U(g). (Translated into ideal theory, this means that there is 
one primitive ideal of U(g) which is contained in all other primitive ideals.) On 
the other hand, all the surfaces (#3 = Aw$ # 0) are Zariski dense in g*, and so the 
quotient topology on the space of symplectic leaves in g* has uncountably many 
dense points. Therefore this space of symplectic leaves cannot be homeomorphic 
to prim U(g). 


6. Poisson ideal theory and symplectic cores 


Since the concept of symplectic leaves is differential-geometric, it should not be so 
surprising that it is not always suited to describe answers to algebraic problems, as 
seen in the previous section. Consequently, we look for an algebraic replacement. 
This is provided by Brown and Gordon’s notion of symplectic cores, which is 
described via the ideal theory of Poisson algebras. 


6.1. Poisson prime ideals. Let R be a (commutative) Poisson algebra (recall §3.1). 

A Poisson ideal of R is any ideal J of the ring R which is also a Lie ideal 
relative to {—, —}, that is, {R, J} C I. Sums, products, and intersections of Poisson 
ideals are again Poisson ideals. Whenever J is a Poisson ideal of R, the Poisson 
bracket on R induces a well-defined Poisson bracket on R/I, so that R/I becomes 
a Poisson algebra. 

The Poisson core of an arbitrary ideal J of R is the largest Poisson ideal 
contained in J. This exists and is unique, because it is the sum of all Poisson 
ideals contained in J. We use P(J) to denote the Poisson core of J. 

A Poisson-prime ideal of R is any proper Poisson ideal P of R with the fol- 
lowing property: whenever the product of Poisson ideals J and J of R is contained 
in P, one of J or J must be contained in P. Obviously any prime Poisson ideal is 
Poisson-prime, but the converse can fail in positive characteristic. As we shall see 
in a moment, (Poisson-prime) is the same as (prime Poisson) when R is noetherian 
and k has characteristic zero; in that case, we will drop the hyphen and speak of 
Poisson prime ideals. Note also that if Q is an arbitrary prime ideal of R, then 
P(Q) is a Poisson-prime ideal. 
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The Poisson-prime spectrum of R, denoted P.spec R, is the set of all Poisson- 
prime ideals of R, equipped with the natural Zariski-type topology, in which the 
closed sets are those of the form Vp(I) := {P € P.specR| P D I}, for ideals I 
of R. It suffices to consider Poisson ideals in defining closed sets, since the ideal I 
in the definition of a closed set can be replaced by the Poisson ideal it generates. 
(This observation is helpful in showing that finite unions of closed sets are closed.) 


6.2. Lemma. Let R be a Poisson k-algebra, where chark = 0. Then the Poisson 
core of every prime ideal of R is prime, and all minimal prime ideals of R are 
Poisson ideals. If R is noetherian, the Poisson-prime ideals of R coincide with the 
prime Poisson ideals. 


Proof. Commutativity is not needed for this result. The commutative case is cov- 
ered, for instance, by [13, Lemma 1.1], and the general case is proved the same 
way. We sketch the details for the reader’s convenience. 

The first conclusion is a consequence of [10, Lemma 3.3.2], and the second 
follows. 

Now assume that R is noetherian, and let P be a Poisson-prime ideal of R. 
There exist prime ideals Q1,...,Q, minimal over P such that Q1Q2---Q; C P. 
The minimal prime ideals Q;/P in the Poisson algebra R/P must be Poisson ideals 
by what has been proved so far, and hence the Q; are Poisson ideals of R. Poisson- 
primeness of P then implies that some Q; C P, whence P = Q;, proving that P 
is prime. 


6.3. Poisson-primitive ideals and symplectic cores. Let R be a (commutative) 
Poisson algebra. 

The Poisson-primitive ideals of R are the Poisson cores of the maximal ideals 
of R. Note from §6.1 that all Poisson-primitive ideals are Poisson-prime. 

This terminology is chosen to reflect the following parallel. An ideal P in 
an algebra A is left primitive if and only if P is the largest ideal contained in 
some maximal left ideal. If we view A as a (noncommutative) Poisson algebra via 
the commutator bracket [—,—], then the ideals of A are precisely the Poisson left 
ideals. Thus, the left primitive ideals of A are exactly the Poisson cores of the 
maximal left ideals. 

The Poisson-primitive spectrum of R, denoted P.prim R, is the set of all 
Poisson-primitive ideals of R. This is a subset of P.spec R, and we give it the 
relative topology. 

By definition, the process of taking Poisson cores defines a surjective map 


maxspec R — P.prim R, 
and we note that this map is continuous. Its fibres, namely the sets 
{m € maxspec R | P(m) = P} 


for P € P.prim R, are called symplectic cores. They determine a partition of 
maxspec R. 
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Now suppose that R = O(V) is the coordinate ring of an affine variety V, 
and that k is algebraically closed. As in the complex case, we say that V is a 
Poisson variety. Since k is algebraically closed, there is a natural identification 
V = maxspec R, with which we transfer the symplectic cores from maxspec R to 
V. In other words, the symplectic cores in V are the sets 


{p€V | P(m,) = P} 
for P € P.prim R, where m, = {f € R| f(p) = 0}. 


6.4. Example. Return to Example 3.8, and set R = O(g*) = C[a1, 2,23]. The 
Poisson-primitive ideals of R can be computed as follows: 


P((a1 — a,2%2,03)) = (a1 — 0, 22,73) (aE C) 


P((a1 — a, 22 — 3,23)) = (x3) (aEC, BEC*) 
P((x1 — a, 22,23 — Y)) = (a2) (w@ec, ye C*) 
P((a1 — a, 2 — 3,23 — y)) = (0) (aeEC, Bye C%). 


It follows that the symplectic cores in g* are the sets 


e the individual points on the x-axis; 

e the 21;22-plane minus the 21-axis; 

e the x,23-plane minus the x-axis; 

e g* minus the 7, %9- and x1 %3-planes. 
These are precisely the coadjoint orbits of the adjoint algebraic group of g, as we 
saw in Example 5.6. 


7. Symplectic cores versus symplectic leaves 


Symplectic cores are related to symplectic leaves by the following result of Brown 
and Gordon [6, Lemma 3.3 and Proposition 3.6]; further relations will be given 
below. Here “locally closed” refers to the Zariski topology. 


7.1. Theorem. [Brown-Gordon] Let V be a complex affine Poisson variety. 


(a) Each symplectic core in V is a union of symplectic leaves, and is a smooth 
(nonsingular) subvariety of its closure. 

(b) If the symplectic leaves in V are all locally closed, then they coincide with the 
symplectic cores. 


It is a standard result that the orbits of a connected algebraic group G acting 
on a variety X can be recovered from the orbit closures, as follows. Take any orbit 
closure C’, and remove all orbit closures properly contained in C’. The result will 
be a single G-orbit, and all G-orbits in X are obtained by this means. Yakimov has 
conjectured that the symplectic cores in a complex affine Poisson variety can be 
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recovered from the closures of the symplectic leaves in a similar manner. We verify 
this below, with the help of the following lemma of Brown and Gordon [6, Lemma 
3.5]. All topological properties are to be taken relative to the Zariski topology. 


7.2. Lemma. [Brown-Gordon] Let V be a complex affine Poisson variety, and R = 
O(V). Let L be a symplectic leaf in V, and set K = {f € R| f = 0 on L}. 
Then K is a Poisson-primitive ideal of R, and L is contained in the corresponding 
symplectic core, that is, P(m,) = K for all p € L. 

7.3. Lemma. Let V be a complex affine Poisson variety, and R= O(V). Let K be 
a Poisson ideal of R, and X the closed subvariety of V determined by K. Then X 
is a union of symplectic cores and a union of symplectic leaves. In particular, the 
closure of any symplectic leaf of V is a union of symplectic leaves. 


Proof. Ifp € X, then m, > K. Since K is a Poisson ideal, it must be contained in 
the Poisson-primitive ideal P = P(m,). Now the set C = {q € V | P(m,) = P} is 
the symplectic core containing p, and C C X because my, D P D K for all gE C. 
Therefore X is a union of symplectic cores. That X is a union of symplectic leaves 
now follows from Theorem 7.1(a). 

For any symplectic leaf L of V, the ideal J of functions in R that vanish 
on L is a Poisson ideal by Lemma 7.2. The closed subvariety determined by I is 
the closure of L, and this is a union of symplectic leaves by what we have just 
proved. 


We can now prove that symplectic cores are obtained from symplectic leaves 
in the manner proposed by Yakimov; this is parts (c) and (e) of the following 
theorem. Here overbars denote closures. 


7.4. Theorem. Let V be a complex affine Poisson variety, and L a symplectic leaf 
inv. 
(a) There is a unique symplectic core C in V containing L, and C CT. 
(b) C is the union of those symplectic leaves of V which are dense in L. 
(c) C=LZ\U\,M where M runs over those symplectic leaves whose closures 
are properly contained in L. 
(d) C is the unique symplectic core dense in L. 
(e) Each symplectic core in V is dense in the closure of every symplectic leaf 
it contains. Hence, it can be obtained from the closure of such a leaf as in 
part (c). 
Proof. Set R= O(V), and let K be the ideal of functions in R that vanish on L. 
(a) The symplectic cores and the symplectic leaves both partition V, and the 
latter form a finer partition, by Theorem 7.1(a). This implies the existence and 
uniqueness of C. 
By Lemma 7.2, K is a Poisson-primitive ideal, and the symplectic core it 
determines contains LZ. By uniqueness, this core is C, that is, 


C= {peV | P(mp) = K}. 
In particular, m, D K for all p € C, from which it follows that C C L. 
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(b) If M is a symplectic leaf which is dense in LZ, then K equals the ideal 
of functions in R that vanish on M, and Lemma 7.2 implies that WM C C. On 
the other hand, if M’ is a symplectic leaf which is contained in but not dense in 
L, the ideal K’ of functions vanishing on M’ properly contains K, whence M’ is 
contained in a symplectic core different from C’. In this case, M’ is disjoint from 
C. Part (b) now follows, because L is a union of symplectic leaves, by Lemma 7.3. 

(c) In view of Lemma 7.3, the given union L),, M equals the union of those 
symplectic leaves which are contained in L but not dense in L. The given formula 
for C thus follows from part (b). 

(d) Clearly C is dense in L, since L C C C L. If D is a different symplectic 
core contained in L, then by (b), any symplectic leaf N C D is not dense in L. 
But D CN by (a), and thus D is not dense in L. 

(e) Suppose that D is a symplectic core in V, and N a symplectic leaf con- 
tained in D. By (a), D is the unique symplectic core containing N, and D CN, 
whence D is dense in N. The final statement now follows from (c), with C and L 
replaced by D and N. 


8. Symplectic cores versus primitive ideals for solvable Lie algebras 


We now show that the concept of symplectic cores exactly overcomes the limita- 
tions of symplectic leaves with respect to the Dixmier map discussed in Section 5. 
Namely, the Dixmier map provides a homeomorphism from the space of symplectic 
cores in g* onto the primitive spectrum of U(g), for any solvable finite dimensional 
complex Lie algebra g. This just amounts to showing that the coadjoint orbits in 
g*, with respect to the adjoint algebraic group of g, coincide with the symplectic 
cores. Solvability is not needed for the latter result. 

All that is required to obtain the new statement about the Dixmier map 
is to reinterpret parts of the development of Theorem 5.4 in terms of the new 
concepts. This reinterpretation also shows that (for g solvable) P.prim O(g*) is 
homeomorphic to prim U(g). With a little extra effort, we can handle prime ideals 
as well, showing that P.spec O(g*) is homeomorphic to spec U(g). 

Throughout this section, g will denote a finite dimensional complex Lie alge- 
bra and G its adjoint algebraic group. We do not assume g solvable until The- 
orem 8.5. Some of the results we will need are developed in the literature in 
terms of S(g) rather than O(g*). This requires use of the Poisson isomorphism 


0: S(g) —=— O(g*) of (2.6). 


8.1. Actions of G and g. The group G acts on g and g* by the adjoint and coadjoint 
actions, respectively, as in §5.1. In turn, these induce actions of G by C-algebra 
automorphisms on S(g) and O(g*), actions which we also refer to as adjoint and 
coadjoint actions. All G-actions we mention will refer to one of these four cases. 
Let us write spec© S$(g) and spec? O(g*) for the sets of G-stable prime ideals in 
S(g) and O(g*), respectively, equipped with the relative topologies from spec S'(g) 
and spec O(g*). 
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We claim that the isomorphism 6 is G-equivariant. To see this, let {e1,..., en} 
be a basis for g and {a,...,@,} the corresponding dual basis for g*. As in §2.6, 
O(g*) = Clai,...,2%n] where each x; = O(e;). Given y € G, there are scalars 
Vj € C such that y.e; = 7; ye: for all 7. Consequently, 

(y.2;)(ai) = xj (7 *-0%) = (y~1.a4)(e;) = ai(7.e;) = Vay 
for all 7, 7, from which we conclude that y.c; = 5°; yijv4 for all j. Therefore 
7.0(e;) = 0(y.e;) for all 7, and the G-equivariance of 6 follows. 

For each e € g, the Lie derivation ade = [e, —] on g extends uniquely to a 
derivation on S(g), namely the Hamiltonian {e,—}. This yields an action of g on 
S(g) by derivations. We write spec’ S(g) for the set of g-stable prime ideals of 
S(g), equipped with the relative topology from spec S(g). 


8.2. Lemma. 
(a) spec S(g) = spec! S(g) = P.spec S(g). 
(b) spec? O(g*) = P.spec O(g*). 
(c) 0 induces a homeomorphism spec’ S(g) —~— P.spec O(g*). 


Proof. (a) Since g generates the algebra S(g), the g-stable ideals of S(g) coincide 
with the Poisson ideals. Hence, spec’ S(g) = P.spec S(g). By [2, §13.1] or [50, 
§24.8.3], the g-stable ideals of S(g) coincide with the G-stable ideals. From this, 
we immediately obtain spec? $(g) = spec® S(g). 

(b)(c) These follow immediately from (a), because 6 is both G-equivariant 
and a Poisson isomorphism. 


Following our previous notation for maximal ideals corresponding to points 
in varieties, write mg for the maximal ideal of O(g*) corresponding to a point 
a€e gr. 


8.3. Proposition. Let g be a finite dimensional complex Lie algebra and G its 
adjoint algebraic group. There is a homeomorphism ¢ : g*/G — P.prim O(g*) 
such that o(G.a) =P(m,) for all a € g*. 


Proof. Since S(g) is isomorphic to O(g*), its maximal ideal space is homeomorphic 
to g*. A coordinate-free way to express the inverse isomorphism is to send each 
a € g* to the ideal m, = (e — a(e) | e € g) of S(g). Observe that 0(m,) = Ma. 
By [2, Lemma 13.2 and proof], there is a topological embedding 
T:9*/G — spec? S(g) 

such that 7(G.a) = (\,¢g7-Ma for a € g*. Thus, 7(G.q) is the largest G-stable 
ideal of S(g) contained in m,. Invoking [2, 813.1] or [50, §24.8.3] again, we find 
that 7(G.a) is the largest g-stable ideal of S'(g) contained in m,. In particular, it 
now follows from [10, Lemma 3.3.2] that 7(G.a) is a prime ideal. Hence, we can 
say that T(G.a) equals the largest member of spec@ $(g) contained in m,,. Since 0 
is G-equivariant, it follows that 67(G.a) equals the largest member of spec? O(g*) 
contained in mq. In view of Lemma 8.2(b), we conclude that 07(G.a) = P(ma). 
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Combining the above with Lemma 8.2(c), we obtain a topological embedding 
o: 9°/G — P.spec O(g*) 


such that $(G.a) = P(m,) for a € g*. Since the image of ¢ is, by definition, 
P.prim O(g*), the proposition is proved. 


8.4. Corollary. Let g be a finite dimensional complex Lie algebra and G its adjoint 
algebraic group. The G-orbits in g* are precisely the symplectic cores. 


Proof. Injectivity and well-definedness of the homeomorphism ¢ of Proposition 
8.3 say that for all a, 3 € g*, we have G.a = G.@ if and only if P(m,.) = P(mga). 
Thus, @ and £ lie in the same G-orbit if and only if they lie in the same symplectic 
core. 


Corollary 8.4 allows us to phrase the Dixmier-Conze-Duflo-Rentschler-Mathieu 
Theorem in terms of symplectic cores: 


8.5. Theorem. Let g be a solvable finite dimensional complex Lie algebra, and let 
X be the set of symplectic cores in g*, with the quotient topology induced from g*. 
Then the Dizmier map induces a homeomorphism X — prim U(g). 


8.6. The extended Dixmier map. Continue to assume that g is solvable. Via the 
embedding g*/G —> spec® S(g) from [2, Lemma 13.2] used above, identify g*/G 
with a subspace of spec’ $(g). Borho, Gabriel, and Rentschler showed that Dx 
extends uniquely to a continuous map 


Dx : spec $(g) > spec U(g), 
given by the rule 
Dx(P) =(){Dx(a) | @ € g* and m, D> P} 


for P € spec® S'(g) [2, Satz 13.4]. They named this the extended Dixmier map, and 
proved that it is a continuous bijection [2, Satz 13.4, Kor. 15.1]. Their methods, 
combined with Mathieu’s theorem, imply that Dx isa homeomorphism, as we will 
see shortly. 


8.7. Quasi-homeomorphisms and sauber spaces. Let X and Y be topological 
spaces. A continuous map @: X — Y is a quasi-homeomorphism provided the 
induced map F +> $~1(F) is an isomorphism from the lattice of closed subsets of 
Y onto the lattice of closed subsets of X. If X is a subspace of Y, the inclusion 
map X — Y is a quasi-homeomorphism if and only if FAX = F for all closed 
sets FC Y [2, §1.6]. Borho, Gabriel, and Rentschler observed that the inclusion 
map prim U(g) — spec U(g) is a quasi-homeomorphism [2, Beispiel 1.6], as is the 
above embedding g*/G — spec? S(g) [2, Lemma 13.2]. 

A generic point of a closed subset F C X is any point x € F' such that 
F= {a}. The space X is sauber (English: tidy) provided every irreducible closed 
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subset of X has precisely one generic point. As observed in [2, §13.3], the prime 
spectrum of any noetherian ring is sauber. We include the short argument in 
the lemma below, for the reader’s convenience. The same argument shows that 
spec’ S(g) is sauber. These spaces are noetherian as well, since they have Zariski 
topologies arising from noetherian rings. 


8.8. Lemma. Let A be a noetherian ring and R a commutative noetherian Poisson 
k-algebra, with char k = 0. 


(a) The prime spectrum spec A is a sauber noetherian space, and if A is a Ja- 
cobson ring, the inclusion map prim A — spec A is a quasi-homeomorphism. 

(b) The Poisson prime spectrum P.spec R is a sauber noetherian space, and if 
R is an affine k-algebra, the inclusion map P.prim R — P.spec R is a quasi- 
homeomorphism. 


Proof. (a) Suppose that F; D Fy D--- is a decreasing sequence of closed sets in 
spec A. We may write each F; = V(J;) where I; = () Fj. Then ) C Ig C--- is 
an increasing sequence of ideals of A. Since this sequence stabilizes, so does the 
original sequence of closed sets. Thus, spec A is a noetherian space. 

Let F = V(I) be an arbitrary closed subset of spec A, where I is an ideal 
of A. We may replace I by its prime radical, so there is no loss of generality in 
assuming that I is semiprime. Since A is noetherian, there are only finitely many 
prime ideals minimal over J, say Qi,...,Qn, and I = QiN---NQrn. It follows that 
F=V(Qi)U---UV(Qn). 

If F is irreducible, then F = V(Q,;) for some j. In this case, Q; is the unique 
generic point of F’, proving that spec A is sauber. 

Now assume that A is a Jacobson ring, so that all prime ideals of A are 
intersections of primitive ideals. It follows that 


I=()F=()(nprim 4), 


from which we see that F' equals the closure of FM prim A in spec A. Thus, by [2, 
§1.6], the inclusion map prim A — spec A is a quasi-homeomorphism. 

(b) The argument applied in (a) also shows that P.spec R is a noetherian 
space. 

As discussed in §6.1, any closed set F’ in P.spec R can be written F = Vp(J) 
for some Poisson ideal J. There are only finitely many prime ideals minimal over 
I, say Q1,..-,Qn, and the Q; are Poisson ideals by Lemma 6.2. Hence, we may 
replace I by Q1N---NQn, and it follows that F = Vp(Q1) U---UVp(Qn). 

Just as in (a), if F is irreducible, F = Vp(Q,) for some j, and then Q; is the 
unique generic point of F’. This proves that P.spec R is sauber. 

Now assume that R is an affine k-algebra. Then R is a Jacobson ring, and it 
follows that every Poisson prime ideal of R is an intersection of Poisson-primitive 
ideals (e.g., see [13, Lemma 1.1(e)]). From this, we conclude as in (a) that the 
inclusion map P.prim R — P.spec R is a quasi-homeomorphism. 
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8.9. Lemma. Let X C X’ and Y C Y’ be topological spaces, such that X' and 
Y’ are sauber and noetherian. Assume also that the inclusion maps X — X' and 
Y —Y’ are quasi-homeomorphisms. Then any continuous map ¢: X — Y extends 
uniquely to a continuous map $' : X' > Y'. Moreover, if ¢ is a homeomorphism, 
so is q’. 


Proof. The existence and uniqueness of ¢ are proved in [2, Lemma 13.3]. The final 
statement follows by the usual universal property argument. 


8.10. Theorem. [Borho-Gabriel-Rentschler-Mathieu] Let g be a solvable finite di- 
mensional complex Lie algebra. The extended Dixmier map 


Dx : spec? $(g) —> spec U(g) 
is a homeomorphism. 


Proof. Following the proof of [2, Satz 13.4], recall that spec? S(g) and spec U(g) 
are sauber noetherian spaces, and that the embedding g*/G — spec% S(g) and 
the inclusion primU(g) — specU(g) are quasi-homeomorphisms. The map Dx 
is defined, with the help of Lemma 8.9, to be the unique continuous map from 
spec? S(g) to spec U(g) extending Dx. Since Dx is a homeomorphism, Lemma 8.9 


implies that Dx is a homeomorphism. 


In Poisson-ideal-theoretic terms, Theorems 5.4 and 8.10 can be restated as 
follows. 


8.11. Theorem. Let g be a solvable finite dimensional complex Lie algebra. Then 
there is a homeomorphism 


w: P.prim O(g*) —> prim U(g) 


such that w(P(ma)) = Dx(a) for a € g*, and w extends uniquely to a homeomor- 
phism 
P.spec O(g*) —> spec U(g). 


Proof. To obtain w, just compose the factorized Dixmier map Dx with the inverse 
of the homeomorphism ¢ of Proposition 8.3. By Lemma 8.8, P.spec O(g*) and 
spec U(g) are sauber noetherian spaces, and the inclusion maps P.prim O(g*) > 
P.spec O(g*) and primU(g) — specU(g) are quasi-homeomorphisms. Therefore 
the existence and uniqueness of the desired extension of ~ follow from Lemma 
8.9. 


9. Modified conjectures for quantized coordinate rings 


In light of Theorems 7.1, 7.4, 8.5, and 8.11, we nominate the concept of symplectic 
cores as the best algebraic approximation for symplectic leaves. Further, we sug- 
gest that symplectic leaves should be replaced by symplectic cores in applications 
of the Orbit Method to algebraic problems. In particular, we revise and refine 
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the general principle discussed in §4.4 to the following conjecture. It is, of neces- 
sity, somewhat imprecise, given the lack of a precise definition of the concept of 
quantized coordinate rings. 


9.1. Primitive spectrum conjecture for quantized coordinate rings. 
Assume that k is algebraically closed of characteristic zero, and let A 
be a generic quantized coordinate ring of an affine algebraic variety 
V over k. Then A should be a member of a flat family of k-algebras 
with semiclassical limit O(V), such that prim A is homeomorphic to the 
space of symplectic cores in V, with respect to the semiclassical limit 
Poisson structure. Further, there should be compatible homeomorphisms 
prim A > P.prim O(V) and spec A — P.spec O(V). 
Each of the known types of quantized coordinate rings supports an action of an 
algebraic torus H = (k*)™ (see [4, §8II.1.14-18] for a summary), which has a 
parallel action (by Poisson automorphisms) on the semiclassical limit (e.g., see 
[19, 80.2]; [14, Section 2]). We tighten the conjecture above and posit that there 
should exist homeomorphisms as described which are also equivariant with respect 
to the relevant torus actions. 


9.2. Remarks 


(a) The discussion of the simple example Ay = O,(C?) in §4.5 indicates why 
Conjecture 9.1 is restricted to generic quantized coordinate rings. In particular, 
prim A, has a generic point when q is not a root of unity, but no generic points 
otherwise. Since P.specC[z,y] has a generic point, it is not homeomorphic to 
prim A, when q is a root of unity. 

(b) Each of the “standard” single parameter quantized coordinate rings is defined 
as a member of a one-parameter family of algebras, and it is this (flat) family to 
which the conjecture is meant to apply. For instance, the algebras O,(SL,,(k)) 
(with n fixed) are defined for all g € k* in the same way (e.g., [4, §1.2.4]), and 
substituting an indeterminate t for q in the definition results in a torsionfree k[¢*"]- 
algebra A with A/(t — qg)A = O,(SL,(k)) for all g € k*, just as with the case 
n = 2 in §81.6, 2.2(c). The semiclassical limit is O(SL,,(k)) with the Poisson 
bracket satisfying 


{Xij,Xim} = XijXim (9 < mM) 

{Xij,Xy}=XyXy (i <I) 
This Poisson structure and the above flat family should feature in the SL,, case of 
Conjecture 9.1, that is, for g not a root of unity, prim O,(SLn(k)) should be home- 
omorphic to the space of symplectic cores in SL,(k) and to P.prim O(SL,(k)), 
and spec Og(SLn(k)) should be homeomorphic to P.spec O(SL,(k)). Such a “stan- 


dard” version of the conjecture is to be posed for Og(Mn(k)), Og(GLn(k)), Oq(G), 
and other “standard” cases. 
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The situation is more involved for “nonstandard” cases, and for multiparam- 
eter families, which have to be reduced to single parameter families in order to 
obtain semiclassical limits. In such cases, the conjecture may be sensitive to the 
choice of flat family — different flat families may yield different Poisson structures 
in the semiclassical limit, and the conjecture may hold for some of these semiclas- 
sical limits but not for others. This phenomenon appears in an example of Vancliff 
[52, Example 3.14], which we discuss in Example 9.9. 


(c) As discussed at the end of Example 2.6, the enveloping algebra of a finite 
dimensional Lie algebra g is a generic member of the flat family given by the 
homogenization of U(g), and so U(g) should qualify as a generic quantized coordi- 
nate ring of g*. The semiclassical limit of this family is the Poisson algebra O(g*). 
For this setting, K.A. Brown has noted difficulties with Conjecture 9.1 in what 
one might expect to be the most canonical case, namely when g is semisimple 
[3]. Following the Orbit Method, one would seek a bijection £ —— P between 
symplectic leaves in g* and primitive ideals in U(g) such that the Gelfand-Kirillov 
dimension of U(g)/P equals the dimension of £. In particular, the zero-dimension- 
al symplectic leaves of g*, which are the same as the zero-dimensional symplectic 
cores, should match up with the maximal ideals of finite codimension in U(g). 
However, U(g) has infinitely many such maximal ideals, while there is only one 
zero-dimensional symplectic leaf in g*. (The latter can be verified by using Theo- 
rem 4.2 together with the fact that the identification of g* with g via the Killing 
form identifies the coadjoint orbits in g* with the adjoint orbits in g [8, p. 12].) 

Other differences are already visible in the case g = sl2(C). As is easily 
computed, all but one of the coadjoint orbits in g* are closed (compare with the 
adjoint orbits, computed in [8, Example 1.2.1]). It follows (using Proposition 8.3, 
or by direct computation) that all but one of the points of P.prim O(g*) are closed. 
However, prim U(g) has infinitely many non-closed points, and therefore it is not 
homeomorphic to P.prim O(g*). 


(d) Whenever Conjecture 9.1 does hold, the space of symplectic cores in V must 
be homeomorphic to P.primO(V). It is an open question whether the space of 
symplectic cores for an arbitrary affine Poisson algebra R is homeomorphic to 
P.prim R, but this does hold when R satisfies the Poisson Dirmier-Moeglin equiv- 
alence, as follows from [13, Theorem 1.5]; we excerpt the basic argument in Lemma 
9.3. This equivalence requires that the Poisson-primitive ideals of R coincide with 
the locally closed points of P.spec R, and with those Poisson prime ideals P of R 
for which the Poisson center (cf. §9.6(b)) of the quotient field of R/P is algebraic 
over k. It holds for the semiclassical limits of many quantized coordinate rings via 
[13, Theorem 4.1], as shown in [14, Section 2]. 


(e) As in Theorem 8.11, the existence of a homeomorphism prim A — P.prim O(V) 
as in the conjecture typically implies the existence of a compatible homeomorphism 
spec A — P.specO(V). We display this in Lemma 9.4 below for emphasis. On the 
other hand, a homeomorphism spec A — P.specO(V) will restrict to a homeo- 
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morphism prim A — P.primO(V) provided O(V) satisfies the Poisson Dixmier- 
Moeglin equivalence and A satisfies the Dixmier-Moeglin equivalence. The latter 
equivalence requires that the primitive ideals of A coincide with the locally closed 
points of spec A, and with those prime ideals P of A for which the center of the 
Goldie quotient ring of A/P is algebraic over k. It was verified for many quantized 
coordinate rings in [16] (see [4, Corollary II.8.5] for a summary). 


9.3. Lemma. Let R be a commutative affine Poisson k-algebra, and assume that all 
Poisson-primitive ideals of R are locally closed points in P.spec R. Then the Zariski 
topology on P.prim R coincides with the quotient topology induced by the Poisson 
core map P(—) : maxspecR — P.prim R. Consequently, the space of symplectic 
cores in maxspec R is homeomorphic to P.prim R. 


Proof. Observe first that the map P(—) is continuous. It is surjective by definition 
of P.prim R. 

We claim that P = (){m © maxspecR | P(m) = P}, for any Poisson- 
primitive ideal P of R. Since P is locally closed in P.spec R (by assumption), the 
singleton {P} is open in its closure Vp(P), and so {P} = Vp(P) \ Ve(J) for some 
Poisson ideal J of R. Note that J Z P; hence, after replacing J by J + P, we 
may assume that J > P. If m D P is a maximal ideal such that P(m) 4 P, then 
m D> P(m) D J. The remaining maximal ideals containing P must intersect to P 
by the Nullstellensatz, verifying the claim. 

Now consider a set X C P.prim R whose inverse image, Y, under P(—) is 
closed in maxspec R. Thus, 


Y = {me maxspec R | P(m) € X} = {m € maxspec R | m D I} 


for some ideal I of R. If P € X and m € maxspecR with P(m) = P, then 
m € Y, and som D I. By the claim above, the intersection of these maximal 
ideals equals P, and thus P D I. Conversely, if P € P.prim R and P D J, then 
P =P(m) for some maximal ideal m D I, whence m € Y and P € X. Therefore 
X ={Pe¢P primR | P D I}, a closed set in P.prim R. This proves that the 
topology on P.prim R is the quotient topology inherited from maxspec R via P(—). 

The final statement of the lemma follows directly. 


9.4. Lemma. Let A be a noetherian k-algebra and R a commutative noetherian 
Poisson k-algebra, with char k = 0. 


(a) A bijection ¢: spec A > P.spec R is a homeomorphism if and only if ¢ and 
o~' preserve inclusions. 

(b) Assume that A is a Jacobson ring and R an affine k-algebra. Then any 
homeomorphism prim A — P.prim R extends uniquely to a homeomorphism 
spec A — P.spec R. 

(c) Assume that A satisfies the Dixmier-Moeglin equivalence and R the Poisson 
Dixmier-Moeglin equivalence. Then any homeomorphism spec A — P.spec R 
restricts to a homeomorphism prim A — P.prim R. 
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Proof. (a) For P,Q € spec A, we have P C Q if and only if Q € {P}, and simi- 
larly in P.spec R. Hence, any homeomorphism between these spaces must preserve 
inclusions. 

Conversely, if ¢ and ¢~! preserve inclusions, then ¢(V(P)) = Vp(@(P)) for all 
P € spec A. Since the closed sets in spec A are exactly the finite unions of V(P)s 
(recall the proof of Lemma 8.8(a)), it follows that ¢ sends closed sets to closed sets, 
ie., @~! is continuous. Similarly, ¢ is continuous, and hence a homeomorphism. 

(b) Lemmas 8.8 and 8.9. 

(c) Under the assumed equivalences, prim A consists of the locally closed 
points in spec A, and P.prim R consists of the locally closed points in P.spec R. 


9.5. Example. Let Ay = O,(k”), where k is algebraically closed of characteristic 
0 and gq € k*. View R = O(k?) as the semiclassical limit of the family (Aqg)gcux; 
with the Poisson structure exhibited in Example 2.2(a). The torus H = (k*)? acts 
on A, via algebra automorphisms and on R via Poisson automorphisms so that 
(in both cases) (a1, @2).4; = a;x; for (a1,a2) € H andi =1,2. 

Assume that q is not a root of unity. As is easily checked (e.g., [4, Example 
II.1.2]), the prime ideals of A, are 


e the maximal ideals (v1 — a, x2) and (a, %2 — (), for a, 8 € k; 
()e the height 1 primes (a1) and (x); 
e the zero ideal. 


All of these prime ideals, except for (2) and (x2), are primitive [4, Example II.7.2]. 
The closed sets in spec Ag are easily found, but we shall not list them here — see 
[4, Example II.1.2 and Exercise IT.1.C]. 

With very similar computations, one finds the Poisson prime and Poisson- 
primitive ideals in R, and a list of the closed subsets of P.spec R. In terms of 
notation, the answers are the same as for A, — the list (<)) also describes the Poisson 
prime ideals of R, and all of these ideals, except for (x1) and (#2), are Poisson- 
primitive. We conclude that there exist compatible homeomorphisms prim A, — 
P.prim R and spec A, — P.spec R, sending the ideal (a1 —a, £2) of Ay to the ideal 
(x1 — @, 2) of R, and so on. (We say that these maps are given by “preservation 
of notation” .) These homeomorphisms are equivariant with respect to the actions 
of H described above. 

By inspection, all Poisson-primitive ideals of R are locally closed in P.spec R. 
Consequently, we conclude from Lemma 9.3 that the space of symplectic cores in 
maxspec R = k? is homeomorphic to P.prim R. 


Analyzing the prime ideals in a quantized coordinate ring typically involves 
investigating localizations of factor algebras, which often turn out to be quantum 
tori. We sketch some basic procedures used to determine prime ideals in quantum 
tori, and similar ones for the analogous “Poisson tori”. 
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9.6. Some computational tools 


(a) A quantum torus over k is the localization of a quantum affine space Og(k”) 
obtained by inverting the generators x;, that is, an algebra 


Og((k*)") = kat, We cael Lj{L; = Gijt7X; for all i,j), 


n 


where q = (qj) is a multiplicatively antisymmetric n x n matrix over k. Set 
T = Oq((k*)”). 

Since T is a Z”-graded algebra, with 1-dimensional homogeneous compo- 

nents, its center, Z(T’), is spanned by central monomials [21, Lemma 1.1]. The 
latter are easily computed: a monomial xj"'ws"?--- a?" is central if and only if 
jan G5" = 1 for all 7. All ideals of T are induced from ideals of Z(T) [21, Theo- 
rem 1.2]; [15, Proposition 1.4], from which it follows that contraction and extension 
give inverse homeomorphisms between spec T and spec Z(T) [15, Corollary 1.5(b)]. 
In particular, it follows from the above facts that T is a simple algebra if and only 
if Z(L) = k [36, Proposition 1.3]. 
(b) Let R = k[a=',...,2£] be a Laurent polynomial ring, equipped with a Poisson 
bracket such that {x;,7;} = mi;2;x, for all i, 7, where (7;;) is an antisymmetric 
n Xn matrix over k. The results of part (a) all have Poisson analogs for R, as 
follows. 

The Poisson center of R, denoted Zp(R), is the subalgebra consisting of 
those r € R for which the derivation {r,—} vanishes. Since the Poisson bracket on 
R respects the Z”-grading, Zp(R) is spanned by the monomials it contains [21, 
Lemma 2.1]; [52, Lemma 1.2(a)]. A monomial x]"'xvy"? --- a2 is Poisson central 
if and only if i mgm, = 0 for all 2. All Poisson ideals of R are induced from 
ideals of Zp(R) [21, Theorem 2.2]; [52, Lemma 1.2(b)], from which it follows that 
contraction and extension give inverse homeomorphisms between P.spec R and 
spec Zp(R). In particular, it follows from the above facts that R is Poisson-simple 
(meaning that it has no proper nonzero Poisson ideals) if and only if Zp(R) = k. 


9.7. Example. Let A, = O,(SL2(k)), where k is algebraically closed of character- 
istic 0 and q € k*. View R = O(SL2(k)) as the semiclassical limit of the fam- 
ily (Ag)gexx, With the Poisson structure exhibited in Example 2.2(c). The torus 
H = (k*)? again acts on A, and R, this time so that 


(a, B).X41 = aBX1y (a, B).X12 = aa er 
(a, B).X91 =a" BX, (a, B).X2q = a7" BX 29 


for (a, B) € H. 

Now restrict ¢ to a non-root of unity. The prime ideals of A, can be computed 
with the tools of §9.6(a), as outlined in [4, Exercise II.1.D]. For instance, one checks 
that A, has a localization 


Ag[Xqy), Xjg', Xqq'] & k(w*!, y*!, 2" | cy = qyz, wz = gee, yz = zy), 


and that the center of the latter algebra is k[(yz~')*']. It follows that the prime 
ideals of A, not containing X12 or X21 consist of (0) and (X12—AXa1), for’ € k*. 


196 K.R. Goodearl 


The full list of prime ideals of A, is as follows: 


e the maximal ideals (X11 — A, X12, X21, X22 — A7!), for A € k*; 
(@)e the ideal (Xj, X21); 

e the height 1 primes (X21) and (Xi2 — AXo1), for A € k; 

e the zero ideal. 


A diagram of spec A,, with inclusions marked, is given in [4, Diagram II.1.3]. 

A similar computation, using §9.6(b), yields the Poisson prime ideals of R, 
which can be described exactly as in (@). This provides a natural H-equivariant bi- 
jection ¢: spec A, — P.spec R, given by “preservation of notation”. By inspection, 
¢ and ¢~! preserve inclusions, and thus, by Lemma 9.4(a), ¢ is a homeomorphism. 

The algebra Ay satisfies the Dixmier-Moeglin equivalence by [4, Corollary 
II.8.5], and R satisfies the Poisson Dixmier-Moeglin equivalence by [13, Theo- 
rem 4.3]. Therefore Lemma 9.4(c) implies that @ restricts to a homeomorphism 
prim A, — P.prim R. In Ag, all prime ideals are primitive except for (X12, X21) 
and (0) (cf. [4, Example II.8.6]). Similarly, in R all Poisson prime ideals are Poisson- 
primitive except for (Xy2, X21) and (0). As in the previous example, we can use 
Lemma 9.3 to see that the space of symplectic cores in maxspec R = SLo2(k) is 
homeomorphic to P.prim R. 


9.8. Evidence for Conjecture 9.1. In most of the instances discussed below, k is 
assumed to be algebraically closed of characteristic zero. 


(a) Examples 9.5 and 9.7 are the most basic instances in which the conjecture has 
been verified. In the same way (although with somewhat more effort), one can 
verify it for O,(GL2(k)). In particular, most of the work required to determine the 
prime ideals in the generic Og(GL2(k)) is done in [4, Example II.8.7]. 


(b) We next turn to the quantized coordinate rings O4(G) and Ogp(G) over k = C, 
where G is a connected semisimple complex Lie group, q € k” is not a root of unity, 
and p is an antisymmetric bicharacter on the weight lattice of G (as in [24, §3.4]). 

The Poisson structure on O(G) resulting from the semiclassical limit process 
gives G the combined structure of a Poisson-Lie group (e.g., see [33, Chapter 
1] for the concept, and [22, §A.1] for the result). There is a known recipe for 
the symplectic leaves in G in case the Poisson structure arises from the standard 
quantization [22, Appendix A], and similarly in the multiparameter “algebraic” 
case [24, Theorem 1.8]. In both these cases, it follows that the symplectic leaves are 
Zariski locally closed (see [5, Theorem 1.9] for a more explicit statement). Hence, 
the symplectic leaves in G coincide with the symplectic cores (Theorem 7.1(b)). 

As discussed in §4.4, Hodges and Levasseur put forward the conjecture that 
there should be a bijection between prim O,(G) and the set of symplectic leaves in 
G [22, §2.8, Conjecture 1]. Such bijections were developed for G = SL,,(C) in [23], 
and for general G in [27] and [24]. More generally, Hodges, Levasseur, and Toro 
established a bijection between prim O,,»(G) and the set of symplectic leaves in G 
in the algebraic case. All these bijections are equivariant with respect to natural 
actions of a maximal torus of G. 
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Except for the case G = SL2(C) covered in Example 9.7, the topological 
properties of the above bijections are not known. Even when G = SL3(C), it is 
not known whether prim O,(G) is homeomorphic to the space of symplectic leaves 
(= cores) in G. 


(c) The prime and primitive spectra of general multiparameter quantum affine 
spaces Og(k”) were analyzed by Goodearl and Letzter in [17], assuming k alge- 
braically closed together with a minor technical assumption (that either char k = 2, 
or —1 is not in the subgroup (q;) C k*). They proved that there are compatible 
topological quotient maps k” ~ maxspec O(k”) — prim Og(k”) and spec O(k”) = 
spec Og(k”), equivariant with respect to natural actions of the torus (k*)” [17, 
Theorem 4.11]. Similar results were proved not only for quantum tori Og((k*)”) 
[17, Theorem 3.11] but also for quantum affine toric varieties [17, Theorem 6.3]. 

Oh, Park, and Shin converted these topological quotient results into the fol- 
lowing (assuming chark = 0 and —1 ¢ (qj) C k*): For each Og(k”), there 
is a Poisson structure on O(k”) such that there are compatible homeomorphisms 
P.prim O(k”) > prim Og(k”) and P.spec O(k") — spec Og(k”) [41, Theorem 3.5]. 
Goodearl and Letzter, finally, showed that such homeomorphisms could be ob- 
tained for semiclassical limit Poisson structures [18, Theorem 3.6], and extended 
the results to quantum affine toric varieties [18, Theorem 5.2]. 

All these Poisson algebra structures on O(k”) satisfy the Poisson Dixmier- 
Moeglin equivalence [13, Example 4.6]. Hence, the space of symplectic cores in k” 
is homeomorphic to prim Og(k”), via Lemma 9.3. The symplectic cores in k” are 
algebraic, whereas this does not always hold for the symplectic leaves, as shown by 
Vancliff [52, Corollary 3.4]. An explicit example is computed in [18, Example 3.10]. 


(d) The prime and primitive spectra of the algebras KP iG (k) introduced by Hor- 
ton [25] were analyzed by Oh in [40]. These algebras are multiparameter quan- 
tizations of O(k?"), and include quantum symplectic spaces O,(spk?"), even- 
dimensional quantum Euclidean spaces O,(0 k?”), and quantum Heisenberg spaces, 
among others. Oh introduced Poisson algebra structures APR (k) on O(k?"), and 
constructed compatible homeomorphisms P.prim AP@ (k) — prim KP i (k) and 
P.spec ACh) — spec ae (k), assuming the parameters involved in P, Q, T are 
suitably generic [40, Theorem 4.14]. 


As stated in Remark 9.2(b), a quantized coordinate ring may belong to some 
flat families for which Conjecture 9.1 holds and also to others for which it fails. 
We outline Vancliff’s example [52, Example 3.14] illustrating this phenomenon. 


9.9. Example 
(a) Let a; =i—1 for 1 = 1, 2,3, and set 
Ro =C[A][(1 + ah)—* | i = 1, 2,3] 


A= Ro(x1, 2,03 | ux; = 14; X54; for i,j = 1,2,3), 


198 K.R. Goodearl 


where rj; = (1+a;h)(1+aj;h)~? for alli, 7. This defines a flat family of C-algebras, 
whose semiclassical limit is the polynomial ring R = C[x, x2, x3] with the Poisson 
bracket satisfying 


{%1,%2}=—a1%2 {21,43} =—2x, 73 {22,%3} = —273. 


It follows from [52, Corollary 3.4] that the symplectic leaves in C* for this Poisson 
structure are algebraic; hence, they coincide with the symplectic cores (Theorem 
7.1(b)). By [13, Example 4.6], R satisfies the Poisson Dixmier-Moeglin equivalence, 
and so Lemma 9.3 implies that the space of symplectic leaves in C® is homeomor- 
phic to P.prim R. 

The Poisson-primitive ideals of R are listed in [52, Example 3.14] (where they 
are labelled “maximal Poisson ideals”). They consist of 

(})e the maximal ideals (71 — a, x2, 23), (%1,%2 — 3, %3), (41, 22,23 — ), for 

a, B,y € C; 
e the height 1 primes (x1), (x2), (v3), and (#123 — Ax), for A € C*. 

We can compute them by using §9.6(b) to find the Poisson prime ideals of R and 
then applying the Poisson Dixmier-Moeglin equivalence. For instance, the Poisson 
center of the localization Clr", «F',a#"] is C[(a1257x3)*"], from which it follows 
that any nonzero Poisson prime ideal of R must contain either one of the x; or 
else 1123 — Ax} for some A € C*. The full list of Poisson prime ideals of R is 


: (x1 ~ Q, £2, 3), (v1, 22 a 8, %3), (11, 22,23 _ ay}; for a, 8,y € C; 

© (21,22), (21,23), (£2, 23); 

e (x1), (x2), (x3), (v123 — Av2), for X € C*; 

e (0). 
Inspection immediately shows that the locally closed points of P.spec R are the 
Poisson prime ideals listed in (<>). 
(b) A generic member of the flat family given by A is By = A/(h—q)A, where q¢ 
is a complex scalar such that 1+ q and 1+ 2q generate a free abelian subgroup 
of rank 2 in C*. For such q, the primitive ideals of By, as stated in [52, Example 
3.14], consist of 


e (x1 — a, %2,%3), (€1,%2 — 3,43), (v1, 22,03 — ¥), for a, B,y € C; 
© (1), (v2), (a3), (0). 
These can be computed by finding the prime ideals using §9.6(a) and then applying 
the Dixmier-Moeglin equivalence, which holds because B, is a quantum affine space 
[15, Corollary 2.5]. 
Observe that prim B, is not homeomorphic to P.prim R. For instance, prim By 
has a generic point, while P.prim R does not. 


(c) In contrast to the above, any generic B, is a member of a flat family with a 
semiclassical limit R’ (the algebra R, but with a different Poisson structure) such 
that prim B, ~ P.prim R’ and spec B, © P.spec R’, by [18, Theorem 3.6]. 


It would be very interesting to obtain criteria to determine which flat fami- 
lies yield “good” semiclassical limits relative to Conjecture 9.1. For quantum affine 
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spaces and their Poisson analogs, one good condition appears in the work of Oh, 
Park, and Shin [41, Theorem 3.5] — roughly, if the scalars appearing in the defining 
Poisson brackets of the semiclassical limit arise from an embedding into the addi- 
tive group (k, +) of the subgroup of k* generated by the scalars appearing in the 
defining commutation relations of the quantum affine space, then the prime and 
primitive spectra of the quantum affine space are homeomorphic to the Poisson 
prime and Poisson-primitive spectra of the semiclassical limit. 

We close with an example of the “simplest possible” quantum group for which 
primitive ideals match symplectic cores but not symplectic leaves. There is no 
nontrivial multiparameter version of quantum SLz, and to deal with O,,,(SL3(C)) 
would require investigating 36 families of primitive ideals (indexed by S3 x S3, as 
in [24, Corollary 4.5]). Instead, we look at a multiparameter quantization of GL». 
It is convenient to use Takeuchi’s original presentation [49]. 


9.10. Example. For the classification of primitive ideals, we assume only that & is 
algebraically closed, and we choose a generic pair of parameters p,q € k*, meaning 
that they generate a free abelian subgroup of rank 2 in k*. We restrict to k = C 
and special choices of p and q when setting up a semiclassical limit and discussing 
symplectic leaves. 


(a) Define the two-parameter quantum 2 x 2 matrix algebra M,-1,, as in [49]. This 
is the k-algebra with generators X11, X12, X21, X22 and relations 


Xi X12 = qX12 X11 XuXa =p XaXu 
Xq1 X20 = ¢X22X21 X12Xo9 = p-'Xo2X12 
Xy2Xm1 = (pq) XeiX12 X11 X29 — XX = (q— vp) X12 X01. 


The element D = X11X22 — ¢X12X21 is the quantum determinant in M,-1,,, but 
it is normal rather than central: 


X;;D = (pq)’ 1 DXi; 


for all i, 7 [49, §2]. Since the powers of D form an Ore set, we can construct the 
Ore localization A = Aj-1,, = M,-1,,[D~']. There is a Hopf algebra structure on 
A [49, §2], but we do not need that here. 

For comparison with other presentations of multiparameter quantized coordi- 
nate rings, we point out that A = O,9-1,p(GL2(k)) in the notation of [12, §1.3]; [4, 


q l 
that all prime ideals of A are completely prime. 

Observe that X 2 and X»2; are normal in A, and so we can localize with 
respect to their powers. Although Xj; is not normal, its powers also form an Ore 
set (e.g., verify this first in M,-1,,, which is an iterated skew polynomial ring over 
k[X11]). Note that any ideal J of A which contains X11 also contains X)2X21, 
whence D € I and I = A. Hence, no prime ideal of A contains X11, which means 
that no prime ideals of A are lost in passing from A to the localization A[Xj;']. 


§1.2.4]), where p = [2 q IE In particular, [4, Corollary II.6.10] applies, implying 
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(b) The quotient A/(X 2, X21) is isomorphic to a commutative Laurent polyno- 
mial ring k[x75', x59']. Hence, we know the prime ideals of A containing (X12, X21). 
The others correspond to prime ideals in the localizations 


(A/(X12))[Xar'],  (A/(X21))[Mie'], and ALXT', Xp", Xan’. 


We claim that these localizations are simple algebras, from which it will follow that 
the only prime ideals of A not containing (X12, X21) are (Xy2), (X21), and (0). 


First, (A/(X12)) Xor | is isomorphic to the algebra 


Pea ye ee [Ly Spe yey. Pee ye aay): 


Via §9.6(a), we compute that Z(T,) = k, whence T; is simple. Similarly, 
(A/(X21)) [X7q'] is simple. 

Third, observe that X29 = Xyq'(D+qX12X01) in A[X]]'], and so this algebra 
can be generated by X7j', X12, X21, D*!. Consequently, A[Xjq', Xj5', X5q'] is 


isomorphic to the k-algebra T3 with generators x*!, y+!, z+!, wt! and relations 


ry = qyax LZ=p zu cw = we 
yz = (pq) ‘zy yw = (pq) wy zw = pquz. 


Another application of §9.6(a) shows that T3 is simple, establishing the claim. 
Therefore, the prime ideals of A consist of 


e the maximal ideals (Xq1 — A, X12, X21, X22 — pw), for A, € k*; 
())e the ideals (X12, X21, f(X11, X22)), for irreducible polynomials f(s,t) € 
kis, 
e the ideals (X12, X21), (X12), (X21), and (0). 


(c) The torus H = (k*)* acts on A by k-algebra automorphisms such that 
(a1, a2, Ar, B2).Xiz = 048; Xij (9.10c) 


for all 2, 7. Only four of the prime ideals of A are H-stable, and thus [16, Corollary 
2.7(ii), Remark 5.9(i)] implies that A satisfies the Dixmier-Moeglin equivalence 
(cf. [4, Corollary II.8.5(c)]). Therefore, the primitive ideals of A are 


e the maximal ideals (X11 — A, X12, X21, X22 — pw), for A, € k*; 
e the ideals (Xy2), (X21), and (0). 


(d) Now restrict to k = C, choose a € R\ Q, assume that q is transcendental over 
Q(a), and take p = 1 + a(q — 1). The assumptions on a and gq ensure that the 
subgroup (p,q) C C% is free abelian of rank 2, as needed above. Our choice of p 
is a first-order Taylor approximation of g*, which is convenient for extension to 
polynomial rings. 
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Choose a Laurent polynomial ring k[z*1], set zq = 1+ a(z — 1), and let 
B=M,-1,,, over k[z*', zz" in the notation of [49, §2]. Thus, B is the k[z*1, zy"]- 
algebra given by generators X11, X12, X21, X22 and relations 


Xi X12 = 2X 2X11 Xu Xo = 2g°Xa Xu 

Xqi Xoo = 2X22X21 X12Xo2 = 24 'Xo2X19 

X12Xo1 = (z2a)* Xai X12 X11X92 — Xo2X11 = (2 — Za) X12X21 - 
Observe that B is an iterated skew polynomial algebra over k[z*!, z+], and so it 


is torsionfree over k[z+']. This algebra has been arranged so that B/(z — q)B = 
M,-1,, and B/(z —1)B = O(M2(k)). In B, the quantum determinant is D = 
X11 X99 — 2X 12X01, and it is normal. We set C = B[D~'] and observe that C is 
a torsionfree k[z*!]-algebra such that C/(z— q)C & A and C/(z-1)C & R:= 
O(GL2(k)). 

Thus, A is one of the quantizations of R in the family of algebras C/(z—7)C. 
The semiclassical limit of this family is the algebra R, equipped with the Poisson 
bracket determined by 


{X11, X12} = Xu X12 {Xu1, Xai} = —aX41 X21 
{Xo1, X22} = Xo1 X22 {X12, X22} = —aX 12X22 
{X12, Xa} =—-(l+a)Xi2Xe1 { X11, Xo2} = (1 -— a) X12 X01. 


To find the Poisson prime ideals of R, we can proceed in parallel with part 
(b) above, using §9.6(b) in place of §9.6(a). We compute that the Poisson prime 
ideals of R can be listed exactly as in (<). This yields an obvious bijection @ : 
spec A > P.spec R given by “preservation of notation”. Clearly ¢ and ¢7~! preserve 
inclusions, and so ¢ is a homeomorphism by Lemma 9.4(a). (Alternatively, one can 
easily identify the closed sets in spec A and P.spec R and then check that @ and 
+ are closed maps.) 

The torus H acts on R by Poisson algebra automorphisms satisfying (9.10c), 
and only four Poisson prime ideals of R are stable under this action. Consequently, 
[13, Theorem 4.3] implies that R satisfies the Poisson Dixmier-Moeglin equivalence. 
Thus, the Poisson-primitive ideals of R are 

(@)¢ the maximal ideals (X11 — A, X12, X21, X22 — pw), for A, € k*; 
e the ideals (X12), (X21), and (0), 


and therefore ¢ restricts to a homeomorphism prim A — P.prim R. 


(e) In view of (@), we can now identify the symplectic cores in GL2(C)+maxspecR 
with respect to the Poisson structure under discussion. They are 


e the singletons { F | te for A, € C*; 


Ce. iC CX 0 rA £B 
e the sets | 0 oh le A and 1|3 Al € GL2(C) | B.V# of. 
The space of symplectic cores in GL2(C) is homeomorphic to P.prim R by Lem- 
ma 9.3. 
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Since Oe ee and Cae are complex manifolds of odd dimension 

0 Cc* Cc* Cc* ? 

they cannot be symplectic leaves. In fact, each is the union of a one-parameter 
family of symplectic leaves, which can be calculated as in [18, Example 3.10(v)]. 
x x 


Oe" 


x 2 x x 
{3 je] [>PEC \. for 6 €C%. 


For instance, the symplectic leaves contained in are the surfaces 
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On Unit-Central Rings 
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Dedicated to S.K. Jain in honor of his 70th birthday. 


Abstract. We establish commutativity theorems for certain classes of rings 
in which every invertible element is central, or, more generally, in which all 
invertible elements commute with one another. We prove that if R is a semiex- 
change ring (i.e., its factor ring modulo its Jacobson radical is an exchange 
ring) with all invertible elements central, then R is commutative. We also 
prove that if R is a semiexchange ring in which all invertible elements com- 
mute with one another, and R has no factor ring with two elements, then R 
is commutative. We offer some examples of noncommutative rings in which 
all invertible elements commute with one another, or are central. We close 
with a list of problems for further research. 


Mathematics Subject Classification (2000). Primary 16U60, 16U70; Secondary 
16L30. 

Keywords. Unit-central, rings with commuting units, exchange rings, semi- 
exchange rings, commutativity theorems. 


1. Introduction 


We say that an associative unital ring R is unit-central if UCR) C Z(R), ie., if 
every invertible element of the ring lies in the center. In various natural situations 
the unit-central condition implies full commutativity. 

It is also of interest to weaken the unit-central condition and consider rings 
R for which U(R) is an abelian group. We will refer to such a ring R as having 
commuting units. Rings with commuting units have also been investigated by a 
number of authors (e.g., see [7], [12], [21], [22]). For a ring that is additively 
generated by its units (cf. [17], [18], [19], [26], [28]), having commuting units is 
obviously equivalent to commutativity. 

Our main focus in this note will be on unit-central rings and rings with 
commuting units. A still wider class consists of those rings in which any two 
nilpotent elements commute with one another. This property proved instrumental 
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in the study of prime rings in [5]. We will consider this condition in Theorem 2.8 
below. 

We will denote the Jacobson radical of a ring R by rad(R), the set of nilpo- 
tent elements by 9t(R), and the right annihilator of an element a in R by ann‘ (a). 
For any other notation not defined here, we refer the reader to [20]. 

We record the following construction technique for the classes of rings under 
consideration. 


Proposition 1.1. Let S be a ring, let M be an (S,S)-bimodule, and define R = 
S@M as an additive group, with multiplication in R. defined by (s1,™m1)(s2,me2) = 
($182, $1m2 + ™182). 
(i) R is unit-central if and only if S is unit-central and sm = ms for all s € S 
and me M. 
(ii) R has commuting units if and only if S has commuting units and sm = ms 
for all s € U(S) and me M. 


Proof. Straightforward. 


2. Commutativity theorems 


We begin with a basic but useful lemma. Recall that a ring is said to be abelian if 
every idempotent element is central. 


Lemma 2.1. Let R be a ring. Then: 
(i) If R is unit-central, then N(R) Urad(R) C Z(R). 
(ii) If R has commuting units, then for all a,b € N(R) Urad(R)UU(R) we have 
ab = ba. 
(iii) If R is unit-central, then R is abelian. 
(iv) If for all a,b € N(R) we have ab = ba, then R is Dedekind-finite. 


Proof. Statements (i) and (ii) are straightforward. If e € R is an idempotent in a 
unit-central ring, then (i) implies eR(1 — e) = {0}, and (iii) follows. A Dedekind- 
infinite ring contains an infinite set of matrix units, whence (iv). 


Obviously neither the property of having commuting units nor the unit- 
central condition is Morita invariant; however, they do pass to corner rings: 


Lemma 2.2. Let R be a ring and e € R an idempotent. If R is unit-central (resp. 
a ring with commuting units), then the corner ring eRe is unit-central (resp. a 
ring with commuting units) . 


Proof. Suppose R is unit-central, with ere € U(eRe) and ese € eRe. Then ere+ 
(1 — e) is contained in U(R), so it commutes with ese, and hence ere and ese 
commute. 

The proof for the “commuting units” case is analogous. 
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Recall that a ring R is called an exchange ring if the module Rp satisfies 
P. Crawley and B. Jénsson’s exchange property: given a set J, whenever 


A=MON=QAi wit M2R 
iE. 


in the category of right R-modules, there exist submodules A/C A; such that 


A=Me (e «) 
ic] 
R.W. Warfield Jr. showed in [29, Corollary 2] that this property is left-right sym- 
metric. Every ring R that is semiregular (i.e., R/rad(R) is von Neumann regular 
and idempotents of R/rad(R) lift to R) is an exchange ring. Also, every clean 
ring (i.e., ring in which every element is the sum of a unit and an idempotent) is 
an exchange ring. For example, the endomorphism ring of an continuous module 
is both semiregular and clean (for the latter, see [9]). By [4, Proposition 2.6], every 
strongly 7-regular ring is clean; by [27, Example 2.3], every 7-regular ring is an ex- 
change ring. In addition to semiregular and clean rings, the class of exchange rings 
includes all C*-algebras of real rank zero and Gromov translation rings of discrete 
trees over von Neumann regular rings (see [2, Theorem 7.2] and [3, Theorem 2.7]). 

Exchange rings can be characterized as those rings for which every pair of 
comaximal right ideals contain a complementary pair of idempotents, i.e., R is an 
exchange ring if and only if for each element a € R there exists an idempotent 
e € R such that e € aR and 1—e € (1—a)R. This characterization was indepen- 
dently discovered by K.R. Goodearl and W.K. Nicholson (see [14, p. 167] and [23, 
Proposition 1.1 and Theorem 2.1]), and it is very useful in practice. For example, 
the proof by P. Ara, K.C. O’Meara, and F. Perera that Gromov translation rings 
of discrete trees over von Neumann regular rings are exchange rings in [3] relied 
crucially on Goodearl and Nicholson’s characterization. 

A ring R is said to be a semiexchange ring if the factor ring R/rad(R) is 
an exchange ring. This common generalization of exchange rings and semilocal 
rings arises naturally: according to [23, Corollary 2.4], a ring is an exchange ring 
if and only if it is a semiexchange ring and idempotents lift modulo the Jacobson 
radical. The (apparently rather deep) open problem of the left-right symmetry of 
the quasi-duo condition has an affirmative answer for the class of semiexchange 
rings (see [11, Theorem 4.6]). Basic properties of semiexchange rings are developed 
in [10]. Of course, a semiexchange ring need not be either semilocal or an exchange 
ring, as can be seen by taking a direct product of a semilocal ring and an exchange 
ring, or an infinite direct product of semilocal rings. 

A ring with commuting units can be both semilocal and an exchange ring 
without being commutative. On the other hand, a unit-central ring that is either 
semilocal or an exchange ring must be commutative, by the following theorem. 


Theorem 2.3. Every unit-central semiexchange ring is commutative. 
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Proof. Let R be a unit-central semiexchange ring. To prove that R is commuta- 
tive, by [20, p. 200, Ex. 12.8B] it suffices to show that 2 — 2x? € Z(R) for every 
ceER. 

Fix « € R. The exchange ring R = R/rad(R) is unit-central, therefore 
abelian, and it is well known that abelian exchange rings are clean [23, Proposi- 
tion 1.8(2)]. So « =e+u for some e,u € R such that @ is an idempotent and @ 
a unit of R. Then I—2e € U(R), so 1 — 2e € U(R) C Z(R), hence 2e € Z(R). 
As u € U(R) C Z(R), we have 2eu € Z(R) and u— u? € Z(R). Moreover, 
e—e” €rad(R) C Z(R). Consequently, x — 2? = (e — e?) — 2eu+ (u—u?) € Z(R), 
as required. 


Remark 2.4. The classical commutativity theorems of Jacobson, Herstein, and 
Kaplansky made heavy use of subdirect product representations. If R is a unit- 
central ring, and R/rad(R) is a finite subdirect product of simple artinian rings, 
then R is semilocal, and by Theorem 2.3, R must be commutative. One might 
be tempted to try to extend this conclusion to the case where R/rad(R) is a 
subdirect product of an arbitrary set of simple artinian rings. Unfortunately, this 
generalization fails. If & is an infinite field, and {x; : i € I} is an infinite set of 
noncommuting indeterminates, then the free algebra R = k({a;, : i € I}) isa 
noncommutative unit-central ring with rad(R) = (0), and by [1, Corollary 3], R 
can be represented as a subdirect product of simple artinian rings. 


_ {Fs V 
e=(0 w) 


where V is any nonzero Fo-vector space. Then R is a noncommutative semipri- 
mary ring with commuting units. Thus, in Lemma 2.1(iii) and Theorem 2.3 the 
unit-central hypothesis cannot be weakened to “commuting units.” 


Example 2.5. Let 


If, however, we assume that R has no factor ring isomorphic to F2, then 
Theorem 2.3 can be extended to rings with commuting units. To prove this, we will 
make use of the following theorem, which occurred (with different terminology) as 
[21, Theorem 2.2]. (The “left suitable” condition in [21, Theorem 2.2] is equivalent 
to the ring being an exchange ring: see [21, Lemma 1.2] or [23, Theorem 2.1].) 


Theorem 2.6 (Nicholson, Springer). A semiprime exchange ring with commuting 
units 1s commutative. 


The following theorem strengthens a result of J. Han, [16, Theorem 2.9]. 
We note that Nicholson has a complementary result for semiperfect rings, [22, 
Corollary 1(1)]. 


Theorem 2.7. Let R be a semiexchange ring with commuting units. If R has no 
factor ring isomorphic to F2, then every element of R is a sum of two units, and 
consequently R is commutative. 
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Proof. Let R = R/rad(R). As R is asemiprimitive exchange ring with commuting 
units, Theorem 2.6 implies R is commutative. In a commutative exchange ring 
with no factor ring isomorphic to F2, every element is the sum of two units. (See 
[6, Theorem 3]; the idea was already implicit in [13, Theorem 2].) Thus, every 
element of R is the sum of two units, whence every element of R is the sum of 
two units. Since R has commuting units, it is commutative. 


An element a of aring R is a von Neumann regular element if there exists 
some 0 € R such that a = aba. 


Theorem 2.8. Let R be a ring with the property that for all a,b € N(R) we have 
ab = ba. (In particular, any ring with commuting units has this property.) Then 
R does not contain any nonzero nilpotent von Neumann regular element. 


Proof. Assume the contrary, that there exists some a € R such that a = aba for 
some 6 € R, and a” =0#a"~! for some integer n > 2. Put e = ab. 

The nilpotent elements a and ea(1—e) commute, hence aea(1 — e) = 0. 
From a?(1—e) = 0 we obtain a? = a?e = ab, whence a? = a™+t?b™ for every 


m €N. Therefore a? = 0, which implies a = ea(1—e). Hence 
(ca(1 — e))b(ea( = e)) 

) @ — e)be) (ca( — e)) 
) (ca(1 — e) (a — e)be) 


a 


(ca(1 —e 
(ca(1 —e 
0 


’ 


) 
) 


a contradiction. 


Using Theorem 2.8, we can recover the following special case of Theorem 2.6. 


Corollary 2.9 (Nicholson, Springer). Any von Neumann regular ring with commut- 
ing units 1s commutative. 


Proof. Let R be a von Neumann regular ring with commuting units. By Theo- 
rem 2.8, R is reduced and von Neumann regular, i.e., strongly regular. In a strongly 
regular ring every element is the product of a unit and a central idempotent. Hence 
R is commutative. 


Remark 2.10. It follows from Theorem 2.3 that any unit-central artinian ring is 
commutative. A unit-central noetherian ring, however, need not be commutative. 
For instance, the Weyl algebras over a field are noncommutative unit-central noe- 
therian rings. For another example of this sort, let A = k[t1,to,...,tn] where k is 
a field and the ¢,;’s are commuting indeterminates, and let o be any nonidentity 
k-linear automorphism of A. Then the skew polynomial ring R = Alx;o] is a 
noncommutative unit-central noetherian ring. 


We note in closing that commutativity theorems complementary to those in 
this section can be found in [15, §5)]. 
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3. Open problems 


A ring R is called right duo if each right ideal of R is two-sided. We ask the 
following question. 


Question 3.1. Is every unit-central right duo ring commutative? 


Following Nicholson and M.F. Yousif in [24], we calla ring R right principally 
injective, or right P-injective, if for every a € R, every right R-module homomor- 
phism aR — R extends to a right R-module homomorphism R — R. Since a 
right self-injective ring is an exchange ring, we know that every unit-central right 
self-injective ring is commutative. This suggests the following question. 


Question 3.2. Is every unit-central right principally-injective ring commutative? 


Nicholson and E. Sdnchez-Campos [25] called an element a of a ring Ra 
right morphic element if R/aR ~ ann®(a) as right R-modules. A ring R is called 
a right morphic ring if every element of R is a right morphic element. Clearly 


every unit and idempotent in a ring is morphic. We ask the following question. 
Question 3.3. Is every unit-central right morphic ring commutative? 


A ring R is said to have stable range 1 if for all a,b € R such that aR+bR = 
R, there exists y € R such that a+ by is a unit. As every semilocal ring has 
stable range 1, and Theorem 2.3 shows that every unit-central semilocal ring is 
commutative, we ask the following. 


Question 3.4. Is every unit-central ring with stable range 1 commutative? 
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Symplectic Modules and von Neumann 
Regular Matrices over Commutative Rings 


T.Y. Lam and R.G. Swan 


Abstract. A criterion is given for the existence of a symplectic structure on a 
finitely generated projective module P over acommutative ring R. If P@Q = 
R”, P admits a symplectic structure iff Q = ker (A) for some von Neumann 
regular alternating matrix A € M,(R). Every n-generated symplectic space 
over R arises in this way. In supplement to this, it is also shown that a 
matrix A € M,(R) is von Neumann regular iff each of its determinantal 
ideals is generated by an idempotent in R. 


Mathematics Subject Classification (2000). 15A09, 15A63, 16D40, 16E50. 


Keywords. Projective modules, symplectic structures, alternating and von 
Neumann regular matrices, determinantal ideals, idempotent ideals, Fitting 
invariants. 


1. Introduction 


Over a commutative ring R, a symplectic module means a finitely generated (f.g.) 
projective R-module P that is equipped with a bilinear pairing B: Px P— R 
such that B(v,v) = 0 for all v € P, and the mapping v + B(v, —) is an R- 
isomorphism from P onto its R-dual P*. While the usual R-modules (resp. bi- 
linear R-modules) and their morphisms constitute the “linear (resp. bilinear) 
category” over R, the symplectic R-modules and their morphisms constitute a 
separate “symplectic category”. The study of symplectic structures and their au- 
tomorphism groups has proved to be of interest and importance in both algebra 
and geometry. 

If P isaf.g. free R-module R”, the symplectic structures on P are given by 
the alternating matrices in GL, (A), where a matrix A = (a;;) is called alternating 
if AT = —A and a; = 0 for all 7. If n is odd, it is easy to see that this alternating 
condition implies that det (A) = 0. On the other hand, if n = 2m, an obvious 
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0 Im . 
ade ee Thus, if R 4 0, 


symplectic structures can be found on the free module R” iff n is even. 


invertible alternating n x n matrix is given by 


If P is only f.g. projective but not free, it is known that P may not sup- 
port a symplectic structure. In fact, this can happen even when P is self-dual 
(P = P*) and has constant rank 2m; see, for instance, Theorem 1.4 and Corol- 
lary 6.4 in [Swe]. A simpler example can also be constructed as follows. Let R be 
a Dedekind domain having a non-principal ideal J whose square is principal, and 
let P= R?™-1OJ (m> 1). Since J* & J-1 & J, P is self-dual of rank 2m. 
However, P is not free (since J is not principal). According to [Las] (comment 
(b) after (VII.5.8)), over a Dedekind domain, this implies that P cannot support 
a symplectic structure. 


In view of the remarks above, it would thus be desirable to find, in general, 
some criteria for the existence of symplectic structures on a given f.g. projective 
module P. However, a modest search of the literature did not turn up any such 
criterion (except in the case of certain special modules). In this paper, we prove 
the following result, which offers a general matrix-theoretic criterion for P to be 
a symplectic module. 


Theorem A. Given a decomposition R” = P®Q, P admits a symplectic structure 
iff Q = ker (A) for some alternating von Neumann regular matrix A € M,(R). (A 
matrix A is said to be von Neumann regular if A= AMA for some M € M,,(R).) 


If one prefers to put more emphasis on A than on P, this result can be refor- 
mulated as follows; Given an alternating matriz A € M,(R), the bilinear pairing 
defined by A induces a symplectic structure on the factor module R”/ker (A) iff 
the matrix A is von Neumann regular. It is of interest to note that the above for- 
mulation of the existence criteria for symplectic structures is independent of any 
assumptions on the rank function (on the Zariski prime spectrum) of the projective 
modules in question. This makes the criteria readily applicable even to projective 
modules of nonconstant rank. 

The results above, along with some of their simplifications in the case of 
special ground rings R, are presented in the first half of §2. The rest of §2 gives 
yet other formulations of these results in case the projective module P is the 
syzygy module defined by a unimodular row. The results presented in §2 seemed 
to have escaped earlier notice as the notion of von Neumann regular matrices has 
not been previously brought to bear on the general study of symplectic structures. 
But in retrospect, this important notion (first invented by J. von Neumann in the 
1930s) provided exactly the right tool to deal with the existence question addressed 
in the aforementioned results. 

In view of the special role played by von Neumann regular matrices in this 
work, we offer in §3 the following criterion for a square matrix to be von Neumann 
regular. 
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Theorem B. Over a commutative ring R, a matrix A € M,,(R) is von Neumann 
regular iff each of its determinantal ideals is generated by an idempotent in R. 


Since we have not been able to find this result in a few standard sources in 
linear algebra over commutative rings (such as [Br], [HA], and [MD]), we cannot 
assume that it is well known. In Eisenbud’s book [Ei], there is a criterion for a 
f.g. R-module to be projective of constant rank, in terms of the Fitting invariants 
of the module. With some additional work, Theorem B above can be deduced 
from this criterion. This will be done in §3, but such a proof seems somewhat 
circuitous as it requires the tools of Fitting invariants as well as the theory of 
ranks of projective modules. To compensate for this, a separate elementary and 
completely self-contained proof for Theorem B is offered in 83. Our proof there is 
largely matrix-theoretic, and again totally bypasses any consideration of projective 
modules and their ranks. The paper concludes with a short section (§4) on von 
Neumann regular matrices of small size and the explicit construction of (some of) 
their quasi-inverses. 

Throughout this paper, R denotes a commutative ring with 1, and U(R) 
denotes the group of units of R. The module of n x n alternating matrices over 
R is denoted by A,,(R). All R-modules are assumed unital. Greek letters such 
as o and 7 are used to denote row vectors, while elements of the free module 
R” are usually written as column vectors (e.g., 7, 7’, where “T” means the 
transpose). For n-tuples u and v (rows or columns alike), [u, v] denotes their 
dot product. For any row vector 7 = (b1,...,6,), we'll write P(r) = P(bi,..., bn) 
for the kernel of the R-homomorphism R” — R defined by 7. This is the (first) 
syzygy module for the ideal in R generated by the b;’s. This module is especially 
important for us in case 7 is unimodular; that is, when 57, b,:R = R. 

As in the statement of Theorem A, an element A ina ring S' is said to be 
von Neumann regular if A= AMA for some M € S. We refer to any such M as 
a quasi-inverse for A. If A has a quasi-inverse that is a unit, we say that A is 
unit-regular. If all elements A € S$ are von Neumann regular (resp. unit-regular), 
S is said to be a von Neumann regular (resp. unit-regular) ring. For other standard 
terminology and notations in the theory of rings and modules, we refer the reader 
to [La] and [Lag]. 


2. Symplectic structures on projective modules 


To begin our study of the existence of symplectic structures on f.g. projective 
modules over a commutative ring R, we first recall a useful fact on von Neumann 
regular matrices, which will be used freely throughout this paper. Given a matrix 
Aé€M,(R), we have an R-endomorphism A: R” — R” defined by a7 + Ao?. 
Using the fact that R” is a projective module, it is easy to show that A is von 
Neumann regular iff im(A) is a direct summand of R”. The key point of the 
proof of this basic fact is that this condition implies that ker (A) is also a direct 
summand of R”. The details of the proof can be found in [Lag: pp. 59-60]. 
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The following notations will be fixed for the first result of this section, namely, 
(2.1). Let P,Q be a pair of (f.g. projective) R-modules such that P®Q = R”. 
We write EF for the projection of R” onto P with kernel Q, and let S := M,,(R), 
which we shall identify with the endomorphism ring of R”. Using “star” to denote 
(as before) the formation of dual modules, we shall apply freely the canonical 
decomposition (R”)* = P* @ Q*, and will always identify (R”)* with R”. 


Theorem 2.1. With the above notations, the following statements are equivalent: 


(1) There exists a symplectic structure on P. 

(2) Q=ker(A) for some von Neumann regular matriz A € A,,(R). 

(3) EES has a factorization MA with Me S, AC A,(R), and A(Q) =0. 
The matriz A in (2) and in (3) is unit-regular iff the projective module Q is 
self-dual. Under (2) or (3), this is always the case if the category of f.g. projective 
modules over R_ satisfies the cancellation law. 


Proof. (1) = (2). We fix a symplectic structure on P, and think of it as an 
isomorphism A: P — P* such that for every u? € P, the functional Au? 
vanishes on u?. Extend A to R" > R” by taking A(Q) =0. Then ker (A) = Q, 
and A is von Neumann regular since im(A) = P* is a direct summand in R”. 
Finally, for any u? € P and v" € Q, we have vAu! = [v, Au™] = 0 (since 
Au’ € P*), and hence 


(u+v)A(u? +7) =uAut =0. 


Thus, the matrix of A with respect to the standard basis on R” is alternating, 
which proves (2). 

(2) = (3). Assuming (2), im(A) = A: (P @Q) = A(P) is a direct summand of 
R”, since A is von Neumann regular. Let M be the inverse of the isomorphism 
A: P— A(P). Defining M to be zero on a direct complement of A(P), we may 
view M as an R-endomorphism of R”. Then E = MA since both are zero on 
Q, and the identity on P. This checks (3). 

(3) = (1). For the matrices A, M in (3), we have ker (A) C ker (£) = Q C ker (A), 
so ker (A) = Q. For any u? € P and v7 € Q, we have vA = —(Av™)? = 0, and 
hence [v, Au?] = vAu? = 0. This shows that A maps P (injectively) into P*. 
We also have uAu? = 0, since A is alternating. Thus, A gives a symplectic 
structure on P if A: P — P* is onto. To check this, let a? € P*. For any 
x’ € P, we have 

a- 2? =a(Ex"')=(aM) Ac’. 

Writing aM =u-+v where u? € P and v" € Q, and recalling that v A = 0, this 
gives a-x? = (uA) a’. But this equation holds also for all 27 € Q (since in that 
case both sides are zero). Thus, a = u A, and hence al = ATul = —Au’. This 
completes the proof of (3) = (1), but it is useful to note a couple of additional 
properties of A here. First, we have A = AE, since they agree on P and are both 
zero on Q. Thus, S:-E = S- A; that is, S and A generate the same left ideal in 
the matrix ring S. Second, A must be von Neumann regular, since im(A) = P* 
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is a direct summand of R”. Alternatively, going back to the equation FE = MA, 
we have AMA = AE =A. 


Finally, let A be the matrix in (2) or in (3). Then 
ker(A) =Q, and coker(A) = R"/im(A) = R"/P* = Q*. 


Since A is von Neumann regular, Ehrlich’s result in [Eh] implies that A is unit- 
regular iff ker (A) © coker (A); that is, iff Q = Q*. If the category of f.g. projective 
R-modules satisfies the cancellation law, then under the condition (2) or (3), we 
have 


PEQZzPog@2=Peg?’?—]aqQqeq. 


So in this case, Q is necessarily self-dual, and A is necessarily unit-regular. 


Remark 2.2. There are many known cases where the category of f.g. projective 
R-modules satisfies the cancellation law. For instance, R can be any Dedekind 
domain, any Bézout domain, any semilocal ring, or any (commutative) von Neu- 
mann regular ring; see [Lag]. For each of these rings, the matrix A in (2) or (3) 
above will be unit-regular. 


Instead of focusing on the existence of a symplectic structure on P, we may 
also start with a matrix A € A,,(R) and ask when would A induce a symplectic 
structure on the factor module R”/ker(A). From this viewpoint, we have the 
following variation on the theme of Theorem 2.1. 


Theorem 2.3. For a matriz A € A,(R), let Q =ker(A) C R”. The pairing 
(2.4) R"/Q x R"/Q— R_ defined by (x7 +Q,y7+Q)=arAy’ ER 


gives a symplectic structure on R"/Q iff A is von Neumann regular. (In this 
case, A is unit-regular iff Q = Q*.) Every n-generated symplectic module over 
R arises in this way, from a suitable von Neumann regular matriz A € A,(R). 


Proof. First note that the pairing is well defined, since for any v7 € Q, we have 
Av? =0 (and hence also v A = 0 since A? = —A). If A is von Neumann regular, 
then Q is a direct summand in R”, so R” = P@®Q for some (f.g. projective) 
submodule P C R”. By (2) = (1) in Theorem 2.1, the pairing sending (27, y’) € 
Px P to xAy™ € R is a symplectic structure on P. This proves the “if” part 
in the theorem. For the “only if” part, recall that modules supporting symplectic 
structures are assumed to be f.g. projective. Thus, if R”/Q is a symplectic module 
under the pairing defined in (2.4), then R”/Q is projective and so Q is a direct 
summand in R”. Fixing as before a direct complement P of Q, we see that 
im(A) ={Ay?: y? © P} is precisely P*, when we make the usual identification 
(R")* = R”. Since P* is a direct summand of R", A is von Neumann regular, 
as desired. The last conclusion of the theorem follows from the proof of (1) = (2) 
in Theorem 2.1. 


In some special cases, Theorem 2.1 can be improved. With the same notations 
as in (2.1), the following result presents such an improvement. 
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Corollary 2.5. If R is a self-injective ring or a von Neumann regular ring, and 
S=M,,(R), then the statements (1)-(3) in Theorem 2.1 are equivalent to: 


(2)' Q=ker(A) for some matrix A € A,(R). 


Proof. It suffices to show that (2)’ > (2). Assuming (2)’ holds, ker(A) = Q isa 
direct summand of R”. If R (and hence R”) is injective as an R-module, then 
im (A) = R"/Q & P is also an injective R-module. This implies that im (A) is a 
direct summand of R”, so A € S is von Neumann regular. (For a more general 
formulation, see [Laz: pp. 59-60].) Thus, (2) holds — for the same A in (2)’. If, 
instead, R is a von Neumann regular ring, then so is S by [Lag: Ex. 21.10B 
(or by Example 3.3(B) below). In this case, all matrices in S are von Neumann 
regular, so (2) again holds. 


Next, we’ll specialize Theorem 2.1 to the case where Q = R. This is the case 
where the projective module P in question is the syzygy module 


(2.6) PR=ia Ena 7 =o} 
for a unimodular row 7 of length n. (In the terminology of [Las: Ch.I], P is an 
n-generated “stably free module of type 1”.) In preparation for the special version 


of Theorem 2.1 for such modules P, we need a special determinantal identity, as 
follows. 


Lemma 2.7. For any a€ R and any rows o, 7 of length n over R, we have 
det (a-I, — 077) =a""'(a-—[o, 7]). 


Proof. This is presumably a classical result. For the convenience of the reader, we 
include a “modern” proof. We first observe that, for any matrix G € GL,,(R), if 
o’ :=o0G" and r':= 7G", then it suffices to prove the determinantal identity 
for o’, 7’. This follows simply by noting that 

(2.8) td, = oot Sat 6-8 Ve G=6 ash, =e Fe 1G, 

and that: [o'; ¢’J=o' (rr)? =eG (Gr jer? =|e;4l: 

It is sufficient to prove the determinantal identity over a field R. In this 
case, we can find a matrix G € GL,(R) such that 7’ := 7G~! has the form 
(c1,0,...,0). If o := 0G? = (bi,...,bn), then a-In+(o’)?r’ is lower triangular 
with diagonal entries (a — bic1, a,...,a@), so its determinant is a”~!(a — b1c1) = 
a"—(a— [o’, 7] ). 
Corollary 2.9. In the notations of (2.7), assume that a € U(R) and that [o, T] € 
rad(R) (the Jacobson radical of R). Then a-In—o7r € GL (R). 


Proof. This follows from (2.7) since U(R) + rad(R) C U(R). 


It is now easy to reformulate Theorem 2.1 into a result for the existence of 
symplectic structures on syzygy modules (of even rank). 


Theorem 2.10. For two rows o, T of odd length n over a ring R. The following 
are equivalent: 
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(3) In — o7T has a factorization MA with M € M,(R), A € A,(R), and 
Ao™ =0. 
(4) [o, 7] =1 and P(r) has a symplectic structure. 
The matriz A in (3) is necessarily unit-regular. 
Proof. (3) = (4). Assume (3). Since n is odd and A € A,,(R), det (A) = 0. Thus, 
from the factorization I, — 077 = MA in (3), we have 
det (In — 07 r) = det (M) - det (A) = 0. 
On the other hand, (2.7) gives det (I, — 07 r) = 1-— [o, 7]. Therefore, [o, T] = 1 
(so 7 is a unimodular vector), and we have a decomposition 
(2.11) R"=Q@P(r), where Q:=R-o7 &R. 
Let E be the projection of R” onto P(r) with kernel Q. Then E = I, — 077, 
since (I, — 07 T)(u7) =u? —[u, T]o? =u" for all u? € P(r), and 
(In — 07 rT) (oF) = a7 — [o, T]o7 =0. 
Thus, by assumption, E = MA. Also, Ao? = 0 implies that A(Q) = 0. There- 
fore, the condition (3) here boils down to the condition (3) in Theorem 2.1, so by 
that theorem, P(r) has a symplectic structure. Finally, since Q = R is self-dual, 


the last paragraph of Theorem 2.1 implies that the matrix A here is necessarily 
unit-regular. 


(4) = (3). Given (4), we certainly have the decomposition in (2.11), and as above, 
the projection E is given by I, 077 in S =M,,(R). The assumption that P(r) 
has a symplectic structure implies, by Theorem 2.1, that there is a factorization 
I, — 0? tT = MA, where A € A,,(R) vanishes on R-o7; that is, the condition (3) 
in this theorem holds. 


Remark 2.12. In case F is an integral domain, we can weaken (3) into the following: 

(3) I, —o7 rt € M,(R) is right-divisible by some A € An(R). 

Indeed, if (3)’ holds, write I, — o'r = MA (for some M € M,,(R)). Since 

det (A) = 0, Aw? =0 for some nonzero w? € R”. Then E(w?) = M (Aw?) =0 

implies that w? € Q, so w! =ro? for some (nonzero) r € R. But then 
r-Ao’ =Aw’ =0 Ao’ =0 


since R is a domain. This checks the condition (3) in Theorem 2.10.. 


For the syzygy module P(r) in (2.11), there was an earlier criterion given 
by the second author for the existence of a symplectic structure. This criterion 
is expressed in terms of the notion of the “skew-completability” of a row. For 
odd n, a row T = (b1,...,bn) is said to be skew-completable if there exists a 
matrix C € A,+1(R) 9M GLn+i1(R) with first row (0,b1,...,bn). (Of course, for 
this to happen, + must be unimodular.) The second author’s earlier result on the 
existence of symplectic structures on syzygy modules is the following, expositions 
on which can be found in [Kr] and [Las: VII.5.28). 
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Theorem 2.13. Let [o, T] = 1, where o = (a1,...,@n), T = (b1,..-,bn), and 
n is odd. The syzygy module P(r) has a symplectic structure iff the row T 1s 
skew-completable. 


The proof of this result given in [Las] was a little bit round about, since 
it depended on working with the skew-completability of o instead of the skew- 
completability of 7. This necessitated working with the inverse of a certain in- 
vertible alternating matrix. As it turned out, the proof actually becomes simpler 
and more natural if we work directly with 7, and prove the version of the result 
exactly as stated above. Since this may not be well known, we give such a proof 
below. 


Proof of Theorem 2.13. Starting with the decomposition in (2.11), we take the unit 
vector basis €1,...,€, on R”, and let R"+! = R-e9@R", where eo is a new unit 
vector. For the “only if” part of the theorem, fix a symplectic structure on P(r), 
and extend it to a symplectic structure B on R"*! by stipulating that R-eo®Q 
is orthogonal to P(r), and B(eo, 0”) = 1. Then the matrix C = (B(ei, ei aise 
is alternating and invertible, say with first row (0,c1,...,Cn). For i > 1, we have 
e; =b;-07 +47 for some yf € P(r). Thus, for i> 1: 
c= B (eo, €;) =b,B (eo, a’) +B (eo, vi ) =Dj.. 
This shows that C' is a “skew-completion” of rT. 


Conversely, assume (0, 7) is the first row of a matrix in A,41(R)NGLn+1(R). 
This matrix defines a symplectic form B on R"+!. Since 


B(eo, 07) = rl a;,B (eo, ei) = i a;,bo; = 1, 
the 2-space H := R-e9 ©Q is the symplectic hyperbolic plane under the form 
B. We can thus decompose R"*t+ into an orthogonal sum H 1 H’, where H’ 
is the orthogonal complement of H (see [Swi: Lemma A.1], or the proof of 
[Las: VII.5.8]). Since H’ is a symplectic module and P(r) & R°*!/H & H’ 
as R-modules, it follows that P(r) has a symplectic structure.! 


The easiest and best known special case of Theorem 2.13 is where n = 3. 
In this case, the unimodular row r+ = (bj, b2,63) turns out to be always skew- 
completable; see the last paragraph of §4. This being the case, Theorem 2.13 
guarantees that P(b),b2,b3) always has a symplectic structure (and is, in par- 
ticular, self-dual). This is consistent with a result of Bass [Ba: Prop. 4.4], which 
implies the same conclusion for any (f.g.) stably free module of rank two. 


1At the conclusion of this proof, it is relevant to recall that the existence criteria for symplectic 
structures on P(o) and on P(r) are the same, since P(o) & P(r)* by [Las: (1.4.10)]. Thus, 
Theorem 2.13 actually implies that o is skew-completable iff 7 is skew-completable. 
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3. Characterization of von Neumann regular matrices 


In view of (2.1) and (2.3), it is of interest to detect when a given square matrix 
over a commutative ring is von Neumann regular. In (3.2) below, we shall pro- 
vide a necessary and sufficient condition for this which does not seem well known 
to matrix theorists or ring theorists. We first prove the following lemma, which 
prepares us for such a result. 


Lemma 3.1. Let R be any ring with Jacobson radical rad(R). If A = (ai) € 
Mn(R) is a von Neumann regular matric with aij € rad(R) for all i,j, then 
A=0. 

Proof. This is clear since A € M,(rad(R)) = rad(M,(R)) (see [Lay: p. 57 
and the only von Neumann regular element in the Jacobson radical of a ring is 
Zero. 


wa 


For any matrix A € M,,(R) (where R is acommutative ring), let D;(A) (1 < 
i <n) denote the ith determinantal ideal of A, that is, the ideal in R generated 
by the i x 7 minors of A; see [No], or [Ei]. We have a descending sequence 


Do(A) 2 Di (A) 2 Da(A) D--- 2 D,(A) = det (A) - RD (0), 


where, by convention, Do(A) = R. Recall that the McCoy rank of A is defined 
to be the largest i for which D;(A) is a faithful ideal (that is, ann (D;(A)) = 0); 
see [MC: p. 159]. The following criterion for the von Neumann regularity of A is 
in terms of its determinantal ideals D;(A)’s. 


Theorem 3.2. A matric A = (aij) € Mn(R) is von Neumann regular iff each 
determinantal ideal D;(A) (0 <i <n) is idempotent (or equivalently, each D;(A) 
is generated by an idempotent in R: see Footnote 4 below). In this case, the McCoy 
rank of A is the largest integer r such that D,(A) = R. 


Examples 3.3. 

(A) In the case where R is a connected ring, the theorem shows that A is von 
Neumann regular iff each D;(A) is either (0) or R. Here, the McCoy rank of A 
is the least r such that D;(A) =0 for all «> r. 

(B) If R is a von Neumann regular ring, then all finitely generated ideals of R are 
generated by an idempotent (see [La,: (4.23)]). In this case, Theorem 3.2 recovers 
the well-known fact that any matriz ring M,(R) is von Neumann regular. (This 
is true even for noncommutative von Neumann regular rings R; see [Lag: Ex. 
21.10B].) 


1 1 0 
(C) The matrix A= | 2 5 2 | provides a good illustration for Theorem 3.2 
S92 aad 


over the ring R = Z. In [Lazg: p. 60], it is shown that A is von Neumann regular. 
In our setting, this follows immediately from Theorem 3.2 since D3(A) = 0, while 


D2(A) = Z upon noting that det G ) = 2 and det é : 


the McCoy rank of A here is the same as the ordinary rank of A, which is 2. But 


= 3. Of course, 
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the above computation of D2(A) gives more information. It implies, for instance, 
that A remains von Neumann regular if we change its third row at will, as long 
as we ensure that det (A) = 0. More precisely, the last row can be of the form 
(a, b, 2(b—a)/3) for any a,b€ Z with a=b (mod 3). 


Proof of Theorem 3.2. Once the regularity criterion is proved, the second statement 
in (3.2) follows, since an idempotent-generated ideal is faithful iff it is the unit ideal. 

To prove the regularity criterion, first assume A is von Neumann regular. We 
claim that the ideal I := D,(A) =) ai;R has the property that I+ ann (I) = R. 
If otherwise, there exists a maximal ideal m D J + ann (J). Over the localization 
Rm, A remains von Neumann regular. Since a;; € mR», Lemma 3.1 implies that 
aij =0 € Rm for all 1,7. Thus, there exists r € R\m such that raj; =0 € R for 
all i,j. But then r € ann (J) C m, acontradiction. From J+ann (I) = R, we have 
an equation e+ f =1 where e € J and f € ann(J). Multiplying this equation 
by e, we get e =e? +ef = e?. For any x € I, we have x =a— fx =ex € eR. 
Thus, I = eR is idempotent.” 

Now consider any 7 € [1, n], and let y be the R-homomorphism R" — 
R” defined by A. This module homomorphism induces a homomorphism on the 
exterior powers 

A'(y): A'(R") — A(R”). 

For the unit vector basis {e1,...,en} on R”, the exterior power A’(R”) has a 
basis consisting of 


€k, \-+:-Aex,, Where 1<ky<---<kj <n. 


With respect to this basis, A*(y) has a matrix whose entries are the i x i minors 
of A. Fixing a matrix B € M,(R) such that A = ABA and letting w: R" > 
R” be the homomorphism defined by B, we have (by functoriality) A’(y) = 
A'(y)A*(w)At(y). Thus, the matrix representing A‘(y) is von Neumann regular. 
Since D;(A) is just the first determinantal ideal of this matrix, it follows from the 
case we have settled above that D;(A) is idempotent, as desired. 

To prove the converse, assume that each D;(A) is idempotent. To show that 
A is von Neumann regular, we view A as an R-homomorphism R” — R” and 
want to show that im(A) is a direct summand of R”. (See the introductory re- 
marks on von Neumann regular matrices made at the beginning of §2.) This may be 
checked locally (since each D;(A) remains idempotent in the localizations). Thus, 
we may assume that FR is a local ring. Then R has no nontrivial idempotents, so 
there exists an integer r € [1, n] such that 


(3.4) D(A) =---=D,(A)=R and D,41(A) =--- = Dn(A) = 0. 
If r = n, then D,(A) = R implies that det(A) € U(R). In this case, A is 


invertible, and hence von Neumann regular. In the following, we may thus assume 
that r <n. Since R is local, D,(A) = R means that some r x r minor is a 


2 As was pointed out by K. Goodearl, this conclusion about the first determinantal ideal could also 
have been gotten from an argument using the trace ideals of projective modules; see [La3: §2H]. 
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unit. For convenience, let us assume that this is the determinant of the upper-left 
r xr corner B of A. Then A = - : , with B € GL,(R). Now use the 
fact that, for U,V € GL,(R), A is von Neumann regular iff UAV is, and that 
D;(A) = D,(UAV) for all i (see [No]). This enables us to change A by matrix 
equivalence, and in particular, by elementary transformations. Using the latter 
(and the invertibility of B), we can bring A to the form diag (B, EF’). It then 
follows that E’ = 0 (since D,+41(A) = 0 by (3.4)), which clearly implies that A 
is von Neumann regular. 


As we have mentioned in the Introduction, there is a more powerful method 
using which we can give a quicker proof of Theorem 3.2. This is done by exploiting 
the theory of Fitting invariants {Fitt;(C)} of af.g. R-module C. For an exposition 
on this topic, see §20 in Eisenbud’s book [Ei]. For a module such as C' = coker (A) 
where A isan nxn matrix thought of as an R-endomorphism of R”, the Fitting 
invariants Fitt;(C)’s are, up to a reindexing, precisely the determinantal ideals 
D;(A)’s. A basic fact on Fitting invariants is given by the following result from 
(Ei: Prop. 20.8]. 


Proposition 3.5. A f.g. R-module C is projective of constant rank iff each Fitt;(C) 
is (0) or R. 


From this result, we can fairly quickly deduce Theorem 3.2 as follows. Given 
A € M,,(R), let C = coker(A). As we have mentioned before, A is von Neumann 
regular iff im (A) is a direct summand of R”, and clearly, this is the case iff C' is 
a projective R-module. Since C is finitely presented, this condition is equivalent 
to Cy being R,-free for each prime ideal p (see [Las: (1.3.4)]). By Prop. 3.5, 
this amounts to each Fitt;(C,) being (0) or Rp, which can be easily translated 
into Fitt;(Cy)? = Fitt;(Cp) (for each p), since Fitt;(C,) isa f.g. ideal, and Ry is 
connected.* Thus, A is von Neumann regular iff each Fitt;(C’) is idempotent; that 
is, iff each D;(A) is idempotent. This completes the second proof of Theorem 3.2. 

The proof above is certainly pretty short, but it does depend on Prop. 3.5 
as well as a considerable amount of material not developed in this paper. In view 
of this, we believe the direct and self-contained proof given earlier in this section 
would still play a useful role in the literature. In addition, a careful analysis of the 
Fitting invariants proof above in relation to Theorem 3.2 suggests the possibility 
of an improved version of Prop. 3.5, which we shall discuss below. 

Note that, although Prop. 3.5 is stated in terms of a (f.g.) module C’ over 
a general ring, it is basically a result of a local nature, since it does not address 
the case where the module C’ (in case it is projective) has possibly non-constant 
rank. One might thus wonder if there is a global version of Prop. 3.5 that would 


3In Eisenbud’s exposition, the base ring R was assumed to be noetherian. But a careful exam- 
ination of the proof of [Ei: Prop. 20.8] will show that the noetherian assumption on R is not 
needed. 

4Here, we used the well-known fact that a f.g. ideal is idempotent iff it is generated by an 
idempotent. For a proof of this, see [La3: (2.43)]. 
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give a characterization for an arbitrary f.g. projective module. Fortuitously, the 
statement of Theorem 3.2 suggests the right generalization, as follows. 


Theorem 3.6. A f.g. R-module C is projective iff each Fitt;(C) is generated by 
an idempotent. 


Proof. First assume C' is (f.g.) projective. Then C' is also finitely presented, so 
each Fitt;(C) is a f.g. ideal. Thus, we only need to check that, for each j, the 
inclusion Fitt;(C)? C Fitt;(C) is an equality (for then Fitt;(C) will be generated 
by an idempotent, according to the fact mentioned in Footnote 4). As in the second 
proof for (3.2) above, this property can be checked locally, so we may assume that 
R is a local ring. But then C & R* for some k > 0. In this case, the desired 
conclusion is trivial since each Fitt;(C) is surely either R or (0).° 

Conversely, assume that each Fitt;(C) is generated by an idempotent. Then 
the same is true at every prime ideal p, so by Prop. 3.5, Cy is free. The free 
rank of Cy at every prime p is determined by the sequence of Fitting invariants 
Fitt; (Cp). From this, we see easily that the rank function rankg : Spec (R) — Z 
is locally constant. Since C' is f.g., a theorem of Bourbaki [Bo: pp. 109-111] (see 
also [Lag: Ex. 2.21]) implies that C' is a (f.g.) projective R-module. 


4. Von Neumann regular matrices of small size 


In this final section, we’ll briefly comment on the case of von Neumann regular 
matrices of small size. In this case, we shall reprove the “if” part of Theorem 3.2 
from a constructive point of view, and give some examples on the computation of 
quasi-inverses for von Neumann regular matrices. 

To begin with, the case of a 1 x 1 matrix A = (a) is basically trivial. If 
aR = eR where e = e?, then writing e = ar, one has a = ea = ara, so a is 
indeed von Neumann regular, with a quasi-inverse r. A more careful construction 
would have given an equation a = aua with u € U(R), so a is in fact unit-regular. 
(For a more general result, see [Lag: Ex. 12.6A].) 

The case n = 2 can be handled directly too, as follows. If a matrix A € 
Mp2(R) has 

D\(A)=eR and D(A) = (det A)R=e'R, 


where e, e’ are idempotents, there is no loss in assuming that det A = 0. This 
is because R splits into e’R x (1 — e’)R, and in the component e’R, the projec- 
tion e’A of A is invertible (and hence von Neumann regular). Thus, it suffices 
to analyze the projection of A in the other component (1 — e’) R), which has 
determinant zero. In this case, we have the following explicit result, independently 
of Theorem 3.2. 


>More precisely, Fitt;(C’) is R for all j in case k = 0; and is (0) for 7 <k and R for j=k 
in case k > 1. 
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Proposition 4.1. Let A= t ) with ad =be and D,(A) = eR, where e = e?. 


Fiz an equation aw + ba +cy+dz=e. Then the matrix M = G i) satisfies 
A= AMA (so A is von Neumann regular, with quasi-inverse M ). 


Proof. This can be checked by a direct computation, using the fact that ea = 
a, eb=b, ec=c, and ed = d, along with ad = bc. 


For the case n = 3, let us consider the special case of alternating matrices; say 


0 -c 6b 
(4.2) A= ( c 60 7 € A3(R). 


—b a 0 


Here, we have D3(A) = 0, Di (A) = aR+ bR+ cR, and quick inspection shows 
that D2(A) = D(A). (The latter is a special case of [KLS: (3.8)(2)].) Thus, we 
can “ignore” D(A) and Ds3(A), and replace (3.2) by the following simpler and 
sharper statement. 


Proposition 4.3. The matrix A in (4.2) is von Neumann regular iff aR+bR+cR = 
eR for some idempotent e € R. (In this case, A is in fact unit-regular.) In 
particular, A is von Neumann regular if the row (a,b,c) is unimodular; in case 
R is connected and A #0, the converse holds. 


Here, the “if” part of the first statement (as well as the claim in parentheses) 
can be checked explicitly without assuming Theorem 3.2 or Theorem 2.10. Indeed, 
let aR+bR+cR = eR for some e = e? € R, and let f =1—e. Since R=eRxfR 
and A has projection 0 in fR, it is sufficient to work in the other component 
eR, whereby we may assume e = 1. Under this assumption, 0 = (a,b,c) is 
unimodular. Fix a vector 7 = (p,q,r) such that [o, T] = ap + bg +cr = 1. Then 
we have R? = R-o! @ P(r) as in (2.11). We claim that the condition (3) in 
Theorem 2.10 is always satisfied. To see this, start with the “projection matrix” 
in the proof of that theorem, which is 


l-—ap -—aq —ar 
(4.4) B= 13 —- oi r= bp 1-— bq br |. 
cp cq l-cr 

0 r —-q 
Ifwelet M:=|-r 0 p | € As(R),a quick calculation shows that MA = E. 

q —p 0 
Since obviously Ao? = 0, the condition (3) in Theorem 2.10 is satisfied. Moreover, 
(4.5) AMA = A(I3—o07Tr) =A-AoTr=A. 


Thus, A is indeed von Neumann regular, with a quasi-inverse M. On the other 
hand, we also have 


(4.6) MAM = (I3 —o' tT) M =M-—o'1M =M (since tM =O), 
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so M is von Neumann regular as well, with quasi-inverse A! Finally, the fact that 
A is unit-regular (the last part of Theorem 2.10) can be directly checked by using 
the matrices 


(4.7) U=M+o'o, and V=A+r7'r. 


In view of A, M € A3(R) and Ao? =0=7M, we see easily that UV = Iz and 
AUA=A,so A is unit-regular with an invertible quasi-inverse U. Similarly, 


(4.8) MVM =M(A+r't)M=MAM=M (by (4.6)), 


so M is also unit-regular, with invertible quasi-inverse V. 

Since we have verified condition (3) in Theorem 2.10, it follows that, in the 
above situation, P(r) has a symplectic structure. Of course, in confirmation of 
Theorem 2.13, it is also easy to show directly that + = (p,q,7r) is skew-completable 
(as was mentioned in the last paragraph of §2). Indeed, the “bordered” alternating 

: 0 T 
matrix V = Sar 
completion for 7. Here, V is invertible since its Pfaffian is ap+bq+cr = 1. In the 
study of the elementary symplectic Witt groups over commutative rings (see for 
instance [Las: p. 320]), the (class of the) invertible alternating matrix V is known 
as the Vaserstein symbol of the unimodular row o = (a,b,c). 


constructed from A and 7 provides a natural skew- 
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Extensions of Simple Modules 
and the Converse of Schur’s Lemma 


Greg Marks and Markus Schmidmeier 


Abstract. The converse of Schur’s lemma (or CSL) condition on a module 
category has been the subject of considerable study in recent years. In this 
note we extend that work by developing basic properties of module categories 
in which the CSL condition governs modules of finite length. 
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1. Introduction 


Schur’s Lemma states that for any ring R and any simple module Mr, the endo- 
morphism ring End(Mp) is a division ring. In this note we are interested in the 
converse of Schur’s Lemma (CSL), i.e., whether for a given module category C, 
every object in C whose endomorphism ring is a division ring is in fact simple. If 
this is the case, we say that C has CSL. The case that has received almost exclusive 
attention in the literature (see, e.g., [1], [2], [7], [10], [9], [14]) is C = Modp, the 
category of right R-modules. Here we will focus on the case C = ¥Lp, the category 
of right R-modules of finite length. 

We propose to separate the study of rings R which satisfy CSL for F£p from 
the study of rings which satisfy CSL for F£g but not for Modr, since the two 
properties relate to different topics: extensions of simples versus constructions of 
large modules. 

It turns out that the CSL property for finite length modules — and sometimes 
the CSL property for all modules — is controlled by the following combinatorial 
information: 


Definition 1.1. Let R be a ring. Recall that the right Gabriel quiver (or right 
Ext-quiver) of R is the directed graph Q consisting of the following data: 


e The points of Q are in bijective correspondence with the isomorphism classes 
of simple right R-modules. 
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e There is an arrow i — j in Q whenever the corresponding simple modules $; 
and S$; extend, ie., Extp(5;,5;) 4 {0}. 
We say that the right Gabriel quiver is totally disconnected if there are no arrows 
between any two different points. 


For example, the right Gabriel quiver of a semisimple ring is a disjoint union 
of finitely many points. The right Gabriel quiver of the discrete valuation ring 
R=k{a]|(z) (for k a field) has one point and one loop. 

The reader should be aware that the literature contains some variants of the 
definition we give here. In the classical setting where R is a finite-dimensional 
algebra over a field, some authors adopt the convention that in the right Gabriel 
quiver of R the arrow between the vertices corresponding to S$; and S; carries 
as label the pair given by the dimensions of Extp(Si, S;) as a vector space over 
End(S;)z and End(5;)r respectively. 


Theorem 1.2. Let R be any ring. Then FLp has CSL if and only if the right Gabriel 
quiver of R is totally disconnected. 


We will prove Theorem 1.2 in Section 2. 

In general, for #£p to have CSL is a considerably weaker condition than for 
Modp to have CSL. The distinction between CSL on ¥£LRp and CSL on Mod is 
illustrated in the following examples. 


Example 1.3. Let R be any commutative ring whatsoever. Then FLp has CSL. To 
see this, suppose M is an R-module of finite length such that End(M/,) is a division 
ring. If M were not simple, then by [14, Corollary], Mr would be isomorphic to 
the field of fractions of R/p where p = ann®(M) is a prime but not maximal ideal 
of R, contradicting the hypothesis that M has finite length. 

By contrast, in [14] it is shown that for a commutative ring R, the category 
Modp has CSL if and only if R has Krull dimension 0. 


We infer from Theorem 1.2 that the (right) Gabriel quiver of any commutative 
ring is totally disconnected. 

Example 1.3 suggests a further reason why the (not necessarily commutative) 

rings R for which #£p has CSL are an interesting object of study: they include all 
commutative rings, so this condition is a new sort of generalization of commuta- 
tivity. 
Example 1.4 (J.H. Cozzens [4]). Let K be an algebraically closed field of positive 
characteristic p, let yg: « + 2?” be a Frobenius automorphism on K, and let 
k = K‘¢) be the fixed field of y. Then the skew Laurent polynomial ring R = 
K[x,x~1;y] has, up to isomorphism, a unique simple right module S$, which is 
injective. Thus, every finite length right R-module is semisimple, and hence FLR 
has CSL. 

Nevertheless, Modp does not have CSL. It is easy to show that if R is a right 
or left Ore domain, then Modp has CSL if and only if R is a division ring. In the 
present example F is a simple noetherian domain, hence an Ore domain. 
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Note that the category FLp is equivalent to the category #4, which obviously 
has CSL (as even Mod, does). 


We can generalize this example using [13, Theorem A]. Let rad(A) denote 
the Jacobson radical of a ring A. Recall that a finite-dimensional k-algebra A is 
called elementary if A/rad(A) is a finite direct product of copies of k. 


Proposition 1.5. Let A be a finite-dimensional elementary algebra over a finite field 
whose right Gabriel quiver is totally disconnected. Then there exists a noetherian 
ring R such that the following properties hold: 

(i) The categories FLa and FLp are equivalent. 

(ii) Both F£Ly4 and FLR have CSL. 

(iii) The category Mod, has CSL, but the category Modp does not. 


On the other hand, for semiprimary rings the CSL property for all modules is 
controlled by the right Gabriel quiver, i.e., it is controlled by the CSL property for 
finite length modules. Recall that a ring R is said to be semiprimary if the Jacobson 
radical rad(R) is nilpotent and R/rad(R) is a semisimple ring. Semiprimary rings 
figure prominently in our main object of study here: it is well known that the 
endomorphism ring of a finite length module is semiprimary. 


Theorem 1.6. Let R be a semiprimary ring. The following conditions are equiva- 
lent: 

(i) Fle has CSL. 

(ii) The right Gabriel quiver of R is totally disconnected. 

(iii) R is a finite direct product of full matrix rings over local rings. 


(iv) Modp has CSL. 


We defer the proofs of Proposition 1.5 and Theorem 1.6 to Section 3. The 
literature contains results akin to Theorem 1.6, such as the following. 


Theorem 1.7. Let R be a one-sided noetherian ring or a perfect ring. Then Modp 
has CSL if and only if R is a finite direct product of full matrix rings over local 
perfect rings. 

The left noetherian case is covered by [2, Theorem 1], the right noetherian 
case by [5, Theorem 3.4], and the perfect case by [1, Theorem 1.2]. 


Example 1.8. Let & be a field of characteristic 0, and let Ay(k) = k(x, y)/(ay — 
yx — 1) be the first Weyl algebra over k. If 

Si = Ai(k)/xAi(k) and So = Ai(k)/(« + y)Ai(k), 
then by [11, Proposition 5.6, Theorem 5.7], S$; and S2 are nonisomorphic simple 
right Aj(k)-modules for which Ext (4) ($1, S) # {0}. Therefore, the right Gabriel 
quiver of A,(k) is not totally disconnected, so Theorem 1.2 tells us FL£,(%) does 
not have CSL. 


The conclusion of Example 1.8 can be extended from Aj(k) to certain gener- 
alized Weyl algebras; see [3, Theorem 1.1] for details. 
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Example 1.9. Let R be a right bounded Dedekind prime ring. Then F£z has CSL. 
To prove this, first note that if R is right primitive then by [6, Theorem 4.10] 
it is simple artinian (so in this case even Modp has CSL). Now assume R is not 
right primitive. Suppose S; and 5» are arbitrary nonisomorphic simple right R- 
modules. Then ann#($;) = m; and ann? ($2) = mg are maximal ideals of R and 
m, # mg, by [12, Theorem 3.5]. By [6, Theorem 1.2, Proposition 2.2], m; and m2 
are invertible ideals. We can therefore apply [8, Proposition 1] to conclude that 
Extaa)(S1, S9) = {0}. Thus, by Theorem 1.2, ¥£z has CSL. 


Example 1.10. Let G be a finite group and F a field. 

(i) Ifthe characteristic of F does not divide the order of G, then FG is semisimple 
and hence the Gabriel quiver is totally disconnected (no arrows). 

(ii) If the characteristic of F is a prime number p and G is a finite p-group, then 
FG is a local ring and again, the Gabriel quiver is totally disconnected (the 
only arrow is a loop). 

(iii) In the case where the number of simples is different from the number of 
blocks, there is a block where two nonisomorphic simples extend, and we get 
a proper arrow in the Gabriel quiver. 


Thus, in cases (i) and (ii), but not (iii), Flzq has CSL. 


2. CSL for finite length modules 


In this section we give a proof of Theorem 1.2. First, assume that F£p has CSL. 
As a consequence of the next lemma, the right Gabriel quiver of R must be totally 
disconnected. 


Lemma 2.1. Suppose 0 T M S — 0 is a non-split short exact sequence 
in Modp where S and T are nonisomorphic simple modules. Then End(Mpr) is 
isomorphic to a division subring of End(S'z) and of End(Tr). 


Proof. Since Homr(M,T) = {0}, Homr(M,M) embeds in Homr(M,S); since 
Homr(T,S) = {0}, we can identify Homr(M,S) with Hom,»(S, S$). This yields a 
ring monomorphism End(Mr) — End(S‘R). Similarly, since Hompy(S,M) = {0} 
and Homp(T, 5) = {0}, we obtain a ring monomorphism End(Mpr) — End(TpR). 
Thus End(Mp) is isomorphic to a subring of the division rings End(S) and 
End(Tr), so End(Mp) is a domain. Being also semiprimary, End(Mp) is a di- 
vision ring. 


For the converse, we assume that the right Gabriel quiver of R is totally 
disconnected. We first show that every finite length indecomposable module is 
isotypic, and then that every isotypic module is either simple or admits a nonzero 
nilpotent endomorphism. Note that some of the results apply both to finite length 
modules over an arbitrary ring and to arbitrary modules over a semiprimary ring. 
We will use these results again in the next section. 
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Definition 2.2. A module M is isotypic if all simple subquotients of M are isomor- 
phic. A sequence 

0=MoCM,C:--CMe=M 
of submodules is called an isotypic filtration of M of length ¢ if for every 1 = 
1,...,@, the quotient M;/M;_1 is isotypic. 


Proposition 2.3. Suppose R is a ring whose right Gabriel quiver is totally discon- 
nected. Suppose that either 

(i) M is an object of FLp, or 

(ii) R is semiprimary, and M is an object of Modp. 


Then M is a finite direct sum of isotypic modules. 


Proof. Step 1: The module M has an isotypic filtration. For example, the radical 
filtration of M can be refined to an isotypic filtration. 


Step 2: For each isotypic filtration 
0OCM,c:--CcCMe=M 


there is an isotypic filtration 0 C Mj Cc --- C Mj = M such that M; C M} for 
each i and Homry(M;,M/M;) = {0}. Zorn’s Lemma can be applied to the set 
of all isotypic submodules of M that contain Mj; let Mj] be a maximal member 
of this set. We have Homr(M{,M/M{) = {0} since the socle of M/M{ cannot 
contain a simple summand isomorphic to a subquotient of Mj. For i > 1, put 
Mj} = M;+ Mj. Then 
M  M,+M;, 
Mi, Mi-1+M;j 
Sy Mi; = M; 
~ Min(Mi-1+Mi) My-14+(M;n M1) 
is epimorphic image of M;/M;_1 and hence isotypic. 
Step 3: Let M and N be isotypic modules that both satisfy (i) or (ii) of the propo- 
sition and for which Homr(M, N) = {0}. Then Extp(M, N) = {0}. When M and 
N are semisimple, this follows from the hypothesis on the right Gabriel quiver. 
The general case follows by induction on the lengths of semisimple filtrations of 
M and N. 


Step 4: The module M is a direct sum of isotypic modules. We induct on the length 
£ of the isotypic filtration of M produced in Step 2. The case @ = 1 is trivial. For 
the induction step, let M have an isotypic filtration 0 C Mj C--- C Mj,, = M. 
By inductive hypothesis, M/M; = @, M/’ is a direct sum of isotypic modules M/’. 
Since Homr(M;, M;’) = {0} for all 7, by Step 3 we have 


Extp(My, M/M;1) = D Exte(My,.M/") = {0} 


Thus, the short exact sequence 0 — Mj — M — M/M; — 0 splits, and M & 
M, © @, M/’ is a direct sum of isotypic modules. 
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Next we prove a criterion for isotypic modules to admit a nonzero nilpotent 
endomorphism. The argument is adapted from the proof of [1, Theorem 1.2]. 


Lemma 2.4. Let R be any ring, and let M be a right R-module. Then M has no 
nonzero semisimple direct summand if and only if soc(M) C rad(M). 


Proof. If M has no nonzero semisimple direct summand, then every simple sub- 
module is superfluous, whence soc(M) C rad(M). Conversely, if MM does have a 
nonzero semisimple direct summand, then M has a simple direct summand, which 
is contained in soc(M) but not rad(M), so soc(M) ¢ rad(M). 


Proposition 2.5. Suppose that Mp is a nonzero isotypic module that is not simple. 
Assume in addition that either M has finite length or R is a perfect ring. Then M 
has a nonzero nilpotent endomorphism. 


Proof. If M has a nonzero simple direct summand, the conclusion is clear; so 
assume otherwise. By Lemma 2.4, soc(M) C rad(M). Now, M is nonzero and 
isotypic, and the hypotheses imply that 1//rad(M) is semisimple; therefore, there 
exists a nonzero homomorphism fo: M/rad(M/) — soc(M). The composite map 


f: M > M/rad(M) mL soc(M) —+ M 


(where 7 is the canonical epimorphism and » the inclusion map) is a nonzero 
endomorphism of M satisfying f? = 0. 


Theorem 1.2 is now established. The “only if” part follows from Lemma 2.1. 
The “if” part follows from Propositions 2.3 and 2.5. 


3. CSL for all modules 


To prove Theorem 1.6 we will show 
(i) <= (ii) = (ili) > (iv) > (i). 

By Theorem 1.2, statements (i) and (ii) are equivalent for any ring R. 

(ii) = (iii): According to Proposition 2.3, the module Re = @, P; is a 
finite direct sum of indecomposable isotypic submodules P;. Two such submodules 
are either isomorphic or have no nonzero homomorphisms between them. Thus, 
R= End(Rp) isa finite direct product of matrix rings over the local endomorphism 
rings of the P;’s. 

(iii) > (iv): Apply “(iv) = (iii)” of [1, Theorem 1.2]. 


We now prove Proposition 1.5. Let A be an elementary algebra over a finite 
field k of p” elements. Let K be an algebraically closed field of characteristic p and 
y: K — K the Frobenius automorphism, given by a + a?”; we identify k with 
the fixed field of y. Let © = K[z,x~';y] be the V-ring studied in [4]; we claim 
that the ring R = % ®, A has the required properties. 
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(i) We infer from [13, Theorem A] that the categories of #£4 and F£p are 
equivalent. 


(ii) Follows from (i) and (iii). 
(iii) Applying Theorem 1.6 to the semiprimary ring A, we deduce that Mod, 


has CSL. To see that R does not have CSL, note that since A is elementary, the 
ring homomorphism 7: A — k gives rise to a surjective ring homomorphism 


7@1l: R=ASp,U—HKkSyE. 


Since Mods, does not have CSL (as explained in Example 1.4), and » is isomorphic 
to a factor ring of R, Modp does not have CSL. 


4. Some questions 


The rings in Examples 1.4 and 1.8 are both simple noetherian domains. In light 
of the diametrically different behavior in the two examples, we pose the following 
question. 


Question 4.1. For which simple noetherian domains R does FLp have CSL? 


Question 4.2. When do other subcategories of Modp have CSL? What are the con- 
ditions under which all artinian modules have CSL? All noetherian modules? Is 
there an example of a ring which has CSL for finite length modules, but not CSL 
for artinian modules? 


One may also consider categories with quasi-CSL in the following sense: 


Definition 4.3. Let C be a category of modules, i.e., C is a full subcategory of 
Modp for some ring R. We say that an object M of C is quasi-simple if the only 
submodules N C M such that N and M/N are objects of Care N =Oand N = M. 
The category C is said to have quasi-CSL if the only modules with endomorphism 
ring a division ring are the quasi-simple ones. 


Question 4.4. Are there interesting categories with quasi-CSL? 


Example 4.5. For a given ring R, the category FL or the category Modr has 
quasi-CSL if and only if it has CSL. 


Nevertheless, in general quasi-CSL and CSL are different conditions on a 
module category, as will be seen in Example 4.8 below. We preface this example 
with some motivating observations. 


Example 4.6. Even if R has CSL, then the ring U2(R) of upper triangular 2 by 2 
matrices with coefficients in R need not have CSL. Indeed, if S is a simple right 
R-module, then the row (S$) is a right module over U2(R) of length 2 with 
endomorphism ring End(S‘r). 
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In fact, the category Mody, (Ry is just the category of all maps between right 
R-modules, a map f: A — B being a module over U2(R) via 


(a, b) - Cs p = (az, f(a)y + bz). 


z 


Consider the full subcategory S(R) of Mody, (pz) consisting of all maps which are 
monomorphisms (“S=submodules” ). 


Question 4.7. If R has CSL, does S(R) have quasi-CSL? 


Categories of type S(R) play a role in applications of ring theory; for example, 
the embeddings of a subgroup in a finite abelian group, or the embeddings of a 
subspace in a vector spaces such that the subspace is invariant under the action 
of a linear operator, fall into this type of category. 


Example 4.8. For A a commutative uniserial ring with radical generator p and 
radical factor field k, the category S(A) has quasi-CSL but not CSL, as follows. 
There are exactly two quasi-simple modules, S; = (k k) and Sp = (0 k), up to 
isomorphy; both have endomorphism ring k. Then S(A) has quasi-CSL since any 
embedding (A B) with B a semisimple A-module is a direct sum of copies of 5; 
and Sj. On the other hand, if B is not semisimple then multiplication by p is a 
nonzero nilpotent endomorphism. 
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Report on Exchange Rings 


Saad H. Mohamed 


Abstract. The question whether the finite (internal) exchange property im- 
plies the full (internal) exchange property, is still unsettled in general. A 
number of authors obtained some partial results in this direction. In this self 
contained expository article, we give an account of these results. Most of our 
representation will be concerned with the study of abstract exchange rings. 
The results obtained for these rings can be applied to modules. 
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1. Introduction 


Throughout, R is a ring with 1, and J(R) its Jacobson radical. M will denote a 
unital right module over an unspecified ring, with endomorphisms acting on the 
left. S will always denote the ring of endomorphisms of M/, and A is the ideal of 
S consisting of all endomorphisms with essential kernels. A summand of M will 
always mean a direct summand. If N is a summand of M, then N = eM for some 
idempotent e € S, and the endomorphism ring of N is isomorphic to the ring 
eSe. A ring R is abelian if all its idempotents are central, and a module M is an 
abelian module if S is abelian. A module M is called square-free if M does not 
contain any nonzero submodule of the form X @ X. It is known that if M is square 
free, then S/A is abelian. For definitions and properties of (quasi-) continuous 
modules, extending modules and the conditions (Ci), (C2) and (C3) we refer the 
reader to [9]. 

In their pioneering paper [3], Crawley and Jonsson defined and studied the 
exchange property: for a cardinal number &, a module M is said to have the N- 
exchange property if whenever N @ M = @j¢7A; for modules N and Aj, with |J| < 
XN, there exist submodules A‘ < A; such that NOM = @ic1 AGM. The X-exchange 
property is inherited by summands and finite direct sums. If M has the X-exchange 
property for every finite (resp. countable) cardinal &, then M is said to have the 
finite (resp. countable) exchange property. If M has the N-exchange property for 
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every cardinal 8, then M is said to have the full exchange property. Clearly the 
finite and full exchange properties coincide for finitely generated modules and 
indecomposable modules. It was also proved in [3] that the 2-exchange property 
implies the finite exchange property. The question whether the finite exchange 
property implies the full (or the countable) exchange property, is still open. 

Modules with the finite exchange property were characterized via their endo- 
morphism rings. Warfield [23] defined a ring R to be an exchange ring if Rr has the 
(finite) exchange property; (to avoid any confusion in the subsequent sections, we 
will call such rings finite exchange rings). He proved that the definition is right-left 
symmetric, and established that a module M has the finite exchange property if 
and only if its endomorphism ring S is a finite exchange ring. Nicholson [15] gave a 
very interesting characterization of the finite exchange property: M has the finite 
exchange property if and only if for each finite family (x;):er of elements of S with 
ier x; = 1, there exist orthogonal idempotents e; € Sx; such that ier e; = 1. 

A major contribution to the study of the exchange property was given by 
Zimmerman-Huisgen and Zimmerman [25]. They proved that the 8-exchange prop- 
erty for a module M can be checked in a direct sum of copies of M, and then 
generalized Nicholson’s characterization by considering summable families of en- 
domorphisms of WM. This result was utilized by a number of authors to get infor- 
mation regarding the exchange property of some special types of modules; we list 
a few: 


(1) Mohamed and Miiller [8] established that continuous modules have the full 
exchange property. 

(2) Quasi-continuous modules and abelian modules do not necessarily have the 
finite exchange property (e.g., Zz). Oshiro and Rizvi [21] proved that quasi- 
continuous modules with the finite exchange property have the full exchange 
property (see also [10]). 

(3) Yu [24] proved that abelian modules with the finite exchange property have 
the countable exchange property. 

(4) Nielsen [17] strengthened the result of Yu, proving that abelian modules with 
the finite exchange property have the full exchange property. 


The N-exchange property, for an arbitrary cardinal 8, can be discussed for any 
ring equipped with an appropriate topology for which summability can be defined 
(cf. [11]). We consider a ring R with a left linear Hausdorff topology; this is a ring 
topology for which 0 has a neighborhood basis J consisting of left ideals U with 
AvexzU = 0. With respect to this topology a family (a;)ier is called swmmable 
to an element a € R if for each U € J there is a finite set F’ C JI such that 
iek a; — a € U for every finite subset K with F C K C I. This implies that 
the sequence of partial sums is Cauchy in the usual sense. For simplicity, we call 
a family (a;);er Cauchy if the sequence of partial sums is Cauchy. If the topology 
is complete, then the “summable” and “Cauchy” concepts are equivalent. In this 
article, we call a ring R topological if R is equipped with a complete left linear 
Hausdorff topology. Such a ring is called N-exchange ring if for each summable 
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family (a;)ier with }),-,a; = 1 and |J| < X, there exist orthogonal idempotents 
e; € Ra, such that >7,-;e; = 1. Strictly speaking, these rings should be called 
(right) N-exchange rings. The right-left symmetry of such rings is not any more 
a valid question, as the topology is defined using left ideals only. So, there will 
be no confusion if we just denote these rings by N-exchange rings. A topological 
ring R is called finite (resp. countable) exchange ring if R is an N-exchange ring 
for every finite (resp. countable) cardinal N. If R is an X-exchange ring for every 
cardinal &, then R is said to be a full exchange ring. If the topology is discrete, 
the only summable families are the finite ones, and therefore N-exchange rings are 
the same as finite exchange rings. We also note that the endomorphism ring S of 
a module M is a topological ring with respect to the finite topology (for which the 
neighborhood basis of 0 consists of the annihilators of the finite subsets of M). 

The motivation of studying N-exchange rings is two fold. First it is purely 
ring theoretic, and can be applied to modules by considering their endomorphism 
rings. Second a quotient ring of an endomorphism ring S of a module M loses its 
connection with M, but still the N-exchange property can be discussed for such 
quotient rings. This is very beneficial if the N-exchange property can be lifted, 
which is indeed the case. Mohamed and Miiller [11] proved that the N-exchange 
ring property can be lifted modulo any closed ideal N contained in the Jacobson 
radical of a ring R, provided that idempotents lift modulo N. Then they proved 
that square-free modules with the finite exchange property have the countable 
exchange property. Recently Nielsen [19] proved that such modules have the full 
exchange property. This is a consequence of his more general result: If R is a 
topological finite exchange ring and R/J(R) is abelian, then R is a full exchange 
ring. Most of the known results of the exchange property for continuous and quasi- 
continuous modules follow from Nielsen’s theorem. 

A module M is said to have the (finite) internal exchange property, if sum- 
mands of M exchange in every (finite) direct sum decomposition of M. The 2- 
internal exchange property implies the finite internal exchange property [12]. The 
question whether the finite internal exchange property implies the (full) internal 
exchange property, is still open, in general. This question is answered in the af- 
firmative for square-free modules [7]. The relation between the exchange property 
and the internal exchange property is discussed in [20]. Analogous to the Zimmer- 
mann’s result, modules with the internal exchange property are characterized in 
terms of their endomorphism rings [6]. 


2. Finite exchange rings 


Most of the material in this section can be found in Nicholson [15]. We list some 
results for the reader’s convenience. We also give ring theoretic proofs for some 
basic properties of exchange rings. 
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The following fundamental theorem is an amalgamation of Propositions 1.1 
and 1.11, and Theorem 2.1 of [15]. For a proof cf. Theorem 3.1 and Proposition 2.3 
below. 


2.1 Theorem. The following are equivalent for a module M with endomorphism 
ring S: 
(1) Sg has the finite exchange property; 
(2) M has the finite exchange property; 
(3) For each finite family (xi)icr of elements of S with Vien 
orthogonal idempotents e; € Sx; such that Vie ei: =1; 
(4) sS has the finite exchange property. 


a; = 1, there exist 


As the 2-exchange property is equivalent to the finite exchange property, we have: 


2.2 Corollary. The following are equivalent for a ring R: 
(1) Rr has the finite exchange property; 
(2) For every a€ R, there exists e? =e € Ra such that (1—e) € R(1—a); 
(3) RR has the finite exchange property. 


Corner [2], Monk [14] and Nicholson [15] established first order ring-theoretic 
characterizations of finite exchange rings. The following proposition, which is a 
mixture of these characterizations, provides a ring-theoretic proof of the right-left 
symmetry of finite exchange rings (see also [16]). 


2.3 Proposition. The following are equivalent for an element a in a ring R: 
(1) There exists e? =e € Ra such that 1—e € R(1—a); 
(2) There exist r,s € R such that ras =0 and ra+s(1—a) =1; 
(3) There exists a € R such that (1+ a(1—a))(1— aa) =0, 
(4) There exist r',s’ © R such that r’(1 — a)s’ =0 and ar’ + (1—a)s' =1; 
(5) There exists e'” =e! € aR such that 1—e! € (1—a)R. 
Proof. For any element a € R, define 
r=1+a(l1—a), s=l-—aa, r'=1+(1—-a)a, s' =1-aa. 
Clearly ra + s(1— a) =1= ar’ + (1—a)s’, as = 8’a and (1 —a)r =r'(1—a). 
Now assume (3). Then rs’ = 0, and so ras = 0 and r’(1 — a)s’ = 0. Hence 
(3) implies (2) and (4). 
Assume (2). Then s(1 — a)s = s, and so s(1 —a) is an idempotent. Then (1) 
follows with e = ra. 
Assume (1). Let e = ra and 1 — e = s(1 — a). We may assume that er = r 
and (1 — e)s = s. Hence rar = r and ras = 0. Define a = r — s. Then 
1+a(1-—a) =14r(1-a)-s(l—a)=1+r—e-(l1-e)=r. 
Consequently 


(1+ a(1-a))(1- aa) =r-raa=r—-rar+ras =0. 


Hence (3) follows. 
Similar arguments yield the equivalence of (3), (4) and (5). 
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The following properties of finite exchange rings will be used frequently in 
this article without any further reference. 


2.4 Proposition. Let R be a finite exchange ring. Then: 
(1) Any homomorphic image of R is a finite exchange ring; 
(2) Idempotents lift modulo every right (left) ideal; 
(3) J(R) is the largest ideal that does not contain nonzero idempotents. 


Proof. We only give a proof for (2).Using the right-left symmetry of finit exchange 
rings, it is enough to consider left ideals. Let I be a left ideal in R and a € R such 
that a—a? € I. By Proposition 2.3, there exists an idempotent e such that e = ra 
and 1 — e = s(1—a) for some r,s € R. Then 


e—-a=e(1—a)—(1—e)a=ra(1—a) — s(1—a)a = (r—s)(a—a?) EI. 


The following basic result will be generalized in Section 3, to allow lifting of 
the N-exchange property. 


2.5 Theorem. ([15], Proposition 1.5) A ring R is a finite exchange ring if and only 
if R/J(R) is a finite exchange ring and idempotents lift modulo J(R). 


We end this section by a ring theoretic proof of the known fact that the 
finite exchange property is inherited by summands and finite direct sums (cf. [15, 
Corollary 2.6]). 


2.6 Corollary. Let e be an idempotent in a ring R. Then R is a finite exchange 
ring if and only if eRe and (1—e)R(1 —e) are finite exchange rings. 


Proof. Throughout the proof, we will use (2) of Proposition 2.3. 

“Only if”: For a € eRe, there exist r,s € R such that ras = 0 and ra+s(1—a) =1. 
Then (ere)a(ese) = 0 and (ere)a + (ese)(e — a) =e. 

“if”: Let 2 € R, and consider the element exe in the finite exchange ring eRe. 
There exist a, 3 € eRe such that axZ = 0 and axe+ B(1—x)e =e. Then G(1—2) 
and axe are idempotents. We may assume that a = axa. Then clearly ax is an 
idempotent orthogonal to G(1—«). Let f = ax+6(1—2). Then f is an idempotent 
with fe =e and ef = f. Consequently R(1 — e) = R(1 — f), and hence the rings 
(1—e)R(1-e) and (1—f) R(1— f) are isomorphic. Therefore the ring (1— f) R(1-f) 
is a finite exchange ring. 

Repeating the same argument with the element (1 — f)x(1— f) in the finite 
exchange ring (1 — f)R(1 — f), we get y,6 € (1— f)R(1 — f) such that yard = 0 
and yx and 6(1—~<) are orthogonal idempotents. Write g = ya +06(1—<). Then g 
is an idempotent and (1 — g)f =1-—g and f(1—g) =f. Define r = (l1—g)a+y 
and s = (1—g)@+6. Then 


re+s(l—-x)=(1-g)ft+tg=1. 


It remains to show that rxs = 0. First we note that ax(1— g) = arf(1—g) = 
axzf = ax. Also axé = ax fd = 0 and ya(1— g) = yxg(1 — g) = 0. Hence 


r“s =(1—g)av6+ (1—g)ard + ya(1 -— g)B + yard = 0. 
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3. Topological rings 


Given two modules U and V, a family (fi)ier of homomorphisms U — V is called 
summable if for each u € U, f;(u) = 0 for almost all i € J. In that case the map 
f :U —V defined by f(u) = S0,¢7 fi(u) is a well-defined homomorphism; we write 
ier fi to denote such a homomorphism. The summability just defined amounts 
to the convergence of the series });-, fi in the finite topology of Hom(U,V). 
Zimmerman-Huisgen and Zimmerman generalized Nicholson’s result (Theo- 
rem 2.1). For the reader’s convenience we include the main ideas of the proof. 


3.1 Theorem. ((25, Proposition 3]). The following are equivalent for a module M 
with endomorphism ring S and any cardinal &: 
(1) M has the X-exchange property; 
(2) Whenever N@M = @icr A; with A; = M and |I| <, there exist submodules 
A,’ < A; such that N pBM=4d ic Ai’ | M; 
(3) For each summable family (xi)ier in S with Voie, 
onal idempotents e; € Sx; such that er ég= 1, 


a; = 1, there exist orthog- 


Proof. (1) = (2) is trivial. 
(2) = (3): Let A = @je,;A; with A; = M. Define f : M — A by f(m) = 
(ai(m))ier and g: A — M by g((mi)ier) = Vijer Mi. It is clear that gf = 1m, 
hence A = Kerg ® fM, with fM = M. By hypothesis, A = @icr Ai @ f M, with 
Al < A;. Write A; = Ai @ AY. Then fM = @je7A’. Let 7: fM — Gicr AY be an 
isomorphism and define e; = gn~'minf, where 7; : Pic, A > A’ is the natural 
projection. It is easy to check that (e;)ie7 is a family of orthogonal idempotents. 
Clearly the family (e;)je7 is summable and }/,-; e; = 1. Now let 7; denote the 
projection A; > A’ along A‘. Then 7; f = 7,2; and consequently e; € S2;. 

(3) > (1): Let A= Gjc; A; =NOM. Let p: N@M — M and Vi Bier Ai > Aj 
denote the natural projections, and let uw; = %\|1. Define x; = py. Then a; € S 
and the family (a;)‘<! is summable to 1. By hypothesis, we can find orthogonal 
idempotents e; = 5,4; € Sa; with ier e; = 1. Define y; : A; — M by yg; = 
e,s;pu;. Clearly (:)iex is summable, let » = >°,-, i. Noting that pip; = 0 
for i # j, one can check that kery = ®je7(A; M kery;). Also yilac = ei, hence 
pla = 1|u. Therefore A= kerp® M. 


Now we give some applications of this core theorem. We start by the following 
result which was proved by Yu [24] for endomorphism rings; the arguments are 
identical. 


3.2 Theorem. Let R be a topological ring. If R is an abelian finite exchange ring, 
then R is a countable exchange ring. 


Proof. Consider a summable family (a;)je, with |Z| < N.. For each integer n 
define b, = ose ai. Inductively, we construct orthogonal idempotents e; € 
Ray,...,€n € Ran and fy, € Rby such that e: + --- + en + fn = 1. Write 
fn = rbn. Then fr = frransi + frrbn4i. As the ring frRfn is again a finite 
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exchange ring by Corollary 2.6, we get fr = €n41 + fn4i for orthogonal idempo- 
tents en4i © fnRfnrangi < Ransi and fn4i € frRfnrbn4i < Rbnii. Clearly 
€n+1 is orthogonal to e;(1 <7 <n), and ey +--+ + en + engi + frgi = 1. This 
completes our induction process. Since (a;)ie7 is summable, b, — 0 hence f, — 0, 
and consequently }7,-; e; = 1. 


3.3 Corollary. An abelian module with the finite exchange property has the countable 
exchange property. 


Nielsen [17] extended Yu’s result, using clever inductive ideas to go over limit 
ordinals. We include the proof for comparison with that given in Theorem 3.2. 


3.4 Theorem. An abelian module M with the finite exchange property has the full 
exchange property. 


Proof. Consider a summable family (x;)ier of elements of S with yeeex ev = 1. 
We may assume that I is well ordered, with first element 1 and last element 7. 
For any 7 € I, define y, = Mess x; and zy) = Dae x;. Fix an element a € I. 
Suppose, by induction, that we have constructed orthogonal idempotents e; € Sx; 
and fi; € Sy;(1 <7 < a) such that for all 6 <a, 


i<pB 


Clearly, the family (e;);<a is summable and orthogonal. Write ¢ = >7,-, ei. 
Then ¢ is an idempotent, and (1 — e)e; = 0 for 7 < a. It follows that (1—¢) = 
fa(1 —) for 8 <a. Now 


fe =reys =Tp x, ti t+2.]|=Tzg >a x) +1rB2a 
B<i<a B<i<a 


for some element rg € S. As fgS fg is an exchange ring, there exist orthogonal 
idempotents hg € feSrg baer i) and gg € feSrgz such that fg = hg + ge. 


Now consider an arbitrary element m € M. Since (e;);<a is summable, there 
exists y < a such that x;(1 —¢)(m) =0 for y<i<a. Then 


(1 —e)(m) = f,(1— €)(m) = (hy + gy) (1 — €)(m) 
= gy(1—€)(m) = ryZ.(1 — €)(m). 


Since gy = ryZ%q is an idempotent and S is abelian, gy = zary (cf. [15, Proposition 
1.8]), and consequently 


(1 — €)(m) = zary(1 — €)(m) = za (1 — e)ry(m) € Za (1 — €)M. (2) 


From (1) and (2), it is clear that zq is an automorphism of (1 — ¢)M. Hence there 
exists z/, € (1 — ¢)S(1—) such that (1 — ¢) = z/),zq, and so 


(1) 


(1—€) = 20 (ta + Yo) = 22a + 2Ye- 
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As (1 — e)S(1 — «) is an exchange ring, we get orthogonal idempotents eg € 
(1—e)Saq and fa € (1—¢)Syq such that 1-—¢ = eg + fa. Clearly e, and fa are 
orthogonal to (e;)ica and 
l=e+ea+ fo= > eiteat fa => eit fo 
<a <a 
This completes the induction process. 
Since (x;)ier is summable, y, — 0 hence f, — 0, and consequently 


Soe =i, 


iel 


Another remarkable contribution of Nielsen [19] is the following result which 
generalizes Theorem 3.2. This was recently communicated to the author by Nielsen 
and is not published yet. So we are not including its proof, which is very technical 
and uses highly nontrivial arguments. We note that Theorem 3.4 follows then as 
a corollary; however it was a step in that direction. 


3.5 Theorem. Let R be a topological ring. If R is an abelian finite exchange ring, 
then R is a full exchange ring. 


Now we introduce the main theorem of [11]. It generalizes, and was inspired 
by, the analogous result of Nicholson (cf. Theorem 2.5). First we need the following 
two lemmas concerning lifting of idempotents. 


3.6 Lemma. Assume that idempotents lift modulo an ideal N contained in the 
Jacobson radical of a ring R. If G is an idempotent in the ring R = R/N, then a 
lifts to an idempotent e € Ra. 


Proof. There exists an idempotent f € R such that a = f. Now a?—a € N implies 
a? — a € N, and hence a? — f € N for every positive integer p. Then a? = f +n, 
with n € N. Write u =1+4+ fnf. Then u is a unit in R with u-! = 1+ m, for some 
meéN. As uf = fu, we get u-'f = fu!. Define e = au7!fa = afu7'a. Then 
e € Ra, and 


e? = au ‘fa? fu-'a=au 'f(f +n)fu-'a = au‘ fuuta=e. 
It remains to show that e — f € N. We have 
e=au'fa=a(l+m)(a?—n)a=a'+k, withkeN. 
As at*—f EN, we gete—feN. 


3.7 Lemma. Let g and h be idempotents in a ring R. If gh € J(R), then there exist 
orthogonal idempotents y and 6 such that gR =yR andhR=o6R. 


Proof. We have ghg € J(R), and so ghg € J(gRg). Hence g — ghg is a unit in 
the ring gRg. Let a € gRg be the inverse of g — ghg. Then g = a(1—h)g, and 
so a(1 — h)a =a. Define y = a(1 — h). Then y € gR(1 —h) and 77 = ¥. Clearly 
yg =g and gy =y, and so gR= 7R. 


Report on Exchange Rings 247 


As hgh € J(R), we can similarly find an idempotent 6 € hR(1—g) such that 
hR = OR. Clearly y and 6 are orthogonal. 


3.8 Theorem. Assume that idempotents lift modulo a closed ideal N contained in 
the Jacobson radical of a topological ring R. For any cardinal &, if R/N is an 
N-exchange ring, then so is R. 


Proof. Consider a summable family (a;)ier of elements of R with Yee aj =-1 
and |IJ| < X. In the quotient topology on R = R/N, (a;)icr sums to 1. The 
hypothesis and Lemma 3.6 imply the existence of idempotents e; € Ra; such 
that the family (é;);e7 is orthogonal in R and ner é; = 1. As the (a;)ier are 
summable and the topology is linear, the family (e;);e7 is Cauchy, hence sum- 
mable by completeness. Define u = >°),-,;e;. Then clearly u is a unit in R, and 
DierU ei: = 1 = Yje,eiu +. It remains to show that the family (u~te;)ier 
consists of orthogonal idempotents. 

First we claim that }7,-, e:R is direct. To verify our claim, it is enough to 
consider a finite sub-sum e;R +---+e,R. Assume, by induction, that we have 
constructed orthogonal idempotents f1,..., fn—1 such that e;R = fjR,1<i< 
n—1. Write f = fi +---+ fn—1. Hence f is an idempotent and e,f € J(R). 
Then, by Lemma 3.7, we get orthogonal idempotents A and f, such that fR = AR 
and e,R = f,R. Clearly f, is orthogonal to fj, 1 <i<mn-—41, and our claim is 
established. Now 


ek = ( y a") ee = y e;u te, = e,u ‘ex + y eu tex. 
ier ier itk 


Using that }>,., eR is direct, we get e,u~'e, = ex and eju-te, = 0 for i # k. 
Hence (u~te;);¢7 is a family of orthogonal idempotents, as desired. 


3.9 Corollary. Let R be a topological ring, and let N be a closed ideal contained in 
J(R). If R is a finite exchange ring and R/N is abelian, then R is a full exchange 
ring. 


Proof. Idempotents lift modulo N by Proposition 2.4. The result then follows by 
Theorems 3.5 and 3.8. 


Remark. Nielsen ({19, Lemma 3]) pointed out that if R is a finite exchange ring 
and R/N is abelian for an ideal N < J(R), then R/J(R) is abelian. Hence N can 
be replaced by J(R) in the above theorem. 


As noted in the introduction, the ring S of endomorphisms of a module M 
is a topological ring with respect to the finite topology. And if MW has the finite 
exchange property, then the ideals A and J(S) are closed and A < J(S) ([11, 
Lemma 11]). Also if M is any square free module, then S/A has no nonzero 
nilpotent elements, hence abelian ([9, Lemma 3.4]). 
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Then Corollary 3.9 gives rise to: 


3.10 Theorem. ([19, Theorem 9]). Square free modules with the finite exchange 
property have the full exchange property. 


The exchange property was established for injective modules by Warfield [22], 
for quasi-injective modules by Fuchs [4], and for continuous modules by Mohamed 
and Miiller [8]. Also it is proved in [9, Theorem 2.37] that a quasi-continuous 
module is a direct sum of a quasi-injective module and a square-free module. 
Hence, to investigate the exchange property for quasi-continuous modules, it is 
enough to consider quasi-continuous square-free modules. Based on this, Oshiro 
and Rizvi [21] (see also [10]), proved that quasi-continuous modules with the finite 
exchange property have the full exchange property. The proofs, though ingenious, 
are quite lengthy and involved, and depend on other properties of quasi-continuous 
modules ((C;) and (C3)). Now all the relevant results concerning continuous and 
quasi-continuous modules follow from Theorem 3.10. 


4. Internal exchange property 


A summand X of a module Y is said to exchange in a decomposition Y = @jerYi, 
if Y = @iceY/ OX, with Y/ < Yj. If this is true for every summand of Y, then the 
decomposition Y = @je7Y; is said to be exchangeable. For a cardinal number &, a 
module M is said to have the X-internal exchange property, if any decomposition 
M = @ierM; with || < & is exchangeable. If M has the N-internal exchange 
property for every finite (resp. countable) cardinal 8, them M is said to have 
the finite (resp. countable) internal exchange property. If M has the X-internal 
exchange property for every cardinal 8, then MM is said to have the full internal 
exchange property. The finite internal exchange property follows from the 2-internal 
exchange property and is inherited by summands [12]. 

Clearly the N-exchange property implies the N-internal exchange property. 
The following two results discuss the relation between the exchange property and 
internal exchange property. 


4.1 Lemma. Consider the following conditions on a module M and a cardinal 
number &: 


(1) M®) has the internal exchange property; 

(2) M®) is exchangeable; 

(3) Any summand isomorphic to M in M®) exchanges in M®); 
(4) M has the X-exchange property. 

Then (1) = (2) > (3) = (4). 


Proof. That (1) > (2) = (3) is obvious, and (3) = (4) by Theorem 3.1. 


This leads to the following corollary, which was observed by Nielsen [20]. 


4.2 Corollary. A module M has the finite exchange property if and only if M@ M 
has the finite internal exchange property. 


Report on Exchange Rings 249 


Proof. The “if” part follows by the above lemma with 8 = 2. Conversely, if WW has 
the finite exchange property, then M @ M has the finite exchange property, and 
hence M © M has the finite internal exchange property. 


Unlike the exchange property, the finite internal exchange property may not 
pass to finite direct sums. As an example, Zz has the finite internal exchange 
property, but not the finite exchange property, and hence (Z @ Z)z does not have 
the internal exchange property, by Corollary 4.2. 

In dealing with exchangeable decompositions, the following lemma shows that 
complement summands can be left intact. 


4.3 Lemma. ([12, Lemma 5]) Le) M=N@®K’, with K'< K <M. If K has an 
exchangeable decomposition K = ®jc1Kj, then M = N © (®ier K}) with Kj < Kj. 


Proof. By the modular law, K = (NOK) @ K’. Exchanging NN K in the decom- 
position K = @je,K;, we get K = (NOK) © (@ier K}), with K/ < K;. Clearly 
M=N+ (Sier Kj), and NN (Bier Kj) =NnNKN (Bier Kj) = 0); 


4.4 Proposition. ([13]) Let M = A@®B. Then M has the finite internal exchange 
property if and only if the decomposition is exchangeable, and A and B have the 
finite internal exchange property. 


Proof. For the nontrivial direction, consider a decomposition M = U @ V and 
a summand N of M. Exchanging V in the decomposition M = A@ B, we get 
M=V0A' OB’, with A= A’ @ A” and B= B’ @ B”. Then U & A’ @ B’ and 
V = A” @ B". Hence U = U, @ U2 and V = Vi © Vo where U, & A’, Un & B’, 
V, & A” and VY) & B”. Write X = U, @V, and Y = Uz @ Va. Then X & A and 
Y = B. Hence X and Y have the internal exchange property and M = X @Y 
is an exchangeable decomposition. Exchanging N in this decomposition, we get 
M=N@X'@Y’' with X’ < X and Y’ < Y. Now applying Lemma 4.3, we get 


M=N@(U, @V{) @ (Uz ® Vz) = N ®(U, © U2) © (Vi @ Va), 
with Uj < U1, Vi < Vi, US < U2 and V3 < Vp. 


Analogous to Theorem 3.10, square-free modules with the finite internal ex- 
change property have the full internal exchange property. This result was obtained 
independently by Mohamed [7] and Nielsen [20]. The proof of this result is purely 
module-theoretic and needs the following lemma. 


4.5 Lemma. ([6]) A square-free module M with the finite internal exchange property 
has (C3). 


Proof. Given summands A and B of M with AN B=0. Write M = B@C, and 
exchange A in this decomposition. We get M = A@ B’ @C’ with B = B’ @ B” 
and C = C’@C”. Then A & B” @C”. As M is square-free, B’” = 0 and hence 
M=AGBOC. 


4.6 Theorem. A square-free module M with the finite internal exchange property 
has the full internal exchange property. 
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Proof. Let M = ®je7M; and let X be a summand of M. We may assume that I 
is well ordered, with a last element 7. For any 7 € J, define 
An = Bi<nMi, By = BisnMi, Cy = BidnMi- 


Then M = A, ® By, = PienMi © C, and C, = M, © By. 
Fix an element a € I. Suppose, by transfinite induction, that we have con- 
structed submodules Mj < M; and Bi < B; (i < a) such that for all 3 <a, 


M =X 6 (Gi<eM;) © Bz (3) 


It follows that XN(@icaM/) = 0. As M has (C3) by Lemma 4.5, X ®(GicaM!) is 
asummand of M. Exchanging this summand in the decomposition M = @jcqaMi® 
Ca, we get 


M=X 4 ( i<aM)j) (4 i<aMj)’ ® Ci (4) 
with (@jcaM;)'’ < ®icgM; and Cl, < Cy. Comparing (3) and (4), then it is 
obvious that (@j<aM;)’ embeds in By < Bg for every B < a. 

Consider an element a € (®icaMj;)’. There exists y < a such that aR € 


BiyM; < Ay. However aR embeds in By and A,B, = 0. As M is square-free, 
aR = 0 and consequently (@:<aM;)' = 0. Therefore 


M=X @ (GicaM!) OC. 


As Cy has the finite internal exchange property, the decomposition Co, = Ma ® Ba 
is exchangeable. Thus we get by Lemma 4.3, M = X ®(@icaM/)® Mi, @ Bi, with 
Mi < M, and Bi, < Ba. Hence 


M =X © (@i<a Mj) @ By. 
This completes our induction process. Therefore 


M =X @ (@i<,Mj) ® Bi. 


Since B, = 0, M = X @ (@ier Mf). 


Analogous to Theorem 3.1, we have the following characterizations for mod- 
ules with the internal exchange property in terms of their endomorphism rings. 


4.7 Theorem. ([6, Theorem 2.1]). The following are equivalent for a module M and 
a cardinal number &: 


(1) M has the X-internal exchange property; 

(2) For every idempotent e and every summable family of orthogonal idempotents 
(filter in S with Y0,-, fi =1 and |I| <X, there exists an idempotent g € S 
such that eS = gS and gfi(1 — g) = 0 for alli € I; 

(3) For every idempotent e and every summable family of orthogonal idempotents 
(fijier nS with Yi, fi =1 and |I| <X, there exist orthogonal idempotents 
e: € Sfie such that >> 


ier Ci = €- 
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Proof. (1) => (2): We have M = @je;f;M and eM is asummand of M. Then 
M=@ierNi®eM with N; < fiM. 
Let g: M — eM be the projection along @je7N;. Then eM = gM, hence eS = gS, 
and @®je7N; = (1 — g)M. One can check that gfi(1 — g) = 0. 
(2) = (3): Define e; = gfie. Then 
exe; = ghileg) fie = (gig) fre = ofifje- 


Hence e? = e; and exe; = 0 for i # 7. Clearly (e;);e7 is summable and 


Tei Datie~o(Th)e=ae=e 


i€l i€I i€l 

(3) = (1): Let M = @je7M; with |I| < &, and let (fi)iey be the natural pro- 
jections with respect to this decomposition. Then (f;)ier is a summable family 
of orthogonal idempotents in S with }7,-; fi = 1. Consider a summand N of M. 
Then N = eM for some idempotent e € S. The hypothesis implies the existence of 
orthogonal idempotents e; = s;f;e with s; € S and eer e; = e. Define g; = e;8; fj. 
Clearly (gi)ier is a summable, write g = >) ,<; gi. Now 

HiGj = Pi€jIji = FECj Gj = C1€jGj- 


Hence g? = g; and gig; = 0 for i 4 j, and consequently g is an idempotent. Now 


=(Da) = leg = dein = do 91 = 9: 


icl i€l i€l i€l 
icl i€l i€l 
It follows that N = gM. Also gfi(1 — g) = gi(1 — g) = 0, and so (1—g)fi(1—g) = 
fi(1 — g). Hence 


(l-g)M = (= i) (1-g)M < $0 fi(1—9)M = $0 (1-9) fi(1—9) M < (1-9) M. 


iel tel wel 


Therefore (1—g)M = S0,<; fi(l—g)M = ier fi(l—g)M. Write Mj = fi(1—g)M. 
Then M/ < M;, and M = @ierM/ ON. 


4.8 Corollary. The following are equivalent for a module M: 


(1) M has the finite internal exchange property; 

(2) For any idempotents e and f of S, there exists an idempotent g € S such 
that eS = gS and gf (1-—g) =0; 

(3) For any idempotents e and f of S, there exists an idempotent y € Sfe such 
thate—ye S(1— foe; 

(4) Sg has the finite internal exchange property. 


Proof. Obvious. 
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4.9 Proposition. The finite internal exchange property for a ring R is right-left 
symmetric. 


Proof. Assume that Rr has the finite exchange property. Let e and f be idem- 
potents in R. Applying (2) of Corollary 4.8 to the idempotents 1 —e and f, we 
get an idempotent g’ in R such that (1—e)R = 9’/R and g'f(1—g’) = 0. Define 
g =1-—g'. Then Re = Rg and (1 — g)fg = 0. Hence rf has the finite internal 
exchange property. 


5. Questions 


In Theorems 3.10 and 4.6, it is proved that square-free modules with the finite (in- 
ternal) exchange property have the full (internal) exchange property. As a square- 
free module with the finite internal exchange property has (C3), by Lemma 4.5, 
and also (C2) implies (C3), it is interesting to investigate the following questions: 


5.1 Question. Does the finite (internal) exchange property imply the full, or count- 
able, (internal) exchange property for a module with (C2) or (C3) ? 


Quasi continuous modules have the internal exchange property [21]. But ex- 
tending modules (that is modules with (C,)) do not, in general, enjoy even the 
finite internal exchange property (e.g., the abelian group Z © Z). So it is interest- 
ing to investigate whether the finite (internal) exchange property implies the full 
(internal) exchange property for extending modules? 


5.2 Lemma. An extending module M has a decomposition M =F @Q where F is 
square free and Q is essential over a square. 


Proof. Same argument as in [9, Proposition 2.35]. 
By Zorn’s Lemma, M contains a direct sum K = @j¢75; maximal such that 
S; is a square. Let S; = ak Then kK & Bier X? = (Bier Xi)”. Hence 
K=K,@0 Ko, with Ki S GicerX; = Ka. 
Then K is a square. Let Q be a closure of K in M. Then Q is a summand of M. 
Write M = F © Q. Then maximality of K implies F' is square free. 


The above lemma, along with Proposition 4.4, suggests that it is enough to 
consider the questions: 


5.3 Question. Let M be an extending module which is essential over a square. 
Does the finite (internal) exchange property for M imply the full, or countable, 
(internal) exchange property? 


As for exchange rings, the N-internal exchange property can be discussed for 
topological rings, which may not be endomorphism rings. A topological ring R is 
called N-internal exchange ring if Rr has the -internal exchange property. Such a 
ring R is called finite (resp. countable) internal exchange ring if R is an X-internal 
exchange ring for every finite (resp. countable) cardinal NX. If R is an X-internal 
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exchange ring for every cardinal &, then R is said to be a full internal exchange 
ring. 

The class of internal exchange rings is very large; it contains all abelian rings. 
An example of a finite internal exchange ring which is not abelian is the ring of 
all 2 x 2 lower triangular matrices over Z (for a proof use (2) of Corollary 4.8; cf. 
[6, Example 2.5]). 


A slight modification of the proof given in Theorem 3.8 yields the following: 


5.4 Proposition. Assume that idempotents lift modulo a closed ideal N contained 
in the Jacobson radical of a topological ring R. For any cardinal number, if R/N 
is an N-internal exchange ring, then so is R. 


Proof. Consider an idempotent e € R and asummable family (f;);e7 of orthogonal 
idempotents of R with >0,-; fi = 1 and |Z| < &. In the quotient topology on 
R= R/N, (fijicr is a family of orthogonal idempotents which sums to 1. By 
Theorem 4.7 and Lemma 3.6 we get idempotents e; € Rfje such that the family 
(€;)zer is orthogonal in R and Mier i = @. The family (e;);e7 is summable by 
completeness. Define eg = 1—e, I’ = IU {a} and u= )0,<,, e;. Then clearly u is 


a unit in R, hence 

Soar ret =l= PS eu. 

tel! tel’ 
It follows that e = Sie, u-tese = ier u—te;. Now, the same argument as in 
Theorem 3.8 yields that the family (u~'e;);¢7 consists of orthogonal idempotents. 


5.5 Corollary. Assume that idempotents lift modulo a closed ideal N contained in 
the Jacobson radical of a topological ring R. If R/N is abelian, then R is a full 
internal exchange ring. 


5.6 Question. It is interesting to investigate the following questions for a topological 
finite internal exchange ring R: 


(a) Find ideals N < J(R), if any, for which idempotents lift modulo N. 

(b) Which ideals N < J(R) are closed? 

(c) Determine the ideals N, satisfying (a) and (b), for which R/N is a full (or 
countable) internal exchange ring. 

(d) Let S be an endomorphism ring of a module M with the finite internal ex- 
change property. Discuss questions (a), (b) and (c) for the ring S. 


5.7 Question. The proof given in Theorem 4.6 is purely module-theoretic. It would 
be of interest to have a ring-theoretic proof. 


In connection with Proposition 4.4, we have the following questions: 


5.8 Question. Let M = @ierM; be an exchangeable decomposition with all M; hav- 
ing the finite internal exchange property. Does M have the finite internal exchange 
property? 


254 S.H. Mohamed 


Repeated applications of Proposition 4.4 gives an affirmative answer for any 
finite index set I. Otherwise the question is still open; it might be interesting to 
consider the question for indecomposable M;’s. 


5.9 Question. Let M = @jce7M; be an exchangeable decomposition with all M; 
having the full (countable) internal exchange property. Does M have the full (count- 
able) internal exchange property? This question is still not answered, even for 
|I| = 2. 
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Abstract. This is the third in a series of papers. The first two, by Yiftach 
Barnea and this author, study the maximal bounded Z-filtrations of the finite- 
dimensional simple Lie algebras over the complex numbers. Those papers 
obtain a complete characterization for all but the five exceptional Lie algebras, 
namely the ones of type G2, Fu, Ee, Ev and Eg. Here, we fill in the missing 
step for the algebra G2. The proof is computational and uses MAGMA, a 
computer algebra package, to handle the 7 x 7 matrices that occur. 
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1. Preliminaries 


Let L be a Lie algebra over the complex field K. A Z-filtration F = {F; | i € Z} 
of L is a collection of K-subspaces 


CF »CF,~CHCK Ch « 


indexed by the integers Z such that [F;, Fj] C Fi; for all i,j € Z. One usually 
also assumes that U, F; = L and (), F; = 0. In particular, Fo is a Lie subalgebra of 
Land each F; is an Fo-Lie submodule of L. Furthermore, we say that the filtration 
is bounded if there exist integers ¢ and ¢’ with Fy = 0 and Fy = L. In this case, 
it is clear that each F;, with 7 < 0, is ad-nilpotent on L. 

If A is any finite-dimensional Lie algebra then the Ado-Iwasawa Theorem 
(see [4, Chapter VI]) implies that A embeds in some L = gl, (A) and therefore 
we obtain a filtration of D with F_, = 0, Fo = A and F, = L. Thus, it is clearly 
hopeless to try to classify all the bounded filtrations of the various gl, (i), even 
if only up to isomorphism. Nevertheless, there is something that can be done. 
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Again, let F be a filtration of an arbitrary Lie algebra L. If G = {G; | i € Z} 
is a second such filtration, we say that G contains F, or G is larger than F, if 
G; > F; for all 7. In particular, it makes sense to speak about maximal bounded 
filtrations, and the goal of [1, 2], the first two papers in this series, is to classify 
such filtrations F when L is a simple Lie algebra over the complex numbers. 

This classification is achieved in four key steps. The first step shows that Fo, 
the 0-component of F, contains a Cartan subalgebra H of L. Since each component 
F;, is then an ad H-submodule of L, it follows easily that these F; are sums of certain 
ad H-eigenspaces, that is root spaces, D,. Note that it is necessary to allow a to 
equal 0 here, with Lop = H. The second step makes this statement more precise 
by proving that F = Fy is a dual filtration. Here \ is a functional on the real 
root space of L, and each F; is given by the sum of those La with A(a) < i. It 
turns out that not every dual filtration is maximal, and the third step shows that 
F)» is maximal if and only if A takes on integer values on an R-basis of roots for 
the root space. Finally, the fourth step precisely determines these maximal » by 
better understanding the R-bases that occur. 

Paper [2] deals with the fourth step, while [1] essentially handles the first 
three. Indeed, all that is missing is the verification of the first step in the case of 
the five exceptional Lie algebras, namely those of type Go, Fy, Eo, Hz and Eg. In 
this paper, we supply the verification for the smallest exception, namely G2. The 
method of proof is somewhat computational, using the precise embedding of G2 in 
the Lie algebra B3. Specifically, we have Gz C Bs C gl,(K), and consequently our 
argument requires dealing with certain 7 x 7 matrices. For this, we use MAGMA, 
a computer algebra package. 

We begin with some preliminary observations. For the most part, these are 
fairly immediate consequences of the results in [5] and [1, Section 2]. It is first 
necessary to deal with matrix rings. Here, of course, the filtrations satisfy Fi Fj C 
F;.;, and we allow K to be a division ring. See [5] for basic definitions. 


Lemma 1.1. Let R= M,,(K) be the ring of n x n matrices over the division ring 
K andletS=® sy M,,,(K) be the subring of R consisting of all block diagonal 
matrices of the form diag(s1, 52,...,5%), where s; € M,,(K). [fF ={F,|aeZ} 
is a maximal bounded Z-filtration of S, then there exists a maximal bounded Z- 
filtration G={G,|ae€Z} of R withG,NS = F, for alla e€ Z. 


Proof. By [5, Theorem 3.6], F = Fi ® Fo ®---@ Fy, where each F; is a maximal 
bounded filtration of M,,(K). Furthermore, by choosing an appropriate basis, we 
can assume that each F; is a weight filtration. In other words, if N; denotes the set 
of integers that correspond to the row and column positions of M,,,() in M,,(i), 
then F; is determined by a weight function w;: N; — Z. But N = {1,2,...,n} is 
the disjoint union of the various N;, so we can define w: N — Z to extend all of 
the functions w;. Finally, the filtration G = {G, | a € Z} of R determined by w 
is maximal bounded, by [5, Theorem 3.6], and the definition of weight filtration 
clearly implies that GaN S = Fy, for all a € Z. 
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In the above situation, we say that G covers F. Indeed, we will use this 
notation in all of the various contexts below. In the remainder of this paper, AK will 
denote an algebraically closed field of characteristic 0, essentially K is the complex 
numbers, and we consider the finite-dimensional simple Lie algebras over K. 


Lemma 1.2. Let L be a simple Lie algebra over K and assume that L C gl,,(K) C 
M,,(K) = R. If F = {F, | a € Z} is a maximal bounded Z-filtration of L, then 
there exists a maximal bounded Z-filtration G = {G, | a € Z} of R such that 
GagNL= Fy, for alla e€ Z. 


Proof. First assume that LD acts irreducibly on the vector space V = K”. Then, 
following [1, Section 2], we let F® = {F,, | a € Z} to be the family of subspaces of 
R that are defined by 

where the sum is over all t > O and all subscripts with i; + ig +---+% <a. 
According to [1, Lemma 2.4], F” is a bounded Z-filtration of R, and hence we 
can extend F® to G = {Ga | a € Z}, a maximal bounded filtration of R. Since 
Gr, = {G,L | a ©€ Z} is a bounded Z-filtration of L containing F, by [1, 
Lemma 2.1], the maximality of F now implies that F = Gr, as required. 

For the general case, we use Weyl’s Theorem [3, Theorem 6.3], which asserts 
that L acts completely reducibly on V. Thus, with respect to a suitable basis, 
R=M,,(4&) contains the subring S = @ yo M,,, (4) of block diagonal matrices 
corresponding to the irreducible constituents of this representation of DL. In other 
words, there exist homomorphisms ¢;: L — gl,,,() GC Mn,(K) that are either 
irreducible representations of LZ or zero maps, and with at least one ¢; not zero. 
Now if ¢; 4 0, then ¢;(F) is a maximal bounded Z-filtration of ¢;(L) = L, so by 
the above, ¢;(F) is covered by G;, a maximal bounded filtration of M,,,(A). On 
the other hand, if ¢; = 0, then ¢;(L) = 0, so ¢;(F) is obviously covered by any 
maximal bounded filtration G; of Mn,(K). Since Fy is a subdirect product of its 
images ¢;(F.), it follows from [5, Theorem 3.6] that G = G1 ®G2@---OGx isa 
maximal bounded filtration of S with Gz D> F. Finally, we can apply the preceding 
lemma to find a maximal bounded filtration H = {H, | a € Z} of R that covers 
G. Then Hz; D F, and the maximality of F yields the result. 


This has two consequences of interest. First, we have 


Lemma 1.3. Let F = {F, | a € Z} be a maximal bounded Z-filtration of the simple 
K-Lie algebra L. If x € Fo and ifx = 2434+ 2p is its Jordan decomposition in L, 
then the semisimple part x, and the nilpotent part x, both belong to Fo. 


Proof. Using an irreducible representation of L, we embed L in the Lie algebra 
gl,(k) C M,(K) = R. Therefore, by the previous lemma, F is covered by a 
maximal filtration G = {G, | a € Z} of R and, in particular, F) = GoM L and 
x € Fo C Go. Now, by [3, Theorem 6.4], « = x; + x» is also the usual Jordan 
decomposition of x in the matrix ring R. Thus, by [3, Proposition 4.2], x, = p(x) 
and tp, = q(x), where p and q are polynomials over K without constant terms. 
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Since Gp is a subalgebra of R, it now follows that x,,x2, € Go and consequently 
Ls5,tn €E GONL= Fo. 


Furthermore, we have 


Lemma 1.4. Let L C L be simple Lie algebras over K. If F ={F, | a € Z} is a 
maximal bounded Z-filtration of L, then there exists a maximal bounded Z-filtration 
G={G.|a€Z} of L with Fx, =GaNL for allae€ Z. 


Proof. Using an irreducible representation of LZ, we embed L in gl,,(K) CM,,(K) = 
R. Then L C gl,,(K), so Lemma 1.2 implies that there exists a Z-filtration H = 
{H, | a € Z} of R with H,NL = F, for alla € Z. Furthermore, by [1, Lemma 2.1], 
Hr ={HaNL | a € Z} is a bounded filtration of L, and this extends to a maximal 
bounded filtration G = {G, | a € Z} of L. Note that 


GaNLD(A,AL)AL=HA,AL= Fy, 


so {G,ML|a€Z} is a bounded filtration of L containing F. The maximality of 
F now implies that Gg N L = Fy for all a € Z. 


The following is implicit in the work of [1]. 


Lemma 1.5. Let F = {F, | a € Z} be a maximal bounded filtration of the simple 
K-Lie algebra of classical type. Then Fy > B, a Borel subalgebra of L. 


Proof. By [1, Section 5], Fo contains a Cartan subalgebra H of L, and indeed 
F = Fy for some suitable linear functional A on the root space. It follows from the 
definition of Fy that if a is a root, then at least one of the root spaces Da or L—« is 
contained in Fo. With this, it is easy to see that if B/F_, is a Borel subalgebra of 
Fo/F_, containing (H + F_,)/F_1, then B C Fp is a Borel subalgebra of L. 


If L is a K-Lie algebra and if S is a solvable subalgebra, then S C B where 
B is a Borel subalgebra of L. If B is uniquely determined by S, then we say that 
S is uniquely extendible in L. It is clear that if S C T C L, with S and T both 
solvable, and if S is uniquely extendible, then so is JT. Our reason for introducing 
this concept is the simple result given below that can be used in concert with the 
previous two lemmas. 


Lemma 1.6. Let L © L be Lie algebras over kK, and let B be a Borel subalgebra of 
L. If BOL is uniquely extendible in L, then BOL is a Borel subalgebra of L. 


Proof. Obviously, S = BML is a solvable subalgebra of both L and L, and hence 
S C B, where B is a suitable Borel subalgebra of L. Furthermore, B extends to 
B,, a Borel subalgebra of £. In other words, we have S C B and S C By, so, 
since S$ is uniquely extendible in £, we conclude that B = B, D B and hence 
S = B,NL2DB. Thus S = B, as required. 


We close this section with two fairly standard results from Lie theory. We 
include brief proofs of each for the convenience of the reader. 
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To start with, we say that the subalgebra S of LD is ad-nilpotent if ad S' is 
nilpotent in its action on L. Certainly this implies that S is a nilpotent and hence 
solvable subalgebra of L, so S C B for some Borel subalgebra B of L. Indeed, if LD 
is simple, then S embeds in N, the nilradical of B. The following lemma contains 
a sufficient condition for such a subalgebra S to be uniquely extendible. Note that 
the expressions S* and N* below are the associative powers of S and N in the 
endomorphism ring of V = K”, the space of n-tuples over K. 


Lemma 1.7. Let S be a Lie subalgebra of gl,,(K) so that S acts on the right on 
the vector space V = K”. If VS" = 0 but VS"! £0, then S is contained in a 
unique Borel subalgebra of gl,,(K) and hence in a unique Borel subalgebra of any 
intermediate Lie algebra. 


Proof. Since VS” = 0, S is nilpotent in its action on V and hence ad-nilpotent in 
its action on gl,,(K). If B = N +H is a Borel subalgebra of gl,,(A’) containing S, 
then the nilradical N contains S. It follows that VN* D VS" for all 7, and we know 
that VN” = 0. Thus, since VS"~! 4 0, it is clear that VN’ = VS" for all i. But 
B is the set of elements of gl,,(K) that stabilize the flag V =VN° DVN12D---D 
VN” =0, so since VN? = VS" we see that B is uniquely determined by S. 


Finally, we have 


Lemma 1.8. Let S be a solvable Lie subalgebra of gl,,(i) closed under Jordan 
decomposition in its action on V = K”. Then S is the direct sum S = M+C, 
where M is the Lie ideal consisting of nilpotent elements of S and where C is a 
complementary commutative space of semisimple elements. 


Proof. S is contained in a Borel subalgebra B = N + H of gl,, (i), where N is 
the Lie ideal of all nilpotent elements of B and where H is a Cartan subalgebra, a 
commutative semisimple complement. It follows that M = NMS is the subspace 
of S consisting of all nilpotent elements of S. Furthermore, M is a Lie ideal of S 
with S/M abelian. The goal is to find a semisimple complementary subspace for 
M in S, and we proceed by induction on dimx S. 

Suppose first that S has a semisimple element x not contained in its center. 
Then ad x is semisimple in its action on S, so S is the direct sum S = S9+.5; where 
So = €s(x) and S} is an adaz-stable complement. Clearly So is a Lie subalgebra of 
S and dim Sp < dim S since x is not central in S. Furthermore, if y € So, then the 
nilpotent and semisimple parts of y are polynomials in y and hence also commute 
with «x. In other words, So is closed under Jordan decomposition, so by induction 
So = Mo + Co. On the other hand, 5; is spanned by eigenvectors of adx with 
nonzero eigenvalues and hence each such eigenvector is contained in [S,S] C M. 
Thus S = M+ Co, and Cp is the required complement of semisimple elements. 

It now suffices to assume that all semisimple elements of S are central in S, 
and we let C denote the set of all such elements. We show that C' is a subspace 
of S. To this end, let x,y € C. Then x and y commute, so they are commuting 
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diagonalizable elements and hence they can be simultaneously diagonalized. Thus 
Ka+ Ky consists of semisimple elements and hence is contained in C’. It follows 
that C' is a subspace and since M+C contains the nilpotent and semisimple parts 
of all elements of S, we conclude that S= M+C. 


2. The Lie algebra G2 


As we mentioned, in order to complete the classification of the maximal bounded 
Z-filtrations of the simple Lie algebras, we must show, in the case of the exceptional 
Lie algebras, that the 0-component of such filtrations contains a Cartan subalgebra. 
The goal of this section is to prove this for G2, and indeed we have 


Theorem 2.1. Let F = {F; | i € Z} be a maximal bounded Z-filtration of the Lie 
algebra L of type Gz over the algebraically closed field K of characteristic 0. Then 
Fo contains a Cartan subalgebra of L. 


Proof. We use the precise description of G2 as given in [3, Section 19.3]. Indeed, 
those few pages describe a faithful 7-dimensional representation of the Lie algebra 
and show that L C £ where L is of type B3. Our argument requires some matrix 
and vector space computations and, for this, we use MAGMA, a computer algebra 
package. The original version of this manuscript, containing an annotated write 
up of the fairly simple code we require, can be found on the author’s web page 


www.math.wisc.edu/~passman/abstracts.html. 


A complete MAGMA input and output text file is also available there. 

Now let F = {F; | i € Z} be a maximal bounded Z-filtration of the Lie 
algebra L. Then it follows from Lemma 1.4 that LE has a maximal bounded Z- 
filtration G = {G; | i € Z} such that F; = G; L for all i € Z. Furthermore, by 
Lemma 1.5, Go contains a Borel subalgebra B of L, and hence Fy = GoNL D BNL, 
a solvable subalgebra of L. In particular, BNL C B, a Borel subalgebra of L. Since 
all Borel subalgebras of L are conjugate, we can assume that B is as described in 
[3, Section 19.3]. Furthermore, let N denote the nilradical of B, and let N be the 
nilradical of B. From [3, Sections 1.2 and 19.3], we have 


dim N = 6, dim B =6+2=8, dimL=8+6=14 
dim N = 9, dim B =9+3=12, dim L = 12+9=21. 


Our computations use the basis {a,b,c,d,e, f} for N as described in [3]. 
These basis members are, in fact, all root vectors corresponding, respectively, to 
the roots a, 8, a+ GB, 2a+ 6, 30+, and 3a+2G of G2, where a and @ are simple. 
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We note that the 7 x 7 matrices for c and d are given by 


0 O O 0 ¢ O O 
—t 0O O 0 OO O0O O 
0 O O 0 0 O O 
c= 0 O O 0 0 O O 
0 O O 0 0 O O 
0 0 0 -1 0 0 0 
0 oO 1 0 0 O O 
and 
| 0 0 0 +t O 0 O ] 
0 0 0 0 0 -1 O 
0 0 0 0 1 0 O 
d= 0 0 0 0 0 0 O ; 
0 0 0 0 0 0 O 
0 0 0 0 0 0 O 
—t 0 0 0 0 0 O 


where t = 2. Furthermore, the nonzero Lie products of the basis elements are 
easily found to be 


[a,b] =-c, [a,c] =-2d, [a,d) = —3e, [be] =f, [e,d) =—3f, 
and hence we have 
Lemma 2.2. The terms of the lower central series of N are given by 
NU = Ka+Kb+ Ke+Kd+Ke+Kf 
N?@l = Ke+Kd+Ke+Kf 
N®l = Kd+ Ke+Kf 
NY = Ke+Kf 
NV = Kf. 


Furthermore, N is contained in a unique Borel subalgebra of the algebra L. In 
particular, if NC LOB, then LOB is a Borel subalgebra of L. 


Proof. The terms of the lower central series are trivial to compute from the above 
commutator relations. For the last part, we want to show that S = N is uniquely 
extendible in L. For this, we first observe that N is ad-nilpotent on L. Furthermore, 
L admits the same 7-dimensional module V as does L. Thus, in view of Lemma 1.7, 
it suffices to show that N® ¥ 0 in its action on V. But f €¢ Nl! C N® and we 
easily check that the matrix product fa is not 0. Thus N® 4 0, and consequently 
Lemma 1.6 yields the result. 


It can be shown that N contains an element having one 7 x 7 Jordan block 
in its action on V, and such regular nilpotent elements are known to be contained 
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in unique Borel subalgebras. Next, we note that 
dim L > dim(L + B) = dim L + dim B — dim(L B) 
and hence 
dim(LN B) > dimL + dim B — dim = 144+ 12-21=5. 


Since LN B C B, it also follows that dim(L/N B) < 8. 

Now LN B = Fy NB and, since B is closed under taking semisimple and 
nilpotent parts, the same is true of LM B by Lemma 1.3. Furthermore, recall from 
[3, Theorem 6.4] that the Jordan decomposition of any element of L in its action on 
V and in its ad-action on L are identical. It therefore follows from Lemma 1.8 that 
LOB =M+C where M = LON CN and where C is a semisimple complement. 
If dimC > 2, then dim C = 2 and C is a Cartan subalgebra of L contained in Fo. 
Thus, we can assume that either C = 0 or C = Kh has dimension 1. Indeed, by 
taking a suitable conjugate if necessary, we can assume that h © H C B where H 
is any Cartan subalgebra of our choosing. 

Note that M is properly smaller than N since, if N C LOB, then Lemma 2.2 
implies that L 4 B = B contains a Cartan subalgebra of L. Thus dim(LN B) < 
dim N + 1 = 7, and hence there are just two cases remaining to be considered. In 
case 1, we have dim(LM B) = 5 and either LN B = M or LNB = M+ Kh, where 
M = NOB and where h is some nonzero element of H. On the other hand, in 
case 2, dim(LN B) = 6 and, since LNB 4 N, we have LD B = M+ Kh, where M 
and hf are as above. Furthermore, we can assume that H is the Cartan subalgebra 
which we now describe. 

Following [3, Section 19.3], we note that a Cartan subalgebra of L is diagonal 
with basis dy = €22 —€55, dz = €33 — eg6 and dz = €44 — 77, where of course {e;;} is 
the set of matrix units in M7(A’). Furthermore, a Cartan subalgebra H C B of L 
is given by all elements of the form h = kid, + kodg + kgd3 with k1,k2,k3 € K and 
ky + ko + k3 = 0. In particular, if all k; are nonzero, then rank h = 6. Thus, up to 
scalar factors, there are just three nonzero members of H of rank less than 6, and 
these all have rank 4. Specifically, we take these three elements to be hy = di — do, 
hy = dz — d3 and h3 = d3 — dy. For convenience, let us define 


N= Ka+Ke+Kd+Ke+Kf = Ka+ [N,N] CN, 


and 


Ny = Kb+Ke+Kd+Ke+Kf =Kb+[N,N]CN. 


Then, we have 


Lemma 2.3. Let H be the Cartan subalgebra of L contained in the diagonal subspace 
of M7(K). Then H C B and, up to a scalar multiple, there are just three nonzero 
elements of H having rank less than 6. These elements, hi, hz and hz, all have 
rank 4 and satisfy a(hi) = —1, B(hi) = 2, a(he) = 1, B(h2) = -1 and a(h3) = 
0, B(h3) = —-1. Furthermore, suppose M is a Lie subalgebra of N of codimension 
1. Then MAN, M D [N,N] and, if M is adh-stable with h = hi, hg or hg, then 
M=WN, or No. 
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Proof. The values of a(h;) and ({(h;) are easily computed from the formulas 
[hi,a] = a(h;)a and [h;,b] = B(h;)b. It remains to consider the Lie subalgebra 
M of codimension 1 in N. Since normalizers grow in nilpotent algebras, it fol- 
lows that M<.N and of course N/M is abelian. Thus M > [N, N], and note that 
N = Ka+Kb+[N, N]. Finally, suppose h = hi, hg or hg and that M is ad h-stable. 
Since a(h) # G(h), h has distinct eigenvalues on Ka + Kb, with eigenvectors a 
and b. Thus we conclude that the only possibilities for M are Ka+ [N,N] = Na 
or kb+ [N, N] = Np. 


It follows from the values of a(h) and G(h) given above that hi, hg and hg 
are not regular elements of H. Since a(h3) = 0, hg is, in some sense, the worst 
offender. 

Now, as is well known, L = G2 has no nonzero representation of degree less 
than 7, and it has a unique irreducible representation of degree equal to 7. Indeed, 
this is a consequence of Weyl’s dimension formula and the fact that irreducible 
representations are uniquely determined by their highest weight. An explicit for- 
mula for the degrees of the irreducible representations of G2 can be found in [3, 
page 140]. The unique representation of degree 7 is obviously the representation 
described in [3, Section 19.3], where L acts on the right on a 7-dimensional vec- 
tor space V. Furthermore, since dim L/L = 21 — 14 = 7, we see that the adjoint 
representation of L on L has the factor module L/L & V. In other words, we 
can compute certain invariants for the adjoint action of L on L/L by considering 
the matrix action of L on V. For convenience, let {v1, v2, v3, V4, Us, V6, U7} be the 
natural basis for V corresponding to the matrix representation of LD. We can now 
handle the two cases in turn. We start with 


Lemma 2.4. Case 1 cannot occur. 
Proof. Suppose, by way of contradiction, that dim(LM B) = 5. Then 
dim(L + B) = dimL + dim B — dim(LN B) = 14+ 12-5 =21, 


and hence L + B = L. Furthermore, since B and LB are ad(LN B)-submodules 
of £, we conclude that 


as (LM B)-modules. 

If M=LNBCN, then M has codimension 1 in N, and hence M D [N, N] 
by Lemma 2.3. Note also that M C N C N and that N<B with B/N being abelian 
of dimension 3. It follows that N/M is an M-submodule of B/M of dimension 4 
and that M acts trivially on the quotient B/N. Translating this to the module 
V, we conclude that VM > V[N, N] has dimension at most 4. But our MAGMA 
computations show that dim V[N, N] = 5, so this possibility cannot occur. 

It remains to assume that LN B = M+ Kh, where M= NOB andhisa 
nonzero element of H. Obviously, dim M = 4 here, so M has codimension 2 in N. 
Since MC N CN, in this situation we have LD B= M+KhCN+KACB 
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and N + Kh is an ideal of B of codimension 2. Hence LM B acts trivially on this 
quotient. Translating to the module V, we conclude that dimV(ZM B) < 5. In 
particular, rank h < 5 and, as we have indicated, this implies that h = hy, ho, or 
h3 up to a scalar factor. Since normalizers grow in N, we have M <M, <N with 
dim M,; = 5. Thus M; D [N, N] > Kc+ Kd and hence, since M has codimension 
lin Mj, we have MN (Kc+ Kd) £0. Choose 0 4m = ac+ yd € MN (Kce+ Ka) 
with x,y € K and not both 0. 

We now compute the dimension of Vm + Vh, for all i = 1,2,3. To this end, 
note that rankh; = 4 and indeed Vh; has a basis consisting of those v; that 
correspond to the four columns where the matrix h; has nonzero diagonal entries. 
Thus, to compute the dimension of (Vm +Vh;)/Vh;, we merely form the matrix 
of m, delete the columns of that matrix corresponding to the basis elements of 
Vh,;, and determine the rank of the remaining 7 x 3 matrix. Indeed, to compute 
this rank, we can certainly delete any zero row or column. When we do this, the 
matrices we obtain for m, corresponding to hi, hg and hs, respectively, are 


0 yt 0 at ] 
—at 0 —at 0 —at 0 -y 
0 -a , 0 y |? | —yt « 0 
—yt 0 —yt 


Note that the rank of each of these matrices is equal to 2 provided that one of x or 
y is nonzero. Thus dim(Vm+Vh,)/Vh; = 2, so dim(Vm+Vh,;) = 2+dimVh; = 6, 
and this is the required contradiction since dim V(LM B) <5. 


Finally, we show that the second case cannot occur. This is surprisingly a 
bit more complicated. Since LM B has dimension 6, there are actually just a few 
possibilities for this subalgebra. But in this case, we know less about its action on 
the module V. 


Lemma 2.5. Case 2 cannot occur. 
Proof. Suppose, by way of contradiction, that dim(LM B) = 6. Then 
dim(L + B) = dim L + dim B — dim(LN B) = 14+ 12-6 = 20, 
and thus L + B has codimension 1 in L. Furthermore, we know that 
LC L+B B 
Ve—> = = 
L L LOB 
as (LN B)-modules. Under this isomorphism, the submodule (L+B)/L corresponds 
to a subspace W of codimension 1 in V. Unfortunately, we will not always have a 
precise description of this subspace. 

We are also given that LV B = M+ Kh, where M = NOB and where h is a 
nonzero element of H. Certainly, dim M = 5, so that M has codimension 1 in N. 
Since LD B=M+KhCN+Khand N + Kh is an ideal of B, it follows that 
LB acts trivially on the 2-dimensional quotient B/(N + Kh). Translating this 
into V, it follows that dim W(M + Kh) < 6—2=4. In particular, h has rank at 
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most 4 on W, and hence hf has rank at most 5 on V. We conclude, as before, that 
h= hi, ho or h3. 

In addition, note that M is an adh-stable subalgebra of N of codimension 
1, so Lemma 2.3 implies that M = N, = Ka+[N, N] or Ny = Kb+[N,N]. The 
first possibility is easy to handle. Indeed, since either choice for M is nilpotent, 
M must act trivially on the 1-dimensional module V/W, and hence W D VM. In 
particular, if M = N,, then W D V Ng, and the latter subspace has dimension 6 by 
our computations. Thus W = VN, and W(LN B) = W(M + Kh) = WN, + Whi 
for some 7 = 1,2 or 3. However, the latter three subspaces have dimension 6, 5 
and 5, respectively, and this contradicts the fact that dimW(M + Kh) < 4. 

It follows that M # N,, and hence M = Nj. In this case, W D VN, and 
VN, has dimension 5 with basis {v1, v3, va, Us, v6}. Thus W = VN, + Ku, where 
u is a nonzero vector in U = Kv2+ Kv7z. Note that each of hy, he and hz acts on 
U with eigenvectors ve and v7. First, let us assume that h = h, or hg. Then the 
eigenvalues of h are 1 and 0, with veh; = va, v7hy = 0, and veh2 = 0, v7h2 = v7. 
Since VN, is h-stable and W is h-stable, it follows that WOU must be h-stable. 
In particular, we must have W = W, = VN, + Kvg =VN,+4+ Vhi or W = We = 
VN, + Kv7 = VN, + Vha. In this case, computations show that dimW Nz, = 5 
and dim W2N, = 5, again contradicting the fact that dimW(M + Kh) < 4. 

It remains to assume that M = N, and h = hg. Here we have W = VNi+ Ku, 
where u = “v2 + yu7 with x,y € K and not both 0. We first obtain a lower bound 
for the dimension of WN». To this end, note that V(Np)? has dimension 2 with 
basis {v4, vs}. Furthermore, c,d € Np, so Ku(Ny) D Kuc + Kud. We compute 
dim(V (Nz)? + Kuc + Kud)/V(Np)*) by constructing a 2 x 7 matrix with first 
row equal to uc and second row equal to ud. Next we delete the fourth and fifth 
columns, since they correspond to the vectors v4 and vs in V(N;)?, and then we 
find the rank of the remaining matrix. Indeed, we can also delete any zero column, 
and when we do so, we obtain 


—at sy 0 
—yt 0 -2 


] 


a matrix quite similar to the hg matrix of the previous lemma. Clearly, this matrix 
has rank 2 provided x or y is nonzero. 

In other words, we have shown that dim W N,/V(N,)? > 2 and hence that 
dim W Nz > 4. Of course, WN, C V No. On the other hand, since veh3 = —v2 and 
v7h3 = —v7, we see that u = u(—h3) € W(LN B). Thus W(L/ B) contains the 
direct sum WN, + Ku and hence dim W(L 1M B) > 5, again a contradiction. 


The proofs of Lemmas 2.4 and 2.5 appear, in some sense, to be dual to 
each other. Furthermore, once these two cases are eliminated, we know that only 
the earlier configurations can occur, and consequently Fo must contain a Cartan 
subalgebra of L. This completes the proof of Theorem 2.1. 


Since the subspaces of V considered above all have natural bases, it is clear 
that the above computations can all be achieved without using a computer algebra 
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package like MAGMA. On the other hand, it is also clear that without such a pack- 
age, the experimentation required to find such a proof would have made reaching 
this goal somewhat problematical. Finally, the author would like to thank the ref- 
eree for his comment on regular nilpotent elements and for suggesting the validity 
of Lemma 1.8, which made some later arguments considerably cleaner. 
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Abstract. In Section 1 we recall the definitions of the Hilbert functions, multi- 
plicity, h-polynomial, blowing-up rings, standard basis, degree of singularity, 
Cohen-Macaulay type, type sequences and almost Gorenstein rings etc. In 
Section 2 we give summary of numerical invariants of monomial curves, espe- 
cially monomial curves defined by arithmetic sequences and almost arithmetic 
sequences. In particular, we give an explicit formula for the type sequence (see 
(2.1)-(6)) and give a characterization of almost-Gorensteinness of the alge- 
broid semigroup ring R = K[[] (over a field K ) of the numerical semigroup 
TI’ generated by an arithmetic sequence. In Section 3 we mainly study Arf 
rings and their type sequences. We begin with recalling definition of Arf ring 
and its branch sequence and give a formula (see Theorem (3.4)) for the degree 
of singularity of R as the sum of the lengths of quotients of the successive 
terms of its branch sequence as well as the sum of the first coefficients of the 
Hilbert-Samuel polynomials of the terms of its branch sequence. Further, we 
use a results proved in [3] and [7] to give (see Theorem (3.6)) a characteriza- 
tion of complete local Arf domains with algebraically residue field using the 
type sequence of R and type sequences of the rings in the branch sequence of 
R. Finally we prove that the type sequence of the blowing-up ring of a com- 
plete local Arf domain with algebraically residue field is the sequence obtained 
from the type sequence of R obtained by removing its first term. In Section 4 
we give some examples of Arf rings and some of not Arf rings. In Example 4, 
we give necessary and sufficient conditions for the algebroid semigroup ring 
R= KI] of the numerical semigroup generated by an arithmetic sequence 
T over a field K to be an Arf ring. 
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0. Introduction 


This is an expository article on some numerical invariants of one-dimensional 
noetherian local rings. More precisely, let (R,mp) be a noetherian local one- 
dimensional analytically irreducible domain, i.e., the m-adic completion R of R 
is a domain or, equivalently, the integral closure R of R in its quotient field Q(R) 
is a discrete valuation ring and a finite R-module. We further assume that R is 
residually rational, i.e., R and R have the same residue field. A particular impor- 
tant class of rings which satisfy these assumptions are algebroid semigroup rings 
which are coordinate rings of algebroid monomial curves. 

Various algebraic and geometric properties of the ring R are described by 
some numerical invariants, for example, Hilbert functions, multiplicity, h-poly- 
nomial, blowing-up rings, standard basis, degree of singularity, Cohen-Macaulay 
type, type sequences, Gorenstein, almost Gorenstein and Arf rings etc. Several au- 
thors have studied these numerical invariants (see for example [1], [2], [3], [4] [18]). 
The first term t; of the type sequence of R is the Cohen-Macaulay type of R 
and the sum )7""_, t; is the degree of singularity of R. Further, the “Gorenstein- 
ness” and “almost Gorensteinness” are characterized by type sequences. It is worth 
noting here that if R is a semigroup ring, then the above properties correspond 
to the properties “symmetric” and “pseudo-symmetric” of numerical semigroups, 
respectively. These properties are of a special interest (see [5], [21]), since each 
numerical semigroup can be expressed as an intersection of numerical semigroups 
that are either symmetric or pseudo-symmetric. Furthermore, the property “Arf” 
can be described by its type sequence and each term t; is related to the ith term 
in the “branch sequence” of R. 

In Section 1 we recall the definitions of the Hilbert functions, multiplicity, h- 
polynomial, blowing-up rings, standard basis, degree of singularity, Cohen-Macau- 
lay type, type sequences and almost Gorenstein rings etc. 

In Section 2 we give summary of numerical invariants of monomial curves, 
especially monomial curves defined by arithmetic sequences and almost arithmetic 
sequences. In particular, we give an explicit formula for the type sequence (see 
(2.1)-(6)) and give a characterization of almost-Gorensteinness of the algebroid 
semigroup ring R= K[I] (over a field K ) of the numerical semigroup [ gener- 
ated by an arithmetic sequence. 

In Section 3 we mainly study Arf rings and their type sequences. We begin 
with recalling definition of Arf ring and its branch sequence and give a formula 
(see Theorem (3.4)) for the degree of singularity of R as the sum of the lengths 
of quotients of the successive terms of its branch sequence as well as the sum of 
the first coefficients of the Hilbert-Samuel polynomials of the terms of its branch 
sequence. Further, we use a results proved in [3] and [7] to give (see Theorem (3.6)) 
a characterization of complete local Arf domains with algebraically residue field 
using the type sequence of R and type sequences of the rings in the branch se- 
quence of R. Finally we prove that (see Corollary (3.9)) the type sequence of the 
blowing-up ring of a complete local Arf domain with algebraically residue field is 
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the sequence obtained from the type sequence of R obtained by removing its first 
term. In Section 4 we give some examples of Arf rings and some of not Arf rings. In 
Example 4, we give necessary and sufficient conditions for the algebroid semigroup 
ring R= K[I] (over a field K ) of the numerical semigroup I’ generated by an 
arithmetic sequence to be an Arf ring. 


1. Preliminaries — notation, definitions and some results 


Throughout this article we make the following assumptions and notation. 


Notation 1.1. Let N = {0,1,2,...} and Z = {0,+1,+2,...} denote the set of 
all natural numbers and all integers respectively. Further, for a,b € N, we denote 
[a,b] :={rEeN|a<r<b} and Nv:={neN|n> a}. 


For convenience, some definitions and some well-known results for one-dim- 
ensional noetherian local rings are collected in 1.2 below: 


Notation, Definitions and Some Results 1.2. Let (R,m) be a 1-dimensional Cohen- 
Macaulay local ring of multiplicity e and embedding dimension v > 2. Further, 
let he :=hr(Z) =ho +hiZ +---+h,Z*, s:=deghpr denote the h-polynomial 
of R. Then: 


(1) (Hilbert function and h-polynomial) Let (R,m) bea d-dimensional 
noetherian local ring of the multiplicity e = e9(R) and the embedding dimension 
v := Dimpym(m/m?) = €(m/m?) = v(m) := the minimal number of generators of 
m. For any m-primary ideal a in R, the numerical function Hy : N— WN defined 
by n+ (R/a"*+) (= the length of the R-module R/a”*"*) is called the Hilbert 
function of a. It is well known that there is a polynomial P,(X) € Q[X] 
of degree d such that P,(n) = Hg(n) for all sufficiently large values of n and 
the leading coefficient of P,(X) is of the form eo(a)/d! with eo(a) € Nt. The 
uniquely determined polynomial P,(X) and the positive natural number eo(a) 
are called the Hilbert-Samuel polynomial and the multiplicity of 
a, respectively. The Hilbert function (respectively, Hilbert-Samuel polynomial, 
multiplicity) of m is also called the Hilbert function (respectively, Hilbert- 
Samuel polynomial, multiplicity) of R. We simply put Hr = Hn, 
Pre = Pn, e(R) = e0(R) = eo(m). 


The generating function of the numerical function H% :n ++ Dimr /m(m” /mrtt) = 
Hr(n) — H(n—1) is the Poincaré series Pr(Z) := on HR(n)Z”. It is well 

hr(Z) 
= 2)F 
The polynomial hr(Z) = ho +1 Z+---+h.Z* is called the h-polynomial of 
R;ho=1, hh = H%,(1) —d=v-—d iscalled the embedding codimension 
of R. 


neN 
known that there exists a polynomial hr(Z) € Z[Z] such that Pr(Z) = 
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(2) (Blowing-up rings) Let us recall some definitions and results proved 
in [7] on blowing-up rings. These results hold more generally for semi-local 1- 
dimensional Cohen-Macaulay rings. Let R be a semi-local Cohen-Macaulay ring 
of dimension 1 and let m be the (Jacobson) radical of R. Let R be the integral 
closure of R in its total quotient ring Q(R). An ideal a in R is called open if 
it is open in the m-adic topology on R, or, equivalently m” Ca for some n > 1, 
or, equivalently, the length ¢(R/a) is finite. For any two R-submodules M,N of 
R, we put (M:r N):={ye R| yN C M}. 

For an open ideal a in R, let B(a) := Unen(a” : a”). The ring B(a) is called 
the blowing-up of R along a or the first neighbourhood ring of a. 


(2.a) Proposition. [7, Proposition 1.1] For an open ideal a in R, the ring B(a) is 
a finitely generated R-module and R C B(a) C R. Moreover, if R is local and if a 
is a m-primary ideal which is not principal, then R & B(a). In particular, if R is 
local and if R is not a discrete valuation ring, then R & B(m). Furthermore, there 


f eae ZA ze 
exists a non-zero divisor x €a such that B(a) = R[—,...,—], where 21,..., Zr 
x 


is a generating set for the ideal a. In particular, aB(a) = x B(a). 


An open ideal a in R is called stable in R if B(a) = (a: a), or, equiva- 
lently, aB(a) = a. It is clear that if a is an open ideal in R, then a” is stable 
for some n > 0 and if a” is stable, then a’ is stable for every m>n. 


Since dim(R) = 1, for any open ideal a in R, for all sufficiently large values 
of n, we have Ha(n) = &(R/a"+1) = eo(a)("*") — e1(a) with eo(a) € N* and 
ei(a) € Z and R(X) := eo(a)(*}') — e1(a), the positive natural number eo(a) is 
the Hilbert- Samuel polynomial of a, respectively. 


The next proposition shows how the integers e9(a) and e;(a) are connected 
to the blowing-up B(a) of R along a: 


(2.b) Proposition. [7, Theorem 1.5] ¢(B(a)/aB(a)) = eo(a) and &(B(a)/R) = 
e1(a)>eo(a)—£(R/a). Moreover, (B(a)/a" B(a)) =eo(a)n for all nEN. 


If m is not principal, then B(m) 4 R and B(m) is a finitely generated R- 
module. The annihilator ann g(B(m)/R) := {y € R| yB C R} of the R-module 
B(m)/R is called the conductor of R in B(m). The conductor of R in R 
is called the conductor of R. We put €:=annp»(R/R). 


(3) (Minimal reductions and reduction number) Let (R,m) be 
a one-dimensional local Cohen-Macaulay ring. For an m-primary ideal a in R 
which is not a principal ideal, we put r(a) := min{n € N | @(a"/a"*+) = eo(a)}. 
The natural number r(a) are called the reduction number of a (see [11]}). It 
is easy to see (see for example [11, Theorem 5.1]) the following equalities: 


ria) = min{neN| &(R/a™) = eo(a)m—e(a) for all m>n} 
= min{néN|B(a) = (a”:a")} 
= min{fneéN| za" =a"! for some x € a} 
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Note that for the last equality we need to assume either R is reduced with 
infinite residue field, or R is analytically irreducible; in both these cases, for every 
non-zero ideal a in R, there exists x € a such that «+R is a minimal reduction of 
a,ie., za” =a™*! for some m € N. In fact in the later case (see [2, Corollary 17]) 
if « € a, then xR is a minimal reduction of a if and only if v(x) = min(v(a)), 
where v is the discrete valuation of the integral closure R of R in its quotient field. 


(4) (Standard basis of a numerical semigroups) Let [CN be 
a numerical semigroup, i.e., I’ is closed under addition, 0 € T and gced([) = 1. 
Then there exists a least positive integer c := c([) € TI such that z € [ for 
all z > c. This positive integer is called the conductor of I. Therefore 
T\N. = {0 = vo, vi,---,Vn—1}, where 0 = vo < vi < +++ < Vn—1 < Vn :=€ are el- 
ements of [.. The least positive integer m := v; € T is called the multiplicity of T. 


The set S,,(T) := {2 € T | z-—m ¢T} is called the standard basis or 
the Apéry set of I with respect to m. We put S := S,,([) and write S = {0 = 
80; $1,+-+;Sm—1} with 0 = so < 81 < +++ < 8m_1. Note that every element h € T 
can be written in the unique form h = pm +s with p € N and s € S. Further, 
note that 8,7 =c—1+m. 


(5) (Monomial curves) Let mo,...,m,_1 be positive integers and let K be 
a field. Then the curve C(mo,...,™m,—1) in the v-affine space A% over K defined 
by the parametric equations Xp = T°,...,X ,-1 = T”™”-' is called an affine 
monomial curve over K defined by mo,...,m,-1. We may assume that 
ged(mo,...,My-1) = 1. The numerical semigroup [ := ys. Nm; generated 
by mo,...,;Mv-1, is called the value semigroup of C(mo,...,m,-1). The 
coordinate ring of C(mo,...,mv—1) is the subalgebra K|T] := K[T* | ze T] = 
K(T™,...,T»-1] of the polynomial algebra K[T] and is called the affine 
semigroup ring of I over K. The kernel B(C(mo,...,m,~1)) of the canonical 
surjective K-algebra homomorphism y: K[Xo,...,Xv—-1] ~ K[T™,..., 77-3] 
defined by X; + T’,i =0,...,v—1, isthe defining ideal of C(mo,...,my,-1). 


The K-subalgebra K[[] := K[T* | z € T] = A[L™,...,T”-1] of the 
power series algebra K[T] over K is called the algebroid semigroup ring 
of T over K; it is the coordinate ring of the algebroid monomial curve 
C((mo,.--, Mv—1)) = Spec (K[T™,...,7"-1]) in the algebroid v-space A% := 
Spec (K[Xo,...,Xv—1]) defined by the parametric equations Xo = T”°,..., 
Kya pa Eva 

The kernel % (C((mo, ...,My—1))) of the canonical surjective K-algebra ho- 
momorphism y: K[Xo0,...,Xv-1] ~ A[L”™,...,77’-1] defined by X;— T™, 
i=0,...,v—1, is the defining ideal of C((mo,..., my -1)). 


(6) (Type sequences and almost Gorenstein rings) Let (R,mp) bea 
noetherian local one-dimensional analytically irreducible domain, i.e., the m-adic 
completion R of R is a domain or, equivalently, the integral closure R of R in its 
quotient field Q(R) is a discrete valuation ring and a finite R-module. We further 
assume that R is residually rational, i.e., R and R have the same residue field. A 
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particular important class of rings which satisfy these assumptions are algebroid 
semigroup rings which are coordinate rings of algebroid monomial curves (see (5) 
above). 


Let v : Q(R) — ZU {oo} be the discrete valuation of R and let € := 
annry(R/R) = {x € R| eR C R} be the conductor ideal of R in R. Then the 
value semigroup u(R) = {v(a) | x € R,x #0} is a numerical semigroup, that is, 
N \ v(&) is finite and therefore v(R) = {0 = vo, v1,..-,Vn-1} U{z EN | z>c}, 
where 0 = vo < vi < +++ < Vn—1 < Vn := c are elements of v(R), n := n(R) := 
0(R/€) = card (v(R) \N.) and ¢ := c(R) := €(R/€) (here €(—) denote the length 
as an R-module). 

The positive integer c is also determined by the equality € = {x € Q(R) | 
v(x) > c} or, equivalently € = (mz)°. Note that c be the conductor of the value 
semigroup v(R). The positive integer 6 := 6(R) := 0(R/R) = card(N \ v(R)) is 
called the degree of singularity of R. It is clear that 6(R) is the sum of 
n positive integers t;(R) := €(4;1/M,), i = 1,...,n, where A; := {a € R| 
v(z) > vi} and A>) := (R: A,;) := {a € Q(R) | eA; C R}. The sequence 
t1(R), te(R),...tn(R) is called the type sequence of R. 

Several authors have studied the properties of type sequences (see [1], [4]). 
The term “type sequence” is chosen since the first term ti(R) = €(m~'/R) is the 
Cohen-Macaulay type of R. Further, we have: 


(6.a) Proposition. 


(1) 1<t;(R) < TR for every i=1,...,n (see [8, §3, Proposition 2 and Propo- 
sition 3]) and hence (see also [4, Proposition 2.1]) 

(2) €*(R) < (tR—-1) (€(R/€) — 1), where €*(R) := TR: (R/€) — €(R/R) . More- 
over, the equality holds if and only if ((R/R) = Tr + £(R/€) —1, or equiv- 
alently t;(R) =1 for i=2,...,n. 


A ring R as above is called almost Gorenstein if the type sequence 
of R is {rpr,1,1,...,1}, or equivalently, @*(R) attains its upper bound, i-e., 
((R/R) =Tr-1+ (R/€). It is clear that Gorenstein rings are almost Gorenstein 
but not conversely (see [18, (1.2)-(1)]). 


(7) Type sequence of a numerical semi-group IT’ can also be defined analogously: 
Let c= c(I) € N be the conductor of I and let T\ N. = {0 = vo, v1,---,Vn—1}, 
where 0 = vo < vi <-++ < Vn-1 < Vn := € are elements of [. Further, for 
i=0,...,n, let Ty := {heTlh>vi}, T@):= {a € Z| c+; CT} and let 
t; = card ([(t) \T(@-1)). Then FP =T(0) CT (1) C--- CT(n—-1) CT(n) =N 
and the sequence t;,7 =1,...,n is called the type sequence of I’. In particu- 
lar, the cardinality t; of the set T(T) :=T(1)\T is called the Cohen-Macaulay 
type of the semigroup [. 


The type sequence of a ring R need not be same as the type sequence of the 
numerical semi-group u(R) of R (see [4]). However, if R = K[I] is the algebroid 
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semigroup ring of [ over a field K, then the type sequence of R is equal to the 
type sequence of its semigroup v(R) =T. 


2. Numerical invariants of certain monomial curves 


We begin this section with explicit descriptions of the standard basis, degree of 
singularity, Cohen-Macaulay type, the defining ideal, h-polynomial, type sequence 
of the class of monomial curves defined by an arithmetic sequence. 


2.1. (A class of monomial curves defined by an arithmetic 
sequence) In addition to the notation introduced in (1.2)-(5), we further fix 
the following notation. 

Let m,d € N, m > 2, d > 1 be such that ged(m,d) = 1 and let p be an 
integer p > 1 and put m; := m+id fori =0,1,...,p+1. Let D:= ak Nm, be 
the semigroup generated by the arithmetic sequence mo,7™1,..., p41. Further, 
let R := K[I] be the algebroid semigroup ring of T over K, B® := $B ((C)) 
be the defining ideal of the algebroid monomial curve C := C([)) over K and 
G := G((L)) be the associate graded ring of R with respect to its maximal ideal. 


For any positive natural number k € N*, let q, € N and rz € [1,p +1] be 
the unique integers defined by the equation k = qx(p+1)+ rx. We put ¢g := dm-1 
and r := rm_—1 — 1. Therefore gq € N, r € [0,p] and m—2=q(p+1) +r. 


Put so=0 and s,:=m,, +q¢Mp41 =(1+qn)mM+(re+9n(p+1)) d for k € [1,m—1]. 


Further, we put $1 := {mi + jmp+i | ¢ € [1,p+ 1] and j € [0,q — 1]} (note 
that S; = 0 if ¢ = 0) and Se := {mi + qmp4i | 7 € [1,7 + 1}. 


With the notations we have: 
(1) The standard basis S:=S,,(1) with respect to the multiplicity m = mo of T 
is: 
S = {sz | ke (0, m — 1]} = {0} US; USe. 
Further, c:= c(T) = (m—1)(d+q)+q+1 is the conductor of T. 
(2) The degree of singularity 6 := 6([) of T is: 


6=((m—1)(d+q) 4 (r+ 1)(q+1)) /2. 


(3) The set T:=T(T) =T(1)\T = {mj 4+ qmp41 — mo | 7 € [1,7 + lJ}. 
In particular, the Cohen-Macaulay type of 1 is 7 := Tr =r+1. Furthermore, 
R is Gorenstein if and only ifr =1. 
(4) The defining ideal $8 of the algebroid monomial curve C is generated by 
2 
(5) = ) elements. Moreover, 58 is a set-theoretic complete intersec- 
tion, that is, there exists F,,...,Fy-1 € P:= K[Xo,..., Xv—1] such that 


PF, +---+PF,-1. 
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(5) The associated graded ring G of R is always Cohen-Macaulay and the 
h-polynomial of R is 


LOS UA ees YZ" GF ra p—2, 
hr = 41+ 0 (p+ 1)Z! + pZe?, if r=p-l, 
1 oe Z: if r=p. 


In particular, the Hilbert function of R is non-decreasing. 
(6) The ith term t; = ti(T) of the type sequence (ti, t2,...,tn) of T is 


ee if vi-1 AJMp41 for every j € [0,4], 
. r+1, ¢f vi-r=JjmMpii for some j € [0,q]. 


In particular, if d= 1, then the i-the term t; of the type sequence (t1, te, ..., 
tn) of T is 
a rt+l, if i=(S)@+) +541 for some j € [0,4], 
1; otherwise. 


Furthermore, R is almost Gorenstein if and only if either R is Gorenstein, 
or m=p+2. Moreover, in this case we have TR = m-—1. 


Proof. (1), (3) and (4) are special cases of the general results proved in [17, (3.5)], 
[16, § 5] and [14] (see also [13]). (2) is proved in [22, § 3, Supplement 6]. (5) is 
proved in [9, Theorem 3.8]. (6) is proved in [20, Theorem 3.8 and Corollaries 3.8 
3.9]. 


Remark 2.2. (A class of monomial curves defined by an almost arithmetic 


sequence) Suppose that I := )>?_) Nmi+Nn be the semigroup generated by an almost 
arithmetic sequence mo,™m1,...,Mp,n with ged(mo,m1,...,Mp,n) = gcd(m,d,n) = 1, 
ie, mi =mot+id, i=0,1,...,p is an arbitrary arithmetic sequence with m = mo => 


2,d > 1,p > 1 and n is an arbitrary positive integer. Results analogous to (1), (3) 
and (4) are proved in [17], [16] and [14]. Moreover, an explicit formula for the minimal 
number ($8) is given in [15]. The characterization for the Cohen-Macaulayness of G is 
given (in most cases) in [10] and the explicit computation of the h-polynomial is done 
in [18]. So far no explicit formulas (in terms of the generating set of I’) for the degree 
singularity and the terms in the type sequence are known even if TI’ is generated by an 
almost arithmetic sequence. 


Remark 2.3. A well-known question: whether or not monomial curves in the affine v- 
space A defined by an arbitrary sequence of positive integers mo,...,Mv—1 are set- 
theoretic complete intersections is still open in general even in the case of embedding 
dimension v = 4. For an arbitrary numerical semigroup I the characterization for the 
Cohen-Macaulayness of G and the behaviour of the Hilbert function Hr are not known 
in general. 
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3. Blowing-up rings and Arf rings 


In this section let us recall the definition of an Arf ring studied by Lipman in [7]. 


Let R be asemi-local Cohen-Macaulay ring of dimension 1 and let m be the 
(Jacobson) radical of R. Let R be the integral closure of R in its total quotient 
ring Q(R). 

An element z € R is said to be integral over the ideal a in R if 
z satisfies an integral equation 2" + a,z"~'+---+a, =0 with a; € a for all 
j=1,...,n. The set @ of all elements in R which are integral over a is an ideal 
in R and is called the integral closure of a in R. An ideal a in R is said to be 
integrally closed in R if a=@. A semi-local Cohen-Macaulay ring R of 
dimension 1 is called an Arf ring if every integrally closed open ideal in R 
is stable, or, equivalently (see [7, Theorem 2.2]), if A is any local ring infinitely 
near to R, then A has maximal embedding dimension, i.e., embdim(A) = eo(A) . 
In particular, if a local ring R is Arf, then R has maximal embedding dimension. 


The next proposition gives necessary and sufficient conditions for the equality 


(see (1.2)-(2)-(2.b)) eo(a) — e1 (a) = &(R/a). 


Proposition 3.1. Let (R,m) be a one-dimensional local Cohen-Macaulay ring and 
let a be a m-primary ideal. Then the following statements are equivalent: 
(i) eo(a) — e1(a) = &(R/a). 
(ii) B(a) = (a: a), te, a is stable. 
(iii) There exists z€ a such that za =a". 
(iv) €(a/a?) = eo(a). 
(v) r(a) <1, ie, &(a"/a"t!) =eo(a) forall n>1. 
(vi) Hi(n) =Pi(n) forall neN. 
In particular, the maximal ideal m is stable <— > embdim(R) = e9(R) — 
€o(R) _— e1(R) =I. 


Proof. Most of these equivalences are proved in [11, Theorem 5.1]. 


The next proposition provides a link between stability of m, conductor of 
B(m) over R and the type tr of R. 


Proposition 3.2. Let (R,m) be a one-dimensional Cohen-Macaulay local ring. The 
following statements are equivalent: 
(i) €(m/m?) = e9(R), t.e., embdim(R) = eo(R). 
(ii) annr(B(m)/R) = (R: B(m)) =m. 
(iii) TR= €o(R) = A., 
Moreover, in this case Tp = e)(R). 


Proof. The equivalence of (i) and (ii) is proved in [12, Corollary 2]. 

(i) <= (iii): In view of the equivalence of (i), (iii) and (iv) in (3.3) (for a = m), 
it is enough to prove that: tr = eo(R)-1 <=» xm =m? for some z € m. 
Let « €m be a minimal reduction of m. Then, since R is Cohen-Macaulay, 
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€(R/<R) = eo(R) and from «R C-:- C (@R:m) C---C mG R we have 
TR =€((R: m)/R) = ((aR: m)/xR) < €(R/xR) — 1 = e9(R) — 1. Moreover, the 
equality Tr = eo(R)-1 = > C((aR: i ig - eee 1 <= > ¢(R/(aR:m)) = 
1=¢(R/m) = («#R: m) =m = am= Mm? 


(3.3) Branch and multiplicity sequences. Let (R,m) be a semilocal Cohen-Macau- 
lay ring of dimension 1. Then, since the integral closure R of R in the quotient 
field of R is a finite R-module, there exists a finite sequence 


(3.3.1) R=RGERG-++ERm-1E Rm =R 

of one-dimensional noetherian semilocal rings such that for each i = 1,...,m, the 
ring R; is obtained from the ring R;-1 by blowing up the radical mj_1 of Ri-1. 
Furthermore, for each maximal ideal n of R, every local ring Rj := (Ri)aqr, is 


called infinitely near to R. For each i=1,...,m, the multiplicity and the 
residue field of the local ring Ri are denoted by e(R{) and k; respectively. The 
sequence Rj, Ri,..., Ri, is called the branch sequence of R along n and 
the sequence of pairs ((eo(Ri), [ki : ko]), i =0,...,m is called the multiplicity 
sequence of R, where for each 0 <i < m, k; denotes the residue field of Rj 
and [k; : ko] denotes the degree of the field extension ki|ko (see [7, pages 661, 
669]. In particular, if R is analytically irreducible, residually rational and RZ R, 
then each R; in (3.3.1) is also analytically irreducible, residually rational; if m; 
is the maximal ideal of R;, then the ring R; is obtained from R;_; by blowing 
up m;-1. Further, R; = Ri for each i = 0,...,m, since R is local (see [6, 
Theorem 4]) and n is the only maximal ideal in R. 


In the next result we give a formula for the degree of singularity in terms of 
the branch sequence: 


Proposition 3.4. Let (R,m) be a one-dimensional noetherian local analytically 
irreducible, residually rational domain and let R= Ro G Ri G++? | Rm-1 & 
Rm = R be the branch sequence of R. For each i = 0,...,m, let T;,6:, eo(Ri) 
and e,(R;) be the value-semigroup, degree of singularity, multiplicity and the first 
coefficient of the Hilbert-Samuel polynomial of R; respectively. Then: 
R) = 60 = Yoana gs) =e (Ri / Ri 1) = Yar i= 1). 
i=1 

Proof. Note that To ¢T1 G --- @ Tm-1 EG Tm =N and 6; = card (N\T;) for 
each @ = 05.1570. Therefore: 6g°= 37, card (Ty \ Pea) = 50 RRA) = 
Wier €1(Ri-1) by (1.2)-(2)-(2.b). 

Now recall the following characterization of complete local Arf rings in terms 


of its value semigroup given in [7] which will be used in the proof of the Theo- 
rem (3.6). 


Proposition 3.5. ((7, Theorem 2.2 and Corollary 3.8]) Let (R,m) be a one- 
dimensional noetherian local analytically irreducible ring and let R= Ro G Ri G 
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+ G Rm-1 & Rm = R be the branch sequence of R. Then R is an Arf ring 
if and only if embdim(R;) = eo(Ri) for each i = 0,...,m. Moreover, if R is 
complete with algebraically residue field k, then R is an Arf ring if and only if 
the value semi-group v(R) of R is {0,e9(Ro), eo(Ro) +e0(R1),.--,e0(Ro) +--+ 
€o0(Rm—2)} UN., where c= eo(Ro) +--- + e0(Rm-2) + €o(Rm-1)- 

Now we can give the characterization for completer local Arf domains with 


algebraically closed residue field using the type sequences of R and the terms in 
its branch sequence. 


Theorem 3.6. Let (R,m) be a complete local domain with algebraically closed 
residue field k. Let R= RoGRiG---CRm-1G Rm = R. be the branch sequence 
of R. For each j = 0,...,m—1, let €; be the conductor of R over R;, and 
let nj = n(Rj), cj = (R/€j) and ti(R;j) be the ith term in the type sequence 
of Rj. Then: R is an Arf ring if and only if for each j =0,...,m—1 and 
i=1,...,n;, we have nj =m—J and t,(R;) = eo(Rj4i-1) — 1 = ti41(Rj-1)- 


For the proof of this theorem we use of the following result proved in [3] (see 
also [4]) which shows how the property Arf is described by its type sequence. 


Proposition 3.7. [3, Theorem 1.7-(5)] Let (R,m) be a one-dimensional noetherian 
local analytically irreducible, residually rational domain. Let uv be the discrete 
valuation of R and let vu(R) = {0 = vo,vi,---,Vn—-1} UNe be the value semi- 
group of R, where 0=vo <vi <-+*: <Vn-1<Vn =C, € is the conductor of R 
over R, n:=n(R) = (R/€) andc=c(R) := €(R/C). If R is an Arf ring, then 
t; = V; — vi-1 — 1 is the ith term in the type sequence of R. 

Proof of (3.6) : (=): By the assumptions on R and (3.5), foreach 7 =0,...,m—1 
we have R; is an Arf complete domain with integral closure R, the same residue 
field k, Ry G Rjzi G---G Rm-1 G Rm =R is the branch sequence of R; and 
the value semigroup v(R;) is {0,v1,;,v2,j,---,Vm—j-1,j} UNe,;, where viz = 
e€o(R;) ++:: eo(Rj+i-1), GeAasa itp 1 and G= eo(R;) feet €0(Rm-1) F 
Therefore we have n; = n(R;) = (m—-j —1) +1 = m-—j. Further, for each 
j=0,...,m—1, if {t,(R;) |1<1<m-—jJ} is the type sequence of R;, then by 
(3.7) we have ti(R;) = Vi,j — Vi-1,3 — l= €o(Rj+i-1) -l= Vi+1,j—-1 — Vi,j-1 — i 
ti41(Rj-1) for every 1<i<m-—j. 


(<): For each j = 0,...,m—1, by assumption, we have Tr, =t1(R;) =e0(R;)—1. 
Therefore emdim(R;) = eo(R;) by (3.1) and (3.2) and hence R is an Arf ring by 
the first part of (3.6). O 


In particular, for the ready reference we note the following formulas for the 
ith term t; in the type sequence of R, in terms of the types, the multiplicities 
and the lengths arising from the terms of the branch sequence of R. 


Corollary 3.8. Let (R,m) be an Arf complete local domain with algebraically closed 
residue field k and let R=RoGRiC---GRm-1¢ Rm =R be the branch sequence 
of R. Then: m=n=nNn(R) and for each i =1,...,n, the ith term t; in the 
type sequence of R is given by: ti = T(Ri-1) = eo(Ri-1) — 1 = €(Ri/Ri-1). 
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Corollary 3.9. Let (R,m) be an Arf complete local domain with algebraically closed 
residue field k and let B= B(m) be the blowing up of R along m. If ti,...,tn 
is the type sequence of R, then to,...,tn is the type sequence of B. 


4, Examples 


In this section we give some examples of Arf rings and some of not Arf rings. 
In the following examples R denote the algebroid semi-group ring KI] of the 
numerical semi-group I over a field K. Note that in this case each term R; in 
the branch sequence of R is also semigroup ring; in fact, if [ is generated by 
N1,N2,--.,Np with ny < ng <--- < np, then Ry = K[Ty], where T, = v(Ri) 
is generated by n1,n2—171,...,Np) — m1; by repeating this argument we get the 
result for Rj, j > 2. 


Example 1. (see [19, Lemma 3.11-(1)] for details) Let e,p EN with e>3,p>1 
and I’ be the semigroup generated by e,pe + 1,pe + 2,...,pe+(e—1). Then 
there are exactly p+ 1 terms in the branch sequence of R and embdim(R;) = 
e=eo(R;) for every 7 =0,...,p. Therefore R is an Arf ring by (3.5). 


Example 2. (see [19, Lemma 3.11-(2)] for details) Let e,p,aeN with e > 3, 
p > 2,1< a<e-—1andTI be the semigroup generated by e,pe — a,pe — 
a+t+1,...,pe—a+(a—1). Then there are exactly p+ 1 terms in the branch 
sequence of R and embdim(R;) = e = eo(R;) for every 7 = 0,...,p— 2 and 
embdim(Rp_1) = e — a = eo(Rp_1). Therefore R is an Arf ring by (3.5). 


Example 3. (see [19, Example 4.1] for details) Let e,r,r’ ¢N with e>3,1<r, 
1<r',r+r’ <e-—1 and let T be the semi-group generated by the sequence 


e,etreetrtrjetrt+rt+1,...,2e+r+r’—1. The type sequence of R is 
e—1, if rv =r=l, 
e—Il1,r—1, if r’=landr> 2, 


e—1,r’-1,r-1, if r =r, 
e-—l1,r—1,r’-1, if r’<r, 
e—2,r,r’—1, ifr<r’, 
In particular, R is almost Gorenstein if and only if (r’,r) € {(1, 2), (2, 2), (2, 1)}. 
Further, R is an Arf ring in cases (i), (ii), (iii) and R is not Arf in the case (iv). 
Example 4. Let m,d,p € N, m > 2, p > 1,d > 1, ged(m,d) = 1, T be the 
semigroup generated by an arithmetic sequence m,m+d,...,m-+ pd and let 
R= KI]. Let B be the blowing-up of R along the maximal ideal of R. Then 
B= Kl], where I” is the semigroup generated by m,d, and so embdim(B) = 2. 
Further, by (3.5): 
(i) If d=1, then R is Arf if and only if embdim(R) = m (in fact, in this case, 
B=K[T]). 
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(ii) If d = 2 or m = 2, then for every j > 2 the jth term in the branch 


sequence of R is R; = K[I'j], where T; is the semigroup generated by 
2,2n+1 for some integer n > 1 and so embdim(R;) = eo(R;) for every 
j > 1. Therefore, R is an Arf ring if and only if embdim(R) = m; in 
particular, if m=2, then R is an Arf ring. 


(iii) If d>3 and m> 3, then eo(B) > 3, embdim(B) = 2 < 3 < min{m,d} = 


eo(B) and hence R is not an Arf ring. 
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Abstract. This paper describes a new algebraic structure to enrich the al- 
gebraic theory underlying “tropical geometry,” an area of mathematics that 
has developed considerably over the last ten years, with applications to com- 
binatorics, polynomials (Newton’s polytope), linear algebra, and algebraic 
geometry. 
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1. Introduction 


Our object in this paper is to describe a new algebraic structure to enrich the 
algebraic theory underlying “tropical geometry,” an area of mathematics that has 
developed considerably over the last ten years, [1, 8, 24, 25, 27, 28, 29, 30, 33], with 
applications to combinatorics, polynomials (Newton’s polytope), linear algebra, 
and algebraic geometry; cf. [12] and [26]. A survey of tropical geometry and its 
applications can be found in [23], but we review some of the basics here, for the 
convenience of the reader not versed in tropical geometry. 


1.1. Brief overview of tropical geometry 
Given a complex variety W = {(21,---,2n):2€ }C , and any small t > 0, 
one can define its amoeba 


A(W) = {(log, |z1|,---, log, |zn|) : (41)---,2n) EWE ™, 


The first author has been supported by the Chateaubriand scientific post-doctorate fellowships, 
Ministry of Science, French Government, 2007-2008. 
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where 9 = U({-oo}. Note that log, |z1z2| = log, |zi| + log, |z2|. Furthermore, 
we recall for any s,t that that 


log, z = log, z log, s, 


so changing t merely rescales the amoeba, which becomes more compressed as 
t decreases. As explained in [8, §1.1], the limiting case t — 0 degenerates to a 
polyhedral complex in (m) where now is given the structure of the max-plus 
algebra M = ( 0,®,©), for which the new addition © is defined as the maximum, 
and multiplication © is taken to be the original addition in 

Any polynomial f over M in the commuting indeterminates A1,...,An de- 
fines a graph in M("+)), whose points are 


(@1,.--5Qn, f(@1,.--,@n)), a, eM. 


But because addition is taken to be the maximum, the polynomial defines a piece- 
wise linear function M(™ — M, whose graph is a collection of n-dimensional 
planar sections. For example, the graph of a polynomial in one indeterminate is a 
sequence of line segments and two rays; the graph of a polynomial in two indeter- 
minates consists of “slices” of planes. 

An affine tropical hypersurface is defined as the domain of non-differentiabil- 
ity, also called also the corner locus, of the piecewise linear function determined by 
a polynomial. (Tropical varieties are defined more generally as weighted rational 
polyhedral complexes satisfying a certain “balancing condition.” ) 


Example 1.1. Graph of the tropical polynomial 0© A? © 3@©.X @ 2: 


4 f(a) 


Here the tropical hypersurface is comprised merely of the two points {—1,3} in 
the real line, the first coordinates of the respective vertices {(—1, 2), (3,6)} where 
the graph is not differentiable. 


The tropical structure can also be described as the target of a certain field 
with non-Archimedean valuation, as explained in [8, $1.2]. Passing from the orig- 
inal algebraic variety to this “tropical variety” preserves various topological and 
geometric invariants involving intersections. From this perspective, “curves” are 
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much easier to study in the tropical framework than in customary algebraic geom- 
etry, and tropical geometry has been used to simplify proofs of deep results from 
algebraic geometry [4]. 


1.2. The semiring structure of the max-plus algebra 


The two operations © and © endow the max-plus algebra M with the structure 
of an (associative) semiring, in which a @ a = a for every element a € M. In the 
sequel, for elements a,b € M, we write a+ b fora @b and ab for a© b. 

Recall that a semiring (R,+,-,0r,1R) is a set R endowed with two binary 
operations + and - , such that: 


1. (R,+,0R) is an Abelian monoid with “zero element” 0; 
2. (R,- , 1m) is a monoid with “unit element” 1p; 
3. Multiplication distributes over addition; 
4. OR-a=a-0rR=Or, VaE R. 
We use [11] as a standard reference on semiring theory. For any semiring R, 
one can define the semiring R|| of polynomials, where polynomial addition and 
multiplication are defined in the familiar way: 


(Daa') (D4) =O (OY ass) 
i j k \itj=k 
(The reason for the unusual notation | | will become clear in Example 2.4 below.) 


Since the polynomial semiring was defined over an arbitrary semiring, we can 
define inductively 


Bi Maca he| HR aging =| ah 


A semiring with additive inverses is a ring, and many of the basic defini- 
tions (including homomorphisms, sub-semirings, ideals, prime ideals, and modules) 
mimic those from ring theory. 

Unfortunately, the max-plus algebra M has no additive inverse (even if one 
formally adjoins a zero element, often denoted —oo). In fact, every element of M 
is additively idempotent, and in any semiring, any additive idempotent having an 
additive inverse is 0. Indeed, if a+ 6 = 0 then 


0=a+b=(at+a)+b=a+0=a. 


Thus, the theory of cosets is useless here. To facilitate algebraic computations, 
Izhakian [13] introduced the extended tropical arithmetic , to be described ex- 
plicitly in Example 2.10(a) below. This survey indicates how any max-plus semiring 
is “covered” by a certain semiring, which we call a supertropical semiring, that 
has a more manageable structure theory than the max-plus semiring, and in whose 
language many algebraic concepts related to tropical geometry can be described 
much more naturally. We will discuss the algebraic structure theory of supertrop- 
ical semirings, including polynomials and their roots, cf. [15, 20], matrix theory, 
cf. [17], [19], and valuation theory, cf. [14]. 
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Conceptually, the relation of | to the max-plus algebra M is similar to that 
of the complex numbers to . Although one can manage with and reformulate 
properties of in terms of, it quickly becomes much easier to work with _, and, 
moreover, imaginary numbers have their own meaning in applications; likewise, 
supertropical semirings have new elements, called ghost elements, which may well 
have their own intrinsic meaning, as we shall discuss at the end of this overview. 


2. Basic notions 


Instead of the special case ( ,+), we start with an arbitrary monoid G (totally) 
ordered under <. Although our main example is ( ,+), we write the monoid 
G in multiplicative notation, since it is to be a multiplicative submonoid of our 
supertropical semiring. Polynomials over a semiring R are written with coefficients 
in R. For example, taking R= 0, where the unit element 1, is 0 and the neutral 
element Og is —oo, the monomial \ means 1 RA, which as just noted is 0© A in 
this setting, one has the equality 


AS3OCAG4 = AGBAPG401A 7. 


This notation is rather cumbersome, so from now on, even when giving ex- 
amples in a semiring built over, we utilize the more familiar semiring notation - 
and + in place of © and ©, and our equation becomes 


(A+3)(A +4) =7 +4047. 


Recall that a monoid G is ordered if ab < ac and ba < ca for all b < c¢ 
and a in G. Any ordered monoid G can be viewed as a semiring Go := G U {0}, 
which is G with a formal element 0 adjoined, declaring that a > 0 for any a € G. 
The semigroup multiplication in Go is the original monoid operation of G (with 
Oa = a0 = 0 for all a € Go), and the semigroup sum in Gp is taken to be the 
maximum in G (with 0+ a=a+0 =a for all a € Go). Thus, 0 is the zero element 
in the semiring Go, which we call the associated semiring of the ordered monoid. 

We say that a pair of elements (a,b) in a semiring is (additively) bipotent 
ifa+b € {a,b}; the semiring is bipotent if every pair of elements is bipotent. A 
semidomain is a semiring in which a, b 4 0 implies ab 4 0. Thus, Go as constructed 
above is a bipotent semidomain. 

Conversely, any semidomain R yields a multiplicative monoid G = R \ 0, 
together with a partial order on G given by 


a<b iff a+b=6. (2.1) 


Clearly, two elements are related under this order iff they are additively bipotent 
in R. Thus, the semidomain R is bipotent iff our order on G is a total order; in 
this case, R can be identified with the associated semiring of Go. 

In this way, the category of ordered monoids (where morphisms are required 
to respect the order) is isomorphic to the category of bipotent semidomains (whose 
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morphisms are the semiring homomorphisms). So far we have merely changed 
languages. Here is the abstract algebraic formulation of Izhakian’s main idea. 


Definition 2.1. A cover of a semiring Go is a semiring R with a semiring projection 
vy : R — Go; in other words, v is an onto semiring homomorphism satisfying v? = v. 
A supertropical semiring is a semiring R = (R,Go,v) having an ideal Go, 
called the ghost ideal, which itself is an idempotent semiring (but whose unit 
element differs from that of R unless Go = R), such that R is a cover of Go (with 
respect to the projection v/), satisfying the following conditions, where we write a” 
for v(a): 
(i) (Bipotence) If a” # b”, then the pair (a,b) is bipotent; 
(ii) (Supertropicality) a + 6 = a” whenever a’ = b”. 
A special case of supertropicality is 
ata=a", VaeR. (2.2) 


In particular, 1% = 1R+1R is a multiplicative idempotent of R, which also serves 
as the unit element of Go. 


Definition 2.2. For any supertropical semiring R = (R,Go,v), we define the v- 
topology to have a base of open sets of the form 
Wop ={aeE Ria” <a’ < B’} 
and 
Wo,a7 ={aeT: a” <a’ < BY}, a’, BY EG. 

This topology enables us to employ density arguments. Note that points in 
G are closed, but not points in T. 
2.1. Semirings with ghosts 
In order to deal with polynomials and matrices, we need to describe the set-up in 


somewhat greater generality. 


Definition 2.3. A semiring with ghosts (R,Go,v) is a semiring R together with a 
semiring ideal Go, which we call the ghost ideal, and an idempotent semiring map 
yvy:R — Go, 

called the ghost map, such that Equation (2.2) holds. 


The ghost ideal Go is equipped with the natural partial order given in Equa- 
tion (2.1). 
The following examples fit into this broader context. 
Example 2.4. Suppose (R,Go,v) is a supertropical semiring. 
1. Fun(R™), R) denotes the set of functions from R\) to R; here 
f © Fin(R™, R) is ghost if f(r1,...,7n) € Go for every r1,-..,T% € R. 
2. The sub-semiring with ghosts CFun(R™), R) of Fun(R™), R) consists of the 
continuous functions (with respect to the v-topology). 
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3. There is a natural semiring homomorphism 
®: RiAy,.--, An] > CFun(R™, R), 


and we write R[\i,...,An] for the image of ®; in this semiring, each element 
is the image of a set of polynomials that correspond to the same function. For 
example, A? ++7 (which we recall means OOA@A 6 OOA @ 7) and A? +7 are 
the same function over o. The ghost ideal of R[\i,...,An] is Go[A1,.--, An]. 
4. Likewise, for A = {Aj,..., An}, one can define the Laurent polynomial semir- 
ing RL A, A~1| and its image R[A, A~*] in CFun(R™), R). 
5. We define the matrix semiring with ghosts M,,(R); its ghost ideal is Mn (Go). 


None of these are supertropical semirings. Bipotence fails for polynomials: 
(2A + 1) + (A+ 2) = 2A + 2. Likewise, bipotence fails for matrices. 


Remark 2.5. The semiring Fun(R), R) satisfies the following amazing property, 
called the Frobenius Property: 


Ooty Hee (2.3) 


for every natural number m. For example, 
(ft9P? = P+P+forgf = P+P+(f9)" = P +9. (2.4) 
since, for any a = (a1,...,an) € R™, 
(f(a)g(a))” < max{v(f(a)’), v(g(a)”)}- 

A suggestive way of viewing (2.3) is to note that for any m there is a semiring 
endomorphism Fun(R“), R) > Fun(R, R) given by f + f’™, reminiscent of the 
Frobenius automorphism in classical algebra. But here the Frobenius property 
holds for every m. This plays an important role in our theory. 


Here is a fundamental relation, called ghost surpasses, which replaces equality 
in many theorems taken from classical algebra. 


Definition 2.6. a — b in a semiring with ghosts (R,Go,v), if a = b+ c for some 
element c € Go. 


Example 2.7. Any ring R of characteristic 2 is a semiring with ghosts, taking 
Go = {Or}, where a” = Op for all a. Note in this case that ghost surpasses is the 
same as equality, and Equation (2.2) is equivalent to lp + 1p = 1% = Or. In this 
way, ring theory of characteristic 2 is subsumed in the theory of semirings with 
ghosts. 


2.2. Supertropical domains and semifields 


We finally are ready to introduce the fundamental objects of supertropical algebra. 


Definition 2.8. A supertropical domain is a commutative supertropical semiring 
(R,Go,v) for which the following extra properties hold (where G = Go \ {0}): 
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(i) The set T = R \ Go is a monoid, called the monoid of tangible elements; 
(ii) The restriction vz : T — G is onto; in other words, G is a monoid, and every 
element of G has the form a” for some a € T. 


A supertropical domain (R, Go, v) is called a supertropical semifield if every 
tangible element # Op is invertible. 


Note in a supertropical domain that if a / b with a tangible, then a = b. 


G 
On the other hand, if a+b — Or with 6 tangible, then a — b. These properties 


G G 
help explain the importance of tangible elements as well as the ghost surpassing 
relation. 


Example 2.9. Given a homomorphism of Abelian monoids v : JT — G, where the 
monoid G is ordered, one can define the semiring 

R := TUG, 
where Go = GU {0}, with respect to the following operations (writing a” for v(a)): 


product inJT fora,beET; 


product inG fora,bEG; a for a’ > bY; 


ab = <a’b foraeT, bEG; By os o es, 
ab’ foraeG, bEeT; G2 622 HS , 
0 for a= 0 or b=0, 


Note that ab € Go if a € Go or b € Go, so Go is an ideal of R, and clearly 1% is the 
multiplicative unit of Go, implying (R,Go,v) is a supertropical domain. (R, Go, v) 
is a supertropical semifield, iff v is onto and G is a group. 


Example 2.10. Here are the motivating examples of supertropical semifields, using 
Remark 2.9: 

(a) T = ( ,+) and G = ( ,+), with v the identity map (Izhakian’s original 
example of the extended tropical arithmetic _ ); 

(b) JT = F™* (F a field) and G is an ordered group, with v a valuation. (Here 
we forget the original addition on the field F'!) As a special case, one could 
take the field of locally convergent Puiseux series, which plays a key role in 
tropical geometry. 


From this vantage point, a supertropical domain could be viewed as a generaliza- 
tion of a valuation, thereby giving rise to the “supervaluation theory” described 
in [14]. 


The innovation in this structure is that the ideal Go = R” is to be treated 
much the same way, via the ghost surpassing relation, as one would customary 
treat the 0 element in classical commutative algebra. This provides R with a rich 
algebraic structure, in which much of the theory of real commutative algebra can 
be formulated. 
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3. Polynomials and their roots 


Classical results about polynomials over fields that we use as signposts for the 
supertropical theory: 


The fundamental theorem of algebra; 

Hilbert’s Nullstellensatz; 

Unique factorization into irreducibles; 

Properties of the resultant of two polynomials in a single indeterminate; 
The Euclidean algorithm; 

Finite generation of ideals in polynomial rings. 


What happens in the supertropical case? Polynomials should play a role in 
any reasonable algebraic theory. Our initial excursion into supertropical algebra 
is to try to build a foundation for algebraic geometry by means of polynomials 
and their roots. A nonzero polynomial over the max-plus algebra cannot have any 
zeroes in the classical sense! But here is an alternate definition. 

An n-tuple a = (a1,...,an) € R™ is called a (supertropical) root of a 
polynomial f € R[\y,...,n] if f(a) € Go, which can be written also as f(a) - Or. 

G 


We are interested mainly in the set of tangible roots, called the tangible root set 
of f; this is readily seen to be a tropical hypersurface. 


Example 3.1. The tangible roots of the polynomial f = 41 + A2 +0 over 9 are: 


(0, a) for a < 0; 
(a,0) for a < 0; 
(a,a) for a > 0. 


The “curve” of tangible roots of f is comprised of three rays, all emanating from 


(0,0). 


3.1. Polynomials in one indeterminate over a supertropical semifield 


Classically, every polynomial has a root in the algebraic closure. The tropical 
version: Given any supertropical semifield R, we define its divisible closure 


R={=: aeR, me i 


which is a supertropical semifield when we extend v to R by putting v(s)= x 
For example, is divisibly closed, but is not. One sees easily that any supertrop- 
ical polynomial has a tangible root in the divisible closure; cf. [15, Proposition 4.7]. 

There are two kinds of tangible roots of a polynomial f = vies hj, where hj 
are distinct monomials. Given a € 7‘, we let G = hj(a), and S(a) = {cf je J}: 


Corner root. At least two of the G’s are v-maximal (and thus equal) in 
S(a). In this case, 


f(a) = Gj E Go. 
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Cluster root. There is a unique j for which c’ is maximal in S(a). Then 
f(a) = G; this will necessarily be ghost when the coefficient 
of the monomial hj is ghost. 


Example 3.2. The set of tangible roots of the polynomial f = 44 + 3”A° + 5”A2 + 
6\ +6 over is 
{O}U{a: 1% <a’ <3"}. 

The tangible corner roots are 0,1,2, and 3, as seen by noting in each evaluation 
that two terms match: 

f(0) = 0* +3”0? + 5”07+6-0+6=0+3" +5" +64+6=6"; 
$y) = 1 eS oe Pe ea Or eT ee eee 
f(2) 
f(3) 


(3.1) 


(2) = 24 + 3”23 + 5”27+6-2+6=84+9"+9"+8+6=9"; 
(8) =38° + $37 1 5"8? + 6-346 S19 410" 11" +946 = 10", 


For any other number a between 1 and 3, a single monomial with ghost coeffi- 
cient dominates in the evaluation f(a), and thus a is a cluster root. For example, 
f(1.5) = 8” and f(2.5) = 10.5”. 


We turn to factorization of polynomials, which is always done as functions. 
Here are some results for polynomials in one indeterminate over a divisibly closed 
supertropical semifield. 

It is not hard to see that any polynomial f with tangible coefficients can be 
factored as the product 

[a + Qj ee 
J 
where the a; range over the tangible roots of f. In particular, all irreducible poly- 
nomials with tangible coefficients are linear. 
For example, over (and also over M), 


MEST SINS BI OGE 2): 


IPSS Oe a). 
An example of an irreducible quadratic polynomial: 
M+ 5A +7. 

In general, any polynomial factors (as functions) as the product of linear and 
quadratic polynomials. But unique factorization of polynomials can fail. 
Example 3.3. 

MIO EO Ea AES Oe TA EDO? 49711) 
= (A? 4+ 4" + 2)(A + 2)(A 4+ (-1)) 
= (7 +4”) +.3)(A? + 2” +0). 
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Nevertheless, there is a version of unique factorization in one indeterminate. 


Theorem 3.4. [15, Theorem 7.41] The factorization of a polynomial in one inde- 
terminate into linear and quadratic irreducible factors, which is minimal in the 
number of ghost terms, is unique. 


In Example 3.3, it comes from the second line: (A? +4”A+2)(A+2)(A+(-1)). 
Another interpretation of this factorization is in terms of the roots of a polynomial: 


Proposition 3.5. [15, Proposition 7.47] Suppose f is a polynomial of degree t, whose 
tangible root set is the closed interval [a1,az], and aj,...,a4 are corner roots of 
f, arranged in ascending v-value. Then 

t-1 

f=O7%+ 0% + a0) [La + ax), 

k=2 
and this is the (unique) factorization minimal in ghosts, having only one ghost 
term. 

The notion of “relatively prime” for polynomials is quite delicate. Given a 
polynomial f, we write deg(f) for the degree of the lowest order monomial of f. 
For example, deg(A? + 2\? + A”) = 1. 

Definition 3.6. Two polynomials f and g of respective degrees m and n are rela- 
tively prime if there do not exist tangible polynomials p and q (not both 0) with 
deg(p) < n and deg(q) < m, such that pf + qg is ghost with deg(pf) = deg(qq) 
and deg(pf) = deg(qg). 
Theorem 3.7. [20, Theorem 3.14] Two non-constant monic polynomials f and g 
in F[A] are relatively prime iff f and g do not have a common tangible root. 
3.2. Factorization of polynomials in several indeterminates 
In two indeterminates, we have a worse violation of unique factorization: 
(O+ A, +Az)(Ar AQ +ALA2) «= = Ar AQ +A? +AZ + V(AqA2) + APA + APA 
= (0 + A1)(O + Az) (A1 + Az) 
= (0 + Ay +A2+ Mi A2)(At + d2). 

But this is an instance of the following important phenomenon (in arbitrarily 

many indeterminates): 


Theorem 3.8. [15, Theorem 7.53] Suppose f = >", fi is written as a sum of 
monomials, form > 2. Then f divides Lyai(fi + f;). More precisely, 


[[Ui+ sf) = 91°°*Gm-1 (3.2) 
i<j 
where g1.= f = se dis 92> ey Sif; sey and Im-1 = Be jv ie 
It follows that the root set of any polynomial is contained as a subvariety 


of a union of hyperplanes. Algebraically, it implies that every prime ideal of the 
polynomial semiring contains a binomial (sum of two monomials). 
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3.3. A tropical version of the Hilbert Nullstellensatz 
As in commutative ring theory, we define the radical V/A of a subset AC R as 


VA ={ae€ R:a* € A for some k}. 


An ideal A of R is radical if A = VA. The situation here is actually nicer than the 
classical one — for any supertropical semiring R, the radical of any sub-semiring 
of Fun(R™), R) is also a sub-semiring, because of the Frobenius property (Re- 
mark 2.5). 

The connection between supertropical algebra and geometry is more subtle 
than in the classical case. Given a polynomial f = 5~ j h; (written as a sum of 
monomials), for each tangible monomial h; we define the jth tangible component 
D; of f to be the set 


Dj = {ae (TU {O})™ : f(a) = hj(a)}- 


Thus, the union of the tangible components of f is the complement of its tangi- 
ble root set. Assuming F’ is a supertropical semifield, radical semiring ideals of 
F[A1,..-;An] correspond to the tangible components, as follows: 

For any tangible component D of f, we write f <p g if g has a tangible 
component containing D; f €ircom S for S C F[Ai,...,An], if, for every tangible 
component D = D; of f, there is some tangible g € S (depending on D;) with 
f xp g. The supertropical version of the Nullstellensatz is: 


Theorem 3.9. {[15, Theorem 6.17] Suppose A<F]Aj,...,An] and f € R[Ay,..-,An]- 


Then f Eircom A iff f €E ~A+Go|A1,..-, An]. 


Generation of ideals is tricker: For example, the ideal of [A] generated by 
{A+n:neé } is not finitely generated. 


4. Supertropical matrix theory 


We turn to matrix theory, again referring to the classical literature for inspiration. 
Let |A| denote the determinant of the matrix A. Classical results in linear algebra 
(for matrices A and B) include: 


|AB| = |Al|BI; 
|A| = 0 iff the rows of A are linearly dependent; 

Aadj(A) = |AlI: 

fa(A) =0, where f4 = |AI — Al; 

The roots of f4 are eigenvalues of A; 

If fa is separable, then |A] is diagonalizable; 

Cramer’s rule enables one to solve the matrix equation Ax = v. 
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4.1. Review of matrix theory over the max-plus algebra 


There is a considerable literature for matrices over the max-plus algebra, espe- 
cially relating to the asymptotic behavior of matrices with entries < 1, which are 
used in the theories of discrete event systems, stochastic processes, and dynamic 
programming. We review some previously known results: 

An important combinatoric tool is the weighted digraph G4 = (V, F) of an 
nxn matrix A = (a;,;). This graph has vertex set V = {1,...,n}, and an edge 
(i,j) from i to j (given weight a;,;) whenever a;,; #4 Or. The matrix A is said 
to be irreducible if G4 is strongly connected. Each summand of the determinant 
corresponds to a multicycle of length n. 

The maximal cycle mean pmax(A), in G4 is the maximum ratio w(C)/é(C) 
over all the cycles C in G4, where w(C) and ¢(C) denote respectively the weight 
and the length of the cycle C in Ga. 


1. For any matrix A, pmax(A) is the maximal eigenvalue of A and is associated 
with the eigenvector vp, Of Pmax- 

2. When A is irreducible, pmax(A) > 0 is the only eigenvalue of A. 

3. Pmax(A) is the maximal root of the characteristic polynomial of A. 


The Kleene star A* of a matrix A € M,,(_) is 
A*:=I1+A+A?7+A? +... 


Given a matrix A = (a;;), where each cycle of G4 has weight < 1, then: 
1, A*= eo A’, 
2. A*u is the unique solution of the system x = Ax + u, where u,xe ™). 

A combinatoric version of the Cayley-Hamilton theorem was proved by 
Straubing [31]. Definitions of matrix rank have been put forward by Gondran- 
Minoux, and by Develin, Santos and Sturmfels, Barvinok (also called Schein) and 
Kapranov ranks [2, 5, 6, 9, 10, 21, 22], e.g., the largest & such that the matrix has 


ak x k nonsingular submatrix. Also, Sturmfels [32] has utilized a version of the 
resultant in combinatorics. 


4.2. Supertropical determinants 


These various notions can be unified and strengthened by means of the supertrop- 
ical structure. Supertropical matrix theory starts with the determinant. Since we 
cannot take negatives, we simply drop the minus signs (which is reasonable since 
+1 = —1 in characteristic 2). Our main tool is the permanent |A|, which can be 
defined for any matrix A over any commutative semiring. To emphasize its paral- 
lel to the determinant, we call the permanent the tropical determinant. Although 
the permanent is not multiplicative over arbitrary commutative semirings, it is 
multiplicative in this theory, in a certain sense. 

Let us develop the supertropical determinant in detail. Assume that R = 
(R,Go,v) is a supertropical domain. Take V = R©™, with the standard basis 


(€1,...,€n). V has the ghost subspace Ho = gi). As before, we define the relation 
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v = w to denote v=w+y for y € Ho. Let us define the function ®, : VOSR 


H 
by the following formula, where v; = (vi,1,---, Vin): 
&,(v1, ae Un) = aa A x U1 (1) °° Un, w(n)> (4.1) 
TESn 


where 7 € RB is fixed. 


Theorem 4.1. ®, satisfies the following properties: 
1. @, is linear in each tangible component; 1.e., 


@,(v1,..., 050; + O4U,,---,Un) = a4@,(U1,.-.,Vi,---, Un) 
+ a48,(01,...,U),+-+;Un)- 
2. By(v1,.--,Un) € Go ifu; =v; with iF j. 
3. By(v1,...,Un) = Or if some v; = Oy. 
4, By(vq(1),+- oe = @,(v1,...,Un), for all permutations 7. 
5. ®,(e1,..-,€n) = 


Haken is unique up to ghost surpassing, in the sense that if ©) 
is another function satisfying the same properties (1)-(5) and ®,(v1,...,Un) is 
tangible, then 


P. (U1 ;0+25 Un) ie Gy (Gin): 


Define the tropical determinant as Formula (4.1) (normalized): 


(ais) = > Gr(1),1° °° Ur(n),n- (4.2) 
TES yn 
Thus, there are two ways for |(a;,;)| to be ghost: Two dominant summands 
in the right side of (4.2) are v-matched, or the dominant summand is ghost. The 
former possibility matches the tropical version of a singular matrix over the max- 
plus algebra, but one also needs the latter possibility to develop the matrix theory 
along the lines of classical matrix algebra. 


Definition 4.2. A matrix A is nonsingular if |A| is tangible; A is singular when 
|A| € Go. Likewise, the rank of a matrix is the largest k such that A has a non- 
singular k x k submatrix. 


Theorem 4.3. [17, Theorem 3.5] |AB| - |A||B|, for any n x n matrices over a 
G 


supertropical semiring. In particular, |AB| =|A| |B| whenever AB is nonsingular. 


Proof. Take ®\p)(A) = |AB| in Theorem 4.1. This satisfies (1)—(5), for y = |B], 
and thus must be |.A| |B] except when |AB| is ghost. 


Given Theorem 4.3, one might expect a Zariski topology-type argument to 
imply that |AB|” = |A|’ |B|” for all matrices A and B, presumably seen by mod- 
ifying A and B slightly to get tangible tropical determinants. But in [17, Ex- 


d D) (over) satisfies |A|” = 2” whereas 


ample 6.11] it is seen that A = € 9 
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|.A2|" = 5”. This might seem to discredit the Zariski density approach, but note 
/ 


ry ao ao A _ bo 6 e ! / ” 
that if A = (“ a and A = é ) where ao, a9, bo, bg are “close” to 0 and 


/ / 
agbi agbe 


a1, 6, are “close” to 1 and ag, bz are “close” to 2, then AB = 
azb, abe 


) , whose 


tropical determinant is (aja2b)b2)”, which is still a ghost! In other words, if A,B 
are “close” to A, then AB remains singular, and the Zariski density argument is 
inapplicable! This can be understood generically as follows, for the 2 x 2 matrix 


Aa) et pe In [17, Example 3.11] it is seen that 
a2,1 42,2 


|A?| = (a1 + 45,9)a1,205 1 + |A]?. 


Thus, the familiar product rule for determinants only holds for A when the ghost 
term (a7, + 43 5)a1,2a4 , is inessential. 


4.3. Adjoints 
Definition 4.4. The minor Ay ; 18 obtained by deleting the 7 row and j column of A. 
The adjoint matrix adj(A) is the transpose of the matrix (aj ;), where aj; = |Aj ;|- 
Some easy calculations: 

e |A| = Ae i,j ay i, Vi. 

e pay i,j ay, j E Go, pier ai ajk€Go, Vk Ai. 
Theorem 4.5. [17, Theorem 4.9] 

1. [A adj(4)| =|4I", 

2. |adj(A)| =|A|"?. 


The proof is a direct consequence of a special case of a celebrated theorem 
of Birkhoff and von Neumann which states that any directed graph where all in- 
degrees and out-degrees are equal to k is a disjoint union of k multicycles; one can 
quote instead the graph-theoretic version of Hall’s marriage theorem. 


Definition 4.6. A quasi-identity matrix is a nonsingular matrix Jg which is a mul- 
tiplicatively idempotent matrix of tropical determinant 1g, equal to the identity 
matrix on the diagonal and ghost off the diagonal. 


The identity matrix is a quasi-identity matrix, but there are many other 
examples. 


Theorem 4.7. For any nonsingular matrix A over a supertropical semifield, 
A adj(A) = |Al La, 


for a suitable quasi-identity matrix I. 
Likewise adj(A)A = |A|I',, for a suitable quasi-identity matrix I', (perhaps 
different from I,). 
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4.4. The Hamilton-Cayley theorem 
One also has a supertropical version of the Hamilton-Cayley theorem: We say that 
the matrix A satisfies the polynomial f € RA] if f(A) € Mn (Go). 


Theorem 4.8. [17, Theorem 5.2] Any matrix A satisfies its characteristic polyno- 
mial fa = |AT+ Al. 


(This actually follows from the result of Straubing [31] quoted earlier.) 
Definition 4.9. A vector v is a supertropical eigenvector of A, with supertropical 


eigenvalue 3 € T, if Av & Av. 
H 


Theorem 4.10. [17, Theorem 7.10] Every (tangible) root of the polynomial fa is a 
supertropical eigenvalue of A. 


4.5. Tropical dependence 


Definition 4.11. A subset W C R\ is tropically dependent if there is a finite sum 
Yoa;wi - (0), with each a; tangible or Or, but not all of them 0; otherwise W 
H 


is called tropically independent. 


Theorem 4.12. [17, Theorem 6.5] Suppose R is a supertropical domain. Vectors 
V1,...,Un € R™ are tropically dependent, iff the matrix whose rows are v1,...,Un 
is singular. 


More generally, the following numbers are equal (and could be viewed as the 
rank of a matrix A over a supertropical domain), cf. [18]: 


(a) The number of tropically independent rows of A; 


(b) The number of tropically independent columns of A; 
(c) The largest size of a nonsingular square submatrix of A. 


4.6. Solving supertropical equations 

One basic application of matrices in classical algebra is to solve the matrix equation 
Ax = v, for a given nonsingular matrix A and vector v. This cannot be done in 
general over the max-plus algebra, but one does have the following result: 


Theorem 4.13. [19, Theorems 3.3 and 3.5] The matrix equation Ax  v, for |A| 
H 


invertible and v a tangible vector, has a tangible solution given by an analog of 
Cramer’s rule, which is the unique largest solution (in terms of v-values). 


This solution gives the solution for Ax = v when it exists. 


Example 4.14. Define the Vandermonde matrix A to be the n x n matrix (ai,;), 
where a;,; = a)’ and a? = 1. Then |A| = I]iz; (ai + aj); cf. [16]. Thus, if the 
a; are distinct and tangible, A is nonsingular, and the Vandermonde matrix is an 
important tool in solving equations. 
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Nevertheless, we saw above that the Vandermonde matrix A = ¢ ,) has 


the poor behavior that A? = € " is singular. 


4.7. The resultant of two polynomials 

The tropical resultant has already been studied by Sturmfels [32, 33], Dickenstein, 
Feichtner, and Sturmfels [7], and Tabera [34], but our purely algebraic approach is 
quite different, leading to a characterization of relatively prime polynomials and a 
supertropical version of Bézout’s Theorem. Given two polynomials f(A) and g(A) 
over a supertropical domain R, one can define the resultant W(f,g) just as in the 
classical definition, where one uses the tropical determinant instead of the usual 
determinant. Then one has 


Theorem 4.15. [20, Theorem 3.14] R(f,g) € T iff f,g do not have a common 
tangible root in R. 


This leads to a version of Bézout’s theorem, [20, Theorem 5.1]. 


5. The structure theory of semirings with tangibles and ghosts 


One of the pillars of the theory of field extensions is the formal construction of a 
field extension K = F[A|/(f) of F, in which f formally has a root (the coset of 
A); moreover, for any field extension L of F containing a root a of f, there is an 
injection K > L sending \ + a. 

We would like a parallel result in supertropical algebra. However, as stated at 
the outset, semirings do not in general have a natural theory of quotient structures 
(modulo a given ideal), and this poses one of the main challenges to the structure 
theory. 

In order to circumvent this difficulty, we introduce a quotient structure rem- 
iniscent of the Rees quotient from semigroup theory. 


Definition 5.1. Suppose R = (R, Go, v) is a semiring with ghosts. Given an ideal A 
of R, we define R/A to be (R, A+Qo,v), the same semiring R but we now enlarge 
the ghost ideal to be A+ Go. 


When A 3D B are ideals of R, we can identify R/B with (R/B)/(A/B), a 
rather trivial version of Noether’s second isomorphism theorem. 


Remark 5.2. If P is a prime ideal of R containing Go, then R/P becomes a su- 
pertropical domain, since by definition of prime ideal, its set of tangible elements 
R\ P is a monoid. 


Example 5.3. Suppose we want to adjoin the square root of 3 (which is really 3) 
to the supertropical semiring F =( , ”,v), the cover of the max-plus algebra of 

. We could take F[A]/I = (F[A],I,v) where J = F[A|(\2 +3) +. ”, and note 
that A? +3 € I implies that the element \ can now be viewed as a root of the 
polynomial \? + 3. 
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Instead, one could simply adjoin 3 to (taken in the divisible closure of), 
so we would like some version of Noether’s First Isomorphism Theorem to identify 
the two constructions. 


Definition 5.4. A supertropical homomorphism y : (R,Go,v) — (R’,G%,’) of 
semirings with ghosts is a semiring homomorphism such that y(a”) = y(a)” for 
allace R. 


In particular, p(1%) = y(1r)” = 1%, so y(Go) C 9}. 


Definition 5.5. The ghost kernel g-kery of a supertropical homomorphism ¢ : 
(R,Go,v) > (R',G),v’) is p~*(G5). The homomorphism ¢ is a ghost injection if 
g-ker y C Go. 


Ghost injections have the following application to supertropical domains: 


Remark 5.6. If vy is a ghost injection and a,b € T such that y(a)” = y(b)”’, then 
a” = b”. (Indeed, 


, 


p(a + b) = v(a) + (0) = ola)” , 
implying a+ b € Go, so a” = b”.) 


We are now ready for our version of Noether’s First Isomorphism Theorem, 
which essentially holds by definition: 


Remark 5.7. Suppose y : R — W is a supertropical homomorphism, with ghost 
kernel A. Then vy induces a natural ghost injection R/A — W. 


Although immediate, this result is quite useful in the structure theory. 


Example 5.8. Suppose f € FA] and a is a root of f in some semiring with ghosts 
R containing F’. Let J = FA] f. Then there is a supertropical homomorphism from 
FA|/I to R, induced by the substitution homomorphism g(\) + g(a). (Indeed, 
since f(a) is ghost, the ghost kernel contains I.) 


6. Conclusions and directions for further research 


6.1. The role of ghosts 


“Ghost elements” were introduced into supertropical domains in order to facilitate 
calculations of roots of polynomials and supertropical determinants. But they seem 
to have their own significance, as a kind of “noise.” The fact that the product law 
holds for tangible determinants but not for ghost determinants suggests some sort 
of “uncertainty” arising from ghosts, and it would be interesting to see whether 
this uncertainty is compatible with other notions of uncertainty arising in physics 
and statistics. Also, the breakdown of the product law for determinants may be 
related to pathological situations in game theory and economics. A careful analysis 
of matrix multiplication involving singular matrices should lead to insight in these 
matters. 
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6.2. Structure theory 


The structure theory of supertropical algebras is still in its early development, and 
one can “tropicalize” many algebraic notions in order to apply their techniques 
to supertropical algebra. For example, there is the natural notion of a supertrop- 
ical module (V,#, 4s) over a supertropical domain (R,Go,v), namely a semiring 
module V supplied with a ghost submodule H, together with a ghost projection ys 
compatible with the ghost map v of R. 

Finally, in view of Example 2.7, and since many theorems of supertropical 
algebra parallel the theory of algebras of characteristic 2, there should be a theory 
of semirings with ghosts that encompasses both theories. M. Akian, S. Gaubert, 
and A. Guterman [3] prove some pretty results in this direction. 


6.3. Linear algebra 


Having the basic properties of matrices in hand, one should go on to develop vari- 
ous analogs of vector spaces. In the supertropical situation, a vector subspace of a 
vector space can have the same dimension, leading to some interesting situations. 
The authors have launched such an investigation together with Knebusch, includ- 
ing supertropical vector spaces and their bases, and supertropical inner products. 


6.4. Category theory 


Having established the basic supertropical algebraic notions, one could study su- 
pertropical categories, and develop the appropriate homology and cohomology 
theories. One major advance would be to put all of this in the general framework 
of category theory, both as a source of examples and as a way of tapping general 
categorical results. 


6.5. Multiple ghost layers 


Another promising direction of research is to refine the ghost ideal, so as to obtain 
different layers of ghosts, which thereby should enable one to consider the multi- 
plicity of a root. This approach, although considerably more intricate, leads to a 
cleaner theory, including unique factorization (with one exceptional class) in the 
polynomial semiring F'[A]. 
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Abstract. We investigate the relationship between projective modules and 
idempotent ideals for group rings, polynomial rings and more general rings, 
giving a survey of known results, proving some new results and raising a num- 
ber of questions. In particular, it is proved that if R is any ring, X a projective 
right R-module and A an ideal of R such that the R-module X/X A can be 
generated by a set of elements of cardinality &, for some infinite cardinal &, 
then X/X B can be generated by a set of elements of cardinality 8, where B is 
the unique maximal idempotent ideal of R contained in A. A recurring theme 
is that of “intersection theorems” which give information about intersections 
of powers of ideals of the ring. 
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1. Projective modules 


All rings are associative with identity element and all modules are unital. Let R 
be a ring. For any R-module M we denote Hompy(M, R) by M*. Recall that an 
ideal A of R is called idempotent if A = A?. An idempotent ideal A of R will be 
called trivial if A = R or A = 0, otherwise A is called non-trivial. Clearly if e 
is an idempotent element of R and A is the ideal ReR then A is an idempotent 
ideal of R. However, it is easy to give examples of rings R for which the only 
idempotent elements are 0, 1 but R contains non-trivial idempotent ideals and 
we mention some examples later. We are interested in the relationship between 
idempotent ideals of R and projective R-modules. Recall the Dual Basis Lemma 
(see, for example, [2, p. 203] or [43, 18.6]). 
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Lemma 1.1. Let R be any ring. A right R-module X is projective if and only if 
there exist an index set A, elements x, (A € A) of X and ~ (A € A) of X* such 
that for each x € X there exists at most a finite number of elements A © A such 
that p(x) #0 and x = Voy, TP X(2). 


Next we mention a famous theorem of Kaplansky [17] (see, for example, [2, 
Corollary 26.2] or [43, 8.10]). 


Theorem 1.2. Let R be any ring. Then every projective (right or left) R-module is 
a direct sum of countably generated submodules. 


As a consequence Kaplansky [17] proved the following result. 


Corollary 1.3. Let R be a ring with Jacobson radical J such that the ring R/J is 
a division ring. Then every projective (right or left) R-module is free. 


Let R be a general ring and again let J denote the Jacobson radical of R. 
Corollary 1.38 has been generalized in a number of different ways. For example, 
Beck [4] proved that if X is a projective right R-module such that X/XJ is a 
free (R/J)-module then X is a free R-module. This is a consequence of the fact 
that if F is a free right R-module such that F = FJ + F,, for some submodule 
F, of F, then there exists a direct summand F» of F’ such that Fh C F, and 
F, © F. Beck’s Theorem was improved by Piihoda [28] who proved that if X and 
Y are projective right R-modules and X/XJ=Y/YJ then X = Y. Recall that a 
projective R-module is called a generator in case there exists a positive integer n 
such that the projective R-module X‘” contains a non-zero free direct summand. 
In another direction, Akasaki [1] proved that if R/J is a finite direct product of 
division rings and every projective R-module is a generator then every projective 
R-module is free. This not only generalized Corollary 1.3 but also a theorem of 
Hinohara [11] who proved the result in case R is commutative. Hinohara [12] 
extended his theorem to what he called “weakly Noetherian” commutative rings. 

We also ought to mention work of Warfield [41] here. An R-module M is said 
to have the exchange property if, for any R-module LE such that L = MON = 
@ierL;, for some submodules N and L; (i € I) of L, then there exist submodules 
HH, CL; (it € I) such that L = M © (GierH;). The ring R is called an exchange 
ring if the module Rp has the exchange property and in this case the module rR 
also has the exchange property. The ring R is an exchange ring provided for each 
r in R there exists an idempotent e in R such that rR+J=eR+ J. If Ris an 
exchange ring then every projective right R-module is isomorphic to a direct sum 
of right ideals each generated by an idempotent. See [41] for more details. 
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2. Idempotent ideals 


Let R be a ring and let M be a right R-module. Following [43, p. 154] the trace 
ideal of M, denoted by Tr(M), is defined by 


Tr(M) = S> 9(M). 
yeM* 
It is well known and easy to check that Tr(M) is a two-sided ideal of R. Now 
suppose that X is a projective right R-module. By Lemma 1.1 there exist an 
index set A, elements x) (A € A) of X and y) (A € A) of X* such that for each 
x € X there exists at most a finite number of elements \ € A such that y)(x) 4 0 
and © = oye, Lava(x). Let 9 € X*. For each x € X, 


O(x) = 0 (x: exert) = S> O(x)pr(z) € Tr(X)?. 
AEA NEA 

It follows that Tr(X) is an idempotent ideal of R. This and other properties of 

trace ideals we state in the next result. The proofs are very easy and are omitted. 


Lemma 2.1. Let R be any ring and let X and X;(i € I) be projective right R- 
modules. Then 
(i) Tr(X) is an idempotent ideal of R. 
(ii) X = XTr(X). 
(iii) Tr(X) =N{A : Ais an ideal of R such that X = X A}. 
(iv) Tr(X) = R if and only there exists a positive integer n such that X\ = REY 
for some R-module Y . 
(v) Tr(eR) = ReR for every idempotent element e in R. 
(vi) Tr(@ierXi) = Vier Tr(Xi)- 


Lemma 2.1 has the following consequence (see [3, Proposition 2.4]). 


Corollary 2.2. Let R be any ring and let X be a projective right R-module. Then 
Tr(X) = R if and only if the countable direct sum X OX ®... is free. 


Let R be any ring and let X be any non-zero projective right R-module with 
trace ideal T. Note that X = XT so that the (R/T)-module X/XT is zero. Given 
an infinite cardinal X, in [3] Bass defines X to be uniformly &-big provided X has 
a generating set of cardinality & (and in this case we shall call X N-generated) 
but there does not exist a proper ideal A of R such that X/XA has a generating 
set of cardinality less than 8. Then X is uniformly big if X is uniformly N-big for 
some infinite cardinal &. Clearly (non-zero) uniformly big projective modules are 
generators. As usual No will denote the cardinality of the natural numbers. Bass 
[3, Theorems 2.2 and 3.1] proves the next result. 


Theorem 2.3. Let R be a ring with Jacobson radical J . 


(i) If R/J is right or left Noetherian then every uniformly X-big projective right 
R-module is free, for every uncountable cardinal &. 


306 P.F. Smith 


(ii) If R/J is right Noetherian then every uniformly Xo-big projective right R- 
module is free. 


Bass [3] defines a ring R to be right p-connected provided Tr(X) = R for 
every non-zero projective right R-module X, in other words if every non-zero 
projective right R-module is a generator. He proves the following consequence of 
Theorems 1.2 and 2.3 (see [3, Corollary 3.4]). 


Corollary 2.4. Let R be a right p-connected ring with Jacobson radical J such that 
the ring R/J is right Noetherian. Then every infinite direct sum of projective right 
R-modules is free. In particular, every non-countably generated projective right 
R-module is free. 


Note that Corollary 2.2 shows that every ring R such that non-finitely gen- 
erated (or even non-countably generated) projective modules are free is right p- 
connected. Note also that if R is a ring with Jacobson radical J such that R/J is 
a right Noetherian ring then an No-generated projective right R-module X is free 
if and only if X/XA is not finitely generated for every proper ideal A of R. This 
raises the following obvious question. 


Question 2.5. Let R be a ring with Jacobson radical J such that the ring R/J is 
left Noetherian. Is every uniformly Xo-big projective right R-module free? 


The relationship that exists between projective modules and idempotent 
ideals was further illustrated by Whitehead [42] who gives a necessary and sufficient 
condition for an idempotent ideal to be the trace ideal of a countably generated 
projective module. This gives as a consequence the following result. 


Theorem 2.6. Let A be an idempotent ideal of a ring R such that the left ideal 
A is finitely generated. Then there exists a countably generated projective right 
R-module X such that A= Tr(X). 


Corollary 2.7. Let R be a left Noetherian ring. Then R is right p-connected if and 
only if R has no non-trivial idempotent ideals. 


Note that Corollary 2.7 is not true for rings R which are not left Noetherian. 
In Section 5 we shall give an example of a commutative ring R such that every 
projective R-module is free, and therefore R is p-connected, but R contains a 
non-trivial idempotent ideal. 


3. Projective modules and idempotent ideals 


In this section we investigate further the relationship between projective modules 
and idempotent ideals. Let R be a ring and let A be any ideal of R. Consider the 
descending chain of ideals 


A=A!D A?D---DAT DAM D... 
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of R, where, for each ordinal a > 1, A*t! = A*A and A® = N1<B<a A® when 
a is a limit ordinal. Because R is a set there exists an ordinal p > 1 such that 
A’ = AP! and in this case we write «(A) = A’. Jacobson [13, Theorem 11] proves 
that if R is a right Noetherian ring with Jacobson radical J then K(J) = 0. We 
can then define a descending chain of ideals 
A= #9(A) Dw'(A)D---DK%(A) Dat) D..., 

where, for each ordinal a > 0, 6°+!(A) = K(K°(A)) and K°(A) = No<gca K9(A) 
for every limit ordinal a. In particular, note that «1(A) = «(A). Because R is a 
set there exists an ordinal vy > 0 such that «”(A) = «”+1(A). In this case, clearly 
«”(A) is an idempotent ideal of R contained in A. Let id(A) denote the sum of all 
idempotent ideals of R contained in A. Clearly id(A) is an idempotent ideal of R 
and id(A) C «(A) for every ordinal a > 0. We have proved the following result. 


Lemma 3.1. Let A be an ideal of an arbitrary ring R. Then there exists an ordinal 
v > 0 such that K”(A) = id(A). 
Let A be any ideal of a ring R and let B = id(A). Note that B is the unique 


largest idempotent ideal of R contained in A. Let C' be any ideal of R such that 
BCCC Aand C/B is an idempotent ideal of the ring R/B. Then 


COC +BSC +R oC’, 
and hence C = C? and B =C. We have proved that id(A/id(A)) = 0. 
We now define, for any ideal A of a ring R, 6(A) = N&, A’ and a descending 
chain 
A =O (A) DO (A) 2D iD OPA) 2 69" (A) Do.35 
where, for each ordinal a > 0, 6°+1(A) = 6(6%(A)) and 5%(A) = No<gea 69(A) 
for every limit ordinal a. 


Lemma 3.2. With the above notation, if A is a proper ideal of a ring R then 
K°(A) C 6°(A) for every ordinal a > 0. 


Proof. By transfinite induction on a > 0. 


Note that the above remarks show that, for any ideal A of a ring R, there 
exists an ordinal 4 > 0 such that 64(A) = id(A), and, of course, in this case 
K(A) = id(A). Thus the sequence {«°*(A)} “converges” to id(A) faster than the 
sequence {6°(A)}. In [14], Jategaonkar shows that, for each ordinal a > 1, there 
exists a principal right ideal ring with unique maximal ideal J such that R/J is a 
division ring and «(J) = 0 but 6°(J) £0. 

Let R be a ring with Jacobson radical J. Krause and Lenagan [20] prove 
that if R is a ring with right Krull dimension a, for some ordinal a > 0, then 
6°(J) is nilpotent and hence 6°*'(J) = 0. Herstein [9] gives an example of a 
right Noetherian PI ring with 6(J) 4 0 and he and Small [10] show that, for each 
right Noetherian PI ring R, 6™(J) = 0 for some positive integer m. Cauchon [6] 
proved that 6?(J) = 0 for every right Noetherian PI ring R and Jategaonkar [15] 
proved that 6(J) = 0 for every right and left FBN ring (and in particular every 
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right and left Noetherian PI ring). (For the definition and basic properties of Krull 
dimension, PI rings and FBN rings see [23].) Now we ask the following question: 


Question 3.3. Does there exist a right and left Noetherian ring R and an ideal A 
of R such that %”(A) = 0, for some positive integer n, but 6™(A) 4 0 for every 
positive integer m? 


In view of Bass’ work referred to in Section 1 above we are interested in 
the following situation: X is a projective right module over a ring R and A is an 
ideal of R such that X/X A has a generating set of cardinality & (i.e., X/XA is 
N-generated). We first deal with the situation when X/X A is finitely generated. 


Theorem 3.4. Let A be an ideal of a ring R and let X be a projective right R- 
module such that X/X A is a finitely generated module. Then X/X (A) is finitely 
generated. 


Proof. Let B = «(A). Let Y be a finitely generated submodule of X such that 
X =Y+XAz. Let F be a free right R-module with basis {f, : \ € A}, for some 
index set A, such that F = X @ X’, for some submodule X’ of F. There exists a 
finite subset A, of A such that Y C F\, where F\ = pines e fyR. Let Ag =A\ Ad 
and let Fh = Dae: fR. Note that 
X=Y+XACKH4+(Fi t+ R)A=F, 6 POA. 

Now we claim that 

X CF, @ FLA", 
for every ordinal a > 1. Suppose that this statement is false and let a be the least 
ordinal such that X ¢ F,@F)A®. Then a > 2. If a—1 exists then X C Fi @F,A%! 
and hence 

X=YV+XACY+(FR ORA*)ACK OFA. 

Thus a is a limit ordinal and 

X CHOPRA’, 
for all ordinals 1 < 6 < a. It follows that 

X Cni<pcal(Fi ® PA’) = Fy 6 [Ni<pca(FoA®)] = Fi 6 Fh A*, 
a contradiction. Thus X C F, 6 F)A® for all ordinals a > 1. In particular, X C 
F, © FoB. It follows that 
XCRP@RBCKH+(X4+X)BCK4+XB+X'B, 


and hence X = 1(X) = 1(F,)+XB, where m7 : F — X is the canonical projection. 
Because, F' is finitely generated, we deduce that 7(F‘) is finitely generated and 
hence so too is X/X B. Oo 


Note that the above proof can easily be adapted to prove that if A an ideal 
of R such that, for some projective right R-module X, X/XA is &-generated, for 
some infinite cardinal X, then X/XxK(A) is also X-generated. 
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Corollary 3.5. Let R be a right Noetherian ring with Jacobson radical J such 
that every projective right (R/J)-module is finitely generated or free. Then every 
projective right R-module is finitely generated or free. 


Proof. Let X be any projective right R-module. Then X/X J is a projective right 
(R/J)-module. If X/XJ is free then X is a free R-module by Beck’s Theorem 
mentioned above (see [4]). Suppose that X/X J is finitely generated. By Theorem 
3.4 and [13, Theorem 11], X is finitely generated. 


Now we ask: 


Question 3.6. Let R be a ring with Jacobson radical J such that every projective 
(R/J)-module is finitely generated or free. Is every projective R-module finitely 
generated or free? 


Note also the following immediate corollary of Theorem 3.4. 


Corollary 3.7. Let A be an ideal of a ring R and let X be a projective right R- 
module such that X/X A is a finitely generated module. Then X/X"(A) is finitely 
generated for every positive integer n. 


This corollary immediately raises the following question. 


Question 3.8. Let A be an ideal of a ring R and let X be a projective right R- 
module such that X/X A is a finitely generated module. Is X/XK”(A) also finitely 
generated, where w is the first infinite ordinal? 


The difficulty that arises in trying to answer Question 3.8 is that the generat- 
ing sets for the modules X/X«"(A) may increase in size as the positive integer n 
increases. For example in the proof of Theorem 3.4, 7(F) may require more gen- 
erators than Y. We shall show that this problem disappears for infinite generating 
sets. We first prove a lemma. 


Lemma 3.9. Let R be an arbitrary ring, let F be a free right R-module with basis 
{fx : A€ A} and let X be a direct summand of F with 7: F — X the canonical 
projection. Let Y be a countably generated submodule of X. Then there exist a 
countably generated submodule Z of X with Y C Z and a countable subset Q of A 
such that if G = Doyeq frR then Z CG and r(G) = Z. 


Proof. Suppose that S is a countable generating set for Y. For each s € S there 
exists a finite subset A, of A such that s € AEA. fyR. Let Ay = Uses Ag and let 
Fy = ea f)R. Then Ay is a countable subset of A and Y C Fy. Note that 
Y Cam(Fy) = Dea, ™Mfr)R. 

Let Yi = oyeay TA) R. As before, starting with Y; we can find a countable 
subset Ay, of A such that Y, C Fy, = en fyR. Let Yo = Do eAy, m(fy)R. Re- 
peat this process to obtain countably generated submodules Y C Y, C Yo C --- of 
X and countable subsets Ay C Ay, C Ay, C--: of A such that Y; C aes fyR 
and Yi41 = DteAy, m(fy)R, for all positive integers 7. Let Z = Usa, 2 = 
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UssiAy, and let G = Yo\co fyR. Then © is a countable subset of A. Clearly 
Z CG. Let X € QD. Then ar(fy) € Y; C Z, for some i > 1. Thus 7(G) C Z. But 
Z CG implies that Z = 7(Z) C 2(G), so that 1(G) = Z. 


For convenience, we have chosen to state and prove Lemma 3.9 for a count- 
ably generated submodule Y but it is clear that the same proof would prove the 
corresponding result for any N-generated submodule Y, for any infinite cardinal 
X. More precisely, if, in Lemma 3.9, Y is N-generated then so too is Z and 2 has 
cardinality at most &. But we have the additional information that if Y is finitely 
generated then 2 is countable. This brings us to the main new theorem. 


Theorem 3.10. Let A be an ideal of a ring R and let X be a projective right 
R-module such that X/X A is N-generated, for some infinite cardinal &. Then 
X/X id(A) is &-generated. 


Proof. Let B = id(A). Let Y be an N-generated submodule of X such that X = 
Y + XA. Let F be a free right R-module with basis {f, : A € A}, for some index 
set A, such that F = X @X’, for some submodule X’ of F. Let 7: F — X denote 
the canonical projection. By Lemma 3.9 there exist an N-generated submodule Z 
of X with Y C Z and a subset (2 of A of cardinality at most & such that if G = 
DMaeq fr R then Z C G and 7(G) = Z. Let O' = A\ OD and let G’ = Vy co, frR. 
Note that 

X=Y+XACZ4+(G+G)ACGOGA. 
Now we claim that 

X CGO@G'K(A), 

for every ordinal a > 0. Suppose that this is not the case. Let a be the least ordinal 
such that X ¢ G @ G’k°(A). Clearly a > 1. If a — 1 exists then X C G@G'C 
where C = «°~1(A). Next we prove by induction that 


LCCC. 


for every ordinal 3 > 1. Suppose that this statement is false and let @ be the 
least ordinal such that X Z G@® G'C®. Clearly 8 > 2. If G — 1 exists then X C 
Go G’C®-1. Note that 


XCG+Q@C=G4H(X4X')C=G+XC+X'C, 
so that X = a(X) Ca(G)+ XC =Z+ XC. Thus 
XCZPXOC ZAG OCC? )NCCZ+6C+ EC’ CcGecc, 
a contradiction. Thus (@ is a limit ordinal and 
XCGEGC’, 
for all ordinals 1 < y < (2. It follows that 
X CtHime(COr CV= 6S he ze C=C eC?’ 
a contradiction. Thus X C G@ G'C® for all ordinals 8 > 1. 
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In particular, 
X CG@G'K(C) =GeG'Kn (A), 
another contradiction. Thus a is a limit ordinal. It follows that X C G@ G’K#(A) 
for every ordinal 0 < 4 < a. Now we have 


X CMogucalG 6 G'n"(A)] = 6 @ Moguca(G’x"(A))] = 6 @ G'x%(A), 
a contradiction. Thus X C G @ G’«%(A) for all ordinals a > 0. In particular, 
X C G@G'id(A) C G+ X id(A) + X' id(A), 


so that X = 1(X) C 1(G) + X id(A) = 7+ X id(A) and hence X = Z + X id(A). 
Thus X/X id(A) is X-generated. 


Theorem 3.10 has many consequences and we mention some of these next. 


Corollary 3.11. Let A be an ideal of a ring R and let X be a projective right 
R-module such that X/XA is finitely generated. Then X/X id(A) is countably 
generated. 


Corollary 3.12. Let R be any ring and let & be any cardinal with 8 > No. Then an 
N-generated projective right R-module X is uniformly X-big if and only if X/XA 
is not 8’-generated for any proper idempotent ideal A of R and cardinal X’ <. 


Proof. The necessity is clear. Conversely, suppose that X is not uniformly N-big. 
There exists a cardinal 8’ < & and a proper ideal B of R such that X/XB is N’- 
generated. By Theorem 3.10 X/X id(B) is X’-generated and id(B) is an idempotent 
ideal of R. 


Compare the next result with Corollary 2.4. 


Corollary 3.13. Let R be a ring with no non-trivial idempotent ideals. Then every 
projective (right or left) R-module is countably generated or uniformly big. 


Proof. By Corollary 3.12. 


4. Shallow rings 


Let R be any ring. Recall that, for any ideal A of R, id(A) denotes the unique 
maximal idempotent ideal contained in A. Following [36], given a non-negative 
integer n, the ring R will be called right n-shallow provided k”(A) = id(A) for 
every ideal A of R. Next, the ring FR is called right shallow if for each ideal A 
of R there exists a positive integer m such that «”(A) = id(A). For example, 
Jacobson’s Theorem mentioned above implies that if R is a right Noetherian ring 
with Jacobson radical J and J is a maximal ideal of R then R is right 1-shallow (in 
fact, «(A) = 0 for every proper ideal A of R). More generally, it is proved in [36, 
Theorem 3.4] that if R is a right Noetherian ring with Jacobson radical J such that 
J is an intersection of n distinct maximal ideals, for some positive integer n, then 
R is right (2n-1)-shallow. If R is a commutative Noetherian ring with n minimal 
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prime ideals, where n is a positive integer, then R is (right) (n+1)-shallow (see 
[36, Theorem 2.6]). 

A ring R is called right No-hereditary provided every countably generated 
right ideal is projective. Bergman [5, Corollary 8.3] has shown that if A is an ideal 
of a left No-hereditary ring then «(A) = N%&,A’. If R is also right No-hereditary 
then «(A) is an idempotent ideal (see [5, Corollary 5.3]). Thus right and left No- 
hereditary rings are right and left 1-shallow. Moreover, right hereditary rings are 
right 1-shallow by [36, Proposition 4.4]. Other examples of right shallow rings 
include right Artinian rings (clearly), principal right ideal rings (see [36, Theorem 
2.8]) and rings with right Krull dimension 1 (see [36, Proposition 2.9]). 

In order to find examples of right shallow rings we now prove the following 
result. 


Theorem 4.1. Let R be a semiprime ring such that R contains only a finite number 
of minimal prime ideals and whenever P C Q are prime ideals of R there exists a 
positive integer m such that K™(Q) C P (respectively, 6™(Q) C P). Let A be any 
ideal of R. Then there exists a positive integer n such that «"(A) (respectively, 
6”(A)) is generated by a central idempotent of R. 


Proof. We prove the result for «, the proof for 6 being similar. Let P,,..., Px 
denote the minimal prime ideals of R, for some positive integer k. Note that 
PLN---AP, = 0. Let A be any proper ideal of R. Clearly A # R implies that 
A+P;, #4 R for some 1 <i < k. Without loss of generality, i = 1. There exists a 
maximal ideal M of R such that A+ P; C M. By hypothesis, «’(A) C «’(M) C Py 
for some positive integer t. Let Ay = «'(A) and note that A; C P,. Let B= N"_yP;. 
If R = A, +P, (2 <i < n) then R = Ay + B and ALN B = 0 so that A, 
is generated by a central idempotent. Otherwise we can suppose without loss of 
generality that R # A, + P,. Then, as before, there exists a positive integer s such 
that «°(A1) C Po, so that K°**(A) C Pi P,. Repeating this argument there exist 
a positive integer n and an integer 1 < j < k such that «”(A) C P| M---MP; and 
R= k«"(A) 4+ (Pj419-:-N Pe). Thus R = &"(A) @ (Pj41N---M Pe) and hence 
«"(A) is generated by a central idempotent element of R. 


Note that in Theorem 4.1 one only needs that Q be a maximal ideal of R. 
To see how Theorem 4.1 is useful in providing examples of right shallow rings we 
prove the following corollary. 


Corollary 4.2. Let R be a ring which satisfies the ascending chain condition on 
(two-sided) ideals such that whenever P C Q are prime ideals of R there exists a 
positive integer m such that K™(Q) C P. Then R is a right shallow ring. 


Proof. It is well known that R contains only a finite number of minimal prime 
ideals and that if P,,...,P, are the minimal prime ideals of R, for some positive 
integer k, then the ideal N = P,M---NP; is nilpotent. Let R denote the semiprime 
ring R/N. Let A be any proper ideal of R. Let A denote the ideal (A + N)/N of 
R. By Theorem 4.1 there exists a positive integer n such that K"(A) is generated 
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by a central idempotent element € = e+ N of R. Because e+ N € A= (A+N)/N 
we can suppose without loss of generality that e € A. Because idempotents can 
be lifted modulo the nilpotent ideal NV, we can suppose without loss of generality 
that e = e?. It is easy to check that («"(A) + N)/N C k"(A) and hence we have 
the following: 
ReR CK"(A) C ReR+N. 

Suppose that N‘ = 0 for some positive integer t. Then («"(A))* C (ReR+N)* C 
ReR + N* = ReR, so that k"+1(A) = ReR = id(A). It follows that R is a right 
shallow ring. 


An ideal A of a general ring R has the right Artin-Rees property or simply 
the right AR property provided for each right ideal L of R there exists a positive 
integer n such that LA” C LA. For a discussion of the AR property see [23, 
Section 4.2] or [39]. Perhaps the most familiar ideals with the right AR property 
are those found by Nouazé and Gabriel [25]. For any ring S, let C(S) denote the 
centre of S. Following [23, 4.1.13], given a positive integer k, elements c1,c2,..., Ck 
of R form a centralizing sequence of elements of R provided 


ci € C(R) and G € C(R/(aR+---+c -1R)) for all2 <i<k. 


Nouazé and Gabriel [25, 2.7] proved that if R is a right Noetherian ring and A 
an ideal of R such that A is generated by a centralizing sequence of elements of 
R then A satisfies the right AR property. This fact was generalized by McConnell 
(see [23, 4.2.7]). By a right Ore set in a general ring R we mean a multiplicatively 
closed subset T of R such that 1 € T and, for all r € R and t € T, there exist 
r, € Rand t, € T such that rt; = tr;. Recall that an element c of an arbitrary 
ring RF is called regular if rc € 0 and cr ¥ 0 for every non-zero element r of R. Let 
U be a non-empty subset of a ring R. Then re(U) will denote the right annihilator 
and lp(U) the left annihilator of U in R. The next result is taken partially from 
[37, Theorem 1.1] (see also [23, 4.2.9]). 


Theorem 4.3. Let R be a right Noetherian ring and let A be an ideal of R. Consider 
the following statements. 
(i) A has the right AR property. 
(ii) {l-—a : a€ A} is a right Ore set. 
(iii) K(A) = {re R: r(l—a) =Ofor someaec A}. 
(iv) EN K(A) C EA for every right ideal E of R. 
Then (i) = (ii) = (iii) = (iv). 


Proof. (i) = (ii) Let r € R, a € A. For each positive integer n let b, = r(1—a”) — 
(1-a")r =a"r—ra” € A”. Let E = b} R+b2.R+.... Because R is right Noetherian, 
there exists a positive integer k such that FE = b;R+.---+5,R. Moreover, by 
hypothesis, #M A™ C EA for some positive integer m. Let n = max{k,m}. Then 
bn € EN A™ C EA = b;A+---+0,A. Thus there exist a; € A(1 <i <k) such 
that b, = bia; +...b,a, and this gives 


r(1—a”) — (1—a")r = [r(1— a) — (1—a)rjar +++ + [r(1—@*) — (1 = rag. 
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Rearranging the terms we obtain r(1 — c) = (1 —a)r1, where 


c=a"+(1—a)a, +---+(1—a* Jax, 


and 


ry =(ltat---ta")\r— ra, —---—(1t+at---+a*!)rag. 

Note that c € A. Now (ii) follows. 

(ii) > (iii) Let S denote the set of elements 1—a where a € A. Let B= {re 
R: rs =Ofor somes € S$}. Then it can be shown using (ii) that B is an ideal of 
R. Clearly B C «(A). Let R denote the ring R/B and for each element r in R let 
F denote the coset r+ B. Let r € R and s € S. Suppose that rs € B. Then there 
exists s’ € S such that r(ss’) = rss’ = 0, so that r € B. Now suppose that sr € B. 
Consider the ascending chain rz(3) C rp(5*) C --- of right ideals of R. Because R 
is right Noetherian, there exists a positive integer k such that rp(3”) = rz(5*t"). 
By (ii) there exists r, € R and s; € S such that s*r, = rs,. Now sr € B implies 
that s*t!r, € B and hence s*r, € B. Thus rs, € B and it follows that r € B. We 
deduce that S = {3 : s € S} is a right Ore set of regular elements of R and we 
can form the partial right quotient ring Q = Ry. It is easy to check that the set C 
of Q consisting of all elements 75, where r € A and s € S, is an ideal of Q and C 
is contained in the Jacobson radical J of Q. Because Q is a right Noetherian ring, 
K(C) C K(J) = 0. Again it is an easy check to show that (A* + B)/B C C® for 
every ordinal a > 0. It follows that «(A) C B, as required. 

(iii) > (iv) Let e € EM «(A). Then e(1 — a) = 0 for some a € A and hence 
e=eac EA. 

(iv) = (iii) Let r € «(A). Then (iv) gives rR C rRN K(A) CrRA =rA and 
hence r(1 — b) = 0 for some b € A. Moreover, if s € R and s(1 —c) = 0 for some 
c€ Athen s = sc € K(A). 


Corollary 4.4. Let R be a prime right Noetherian ring and let A be a proper ideal 
of R such that {1—a:a€ A} is a right Ore set. Then (A) = 0. 


Proof. By Goldie’s Theorem R is a right order in a simple right Artinian ring 
(see, for example, [23, Theorem 2.3.6]). Thus R satisfies the descending chain 
condition on right annihilators and hence also the ascending chain condition on 
left annihilators. There exists c € A such that 1y(1—c) is maximal in the collection 
of left annihilators of the form lg(1 — a), where a € A. Let b€ A and let re R 
such that r(1— b) = 0. Then (1 — b)u = (1—c)(1 —d) for some ue Randde A. 
But Ig(1—c) C Ig(1—c)(1—d) so that lp(1—c) =1e(1—c¢)(1—d) by the choice of 
c. It follows that r(1 — c) = 0. By Theorem 4.3, «(A)(1 —c) = 0. Since «(A) is an 
ideal of the prime ring R and 1—c £4 0 it follows that «(A) = 0, as required. 


Corollary 4.5. Let R be a right Noetherian ring such that whenever P C Q are 
prime ideals of R there exists a positive integer m such that {1—(c+P):ceé 
Kk (Q/P)} is a right Ore set in the ring R/P. Then R is a right shallow ring. 


Proof. By Corollaries 4.2 and 4.4. 
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We now return to consider projective modules. Let R be a right shallow ring 
and let X be a projective right R-module such that X/X A is finitely generated for 
some ideal A of R. There exists a positive integer n such that «"(A) = id(A). By 
Corollary 3.7 the module X/X id(A) is also finitely generated. Thus a countably 
(but not finitely) generated projective right R-module X is No-big if and only if 
there does not exist a proper idempotent ideal J of R such that X/XT is finitely 
generated. 


Theorem 4.6. Let R be a right shallow ring with no non-trivial idempotent ideals 
such that the ring R/J is right Noetherian, where J is the Jacobson radical of R. 
Then every projective right R-module is finitely generated or free. 


We conclude this section with the following two related questions. 


Question 4.7. let R be a right and left Noetherian right shallow ring. Is R left 
shallow? 


Question 4.8. Let R be a ring such that every projective right R-module is finitely 
generated or free. Is every projective left R-module finitely generated or free? 


5. Group rings 


For the definition and basic properties of group rings see [27]. Let S be a ring, G 
a group and let R denote the group ring SG. Every element of R is a finite sum 
of the form 5,91 +---+Sngn, for some positive integer n and elements 5; € S,g; € 
G(1<i<n). Let €: RS denote the augmentation map defined by 


e(8191 + --- + 8ngn) = 81+---+8n, 


for all positive integers n and elements s; € S,g; € G(1 <i <n). Then « is an 
epimorphism whose kernel is the augmentation ideal wG given by 


wG = pSere ee =Sog-DR= >> RG- 1). 
1<i<n 1<i<n geEG géG 
For any subgroup H of G we set wH = \opcey(h — 1)R. Note that wH is a 
right ideal of R. In case H is a normal subgroup of G, wH = D0 ,¢4 R(h — 1), 
WH is a two-sided ideal of R and wH is the kernel of the canonical epimorphism 
ey : R— S(G/H) defined by 


(S191 Shett op SnJn) = 8i(9 Hf) airs 84S 8n(Onl); 


for all positive integers n and elements 5; € S,g; €G(1 <i<n). 

An idempotent element e of a ring S will be called non-trivial ife A Oande 4 
1. We shall call the ring S' connected if it has no non-trivial idempotent elements. 
We can think of S as a subring of the group ring SG. Thus every idempotent 
element of S is an idempotent element of SG. It can turn out that even if S is 
connected, the group ring R = SG can have idempotent elements. For example, 
suppose that S is any ring and that there exists an element x € G such that x 
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has order n for some integer n > 2, where n is a unit in S. Consider the element 
e=n l(1+a+---+a"—") of R. It is easy to check that e is a non-trivial idempotent 
element of R distinct from 0 and 1. Moreover, e(e) = 1 so that e — 1 € wG and 
R(e — 1)R is a non-trivial idempotent ideal of R. Non-trivial idempotent ideals 
of R can arise in other ways. Let G be a finite non-soluble group such that the 
order of each non-trivial element of G is not a unit in S. Because G is finite and 
non-soluble, there exists a normal subgroup N of G such that N = N’, where N’ 
denotes the derived subgroup of NV. Then N is generated by the set of commutators 
x 'y~tay, with v,y € N, and it is easy to check that wN is generated as a right 
(or left) ideal by the elements x~ty~!xy — 1 of R. But, for all x,y € N, 

ay tey—1 = a ty (2y—ya) = ty" [(e-1)(y-1)—-(y-1)(@—-1)] € WN). 
Thus wN = (wN)? and wN is a non-trivial idempotent ideal of R. 

There are even more possibilities for manufacturing non-trivial idempotent 
ideals in group rings. Let K be a field of characteristic p, for some prime p, and 
let G denote the Priifer p-group. Then G is an Abelian (and hence soluble) group 
generated by elements 21, 22,... such that 2? = 1 and 2? 41 = 7% for every positive 
integer 2. It follows that in the group ring KG, (a,—-1)? = O and a,-1 = (aj41-1)?, 
for every positive integer 7. Thus wG is a nil non-trivial idempotent ideal of the 
group ring KG. Note that the ring KG is a commutative ring with unique maximal 
ideal wG. By Corollary 1.3 every projective kK G-module is free and hence KG is p- 
connected. But wG is a non-trivial idempotent ideal of KG. Compare Corollary 2.7. 
Moreover the ring KG is clearly connected but contains a non-trivial idempotent 
ideal. 

At this point we want to mention another famous theorem of Kaplansky [18] 
(see [27, Theorem 2.1.8]): 


Theorem 5.1. The group ring ZG is connected for every group G. 


Note that one consequence of Theorem 5.1 is that if G is any finite non-soluble 
group then the group ring ZG is connected but contains a non-trivial idempotent 
ideal. Before proceeding we recall some well-known results. The first is the following 
version of Krull’s Intersection Theorem (see, for example, [19, Theorem 77]). 


Lemma 5.2. Let S be a commutative Noetherian domain. Then 6(A) =N%&, A’ =0 
for every proper ideal A of R. 


The second well-known result we want to quote is the following one (see [27, 
Lemma 3.1.6]). 


Lemma 5.3. Let S be any ring, let N be a normal subgroup of a group G such that 
N is a finite p-group, for some prime p, and let R be the group ring SG. Then 
there exists a positive integer k such that (wN)* C Rp. 


Corollary 5.4. Let S be a commutative Noetherian domain, let N be normal sub- 
group of a group G such that N is a finite p-group, for some prime p which is not 
a unit in S, and let R be the group ring SG. Then d(wN) = 0. 
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Proof. By Lemma 5.3, we have that d(wN) = N%&,(wN)’ C N%, Rp’. Because 
p is not a unit in the commutative Noetherian domain S, Lemma 5.2 gives that 
Nx, Rp' = 0. The result follows. 


Suppose that S is a commutative Noetherian domain of characteristic p, for 
some prime p, G is a finite p-group and R = SG. By Lemma 5.3, there exists a 
positive integer k such that (wG)* = 0. Let P be a maximal ideal of the ring R. 
Then wG C P. The ring R/wG & S and hence N22, (P/wG)' = 0 by Lemma 5.2. 
Thus 6(P) C wG and hence 6?(P) = 0. It follows that 5?(A) = 0 for every proper 
ideal A of R. On the other hand, recall that if H is a finite group which is not a 
p-group then SH is not connected and contains non-trivial idempotent ideals. 

In what follows we shall consider commutative Noetherian domains S of 
characteristic 0. In this case we shall identify the ring Z with the subring S’ = 
{nl : n € Z} of S. The next theorem was proved by Swan [40, Theorem 7] in 
1963. 


Theorem 5.5. Let S be a Dedekind domain of characteristic 0 and let G be a finite 
soluble group such that no prime divisor of the order of G is a unit in S. Then 
every projective module over the group ring SG is either finitely generated or free. 


By using one of the main results of [40], Roggenkamp [29, Theorem 3] proved 
the next result. 


Theorem 5.6. Let S be a Dedekind domain of characteristic 0 and let G be a finite 
soluble group such that no prime divisor of the order of G is a unit in S. Then the 
group ring SG has no non-trivial idempotent ideals. 


We now prove a theorem which gives both Theorems 5.5 and 5.6 as corollaries. 
As we shall see the proof uses Roggenkamp’s Theorem which in turn used Swan’s 
Theorem so we are not really saying anything new but merely viewing these results 
in a new light! 


Theorem 5.7. Let S be a Dedekind domain of characteristic 0 and let G be a finite 
soluble group such that no prime divisor of the order of G is a unit in S. Let A 


be any proper ideal of R = SG. Then there exists a positive integer n such that 
6"(A) =0. 


Proof. We prove the result by induction on the order |G| of G. If |G| = 1 then 
R= S and hence R is a commutative Noetherian domain. Then 6(A) = 0 by 
Lemma 5.2. Suppose that |G| > 1. Let N be a minimal normal subgroup of G. Then 
N is a p-group for some prime p. Let B = 6(A). Suppose that R 4 B+wN. Then 
(B+wN)/wN is a proper ideal of the ring R/wN = S(G/N). By induction, there 
exists a positive integer m such that 6”((B +wN)/N) = 0 and hence 6™*1(A) = 
6™(B) CwN. Corollary 5.4 shows that 5™+?(A) = 0. 

Now suppose that R= B+wWN. By Lemma 5.3 it follows that R= B+ Rp. 
Let r € R such that 1— rp € B. Ifr’ € Rand r’(1— rp) = 0 then 


r =r'rp € N22, Rp’ = RIN, Sp’) = 0, 
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by Lemma 5.2. Similarly, (1 — rp)r’ = 0 implies that r’ = 0. Thus 1 — rp is a 
regular element of R. If Q is the quotient field of S then the ring QG is right 
and left Artinian and hence every regular element of QG is a unit. It follows that 
R(1l-rp)ns 40. Let C= BOS £40. The ring S/C is Artinian and hence the ring 
R/RC = (S/C)G is right Artinian. It follows that R/B is a right Artinian ring 
and hence A* = A*+! for some positive integer k. Thus A* is an idempotent ideal 
of R. By Theorem 5.6, A* = 0. But R is a semiprime ring by Passman’s Theorem 
(see [27, Theorem 4.2.13]). Thus A = 0 and hence 6(A) = 0. 


Note that Theorem 5.5 follows from Theorem 5.7 by Theorem 4.6. Note also 
that the first paragraph of the proof of Theorem 5.7 gives the following result. 


Theorem 5.8. Let S be a commutative Noetherian domain and let G be a finite 
soluble group such that no prime divisor of the order of G is a unit in S. Then in 
the group ring SG there exists a positive integer n such that 6"(wG) = 0. 


Corollary 5.9. Let S be a commutative Noetherian domain and let G be a finite 
soluble group such that no prime divisor of the order of G is a unit in S. Then 
there exists a positive integer n such that 6"(A) = 0 for every ideal A of SG such 
that SG Ff A+wG. 


Proof. By Theorem 5.8 there exists a positive integer k such that 6*(wG) = 0. Let 
R=SG. Let «: R — S denote the canonical epimorphism. Let A be any ideal of 
R such that R 4 A+wG. Then e(A) is a proper ideal of S and hence, by Lemma 
5.2, 6(e(A)) = 0. It follows that 6(A) C wG. Hence 6**1(A) = 0. 


Note that Gruenberg [7] proves that if Z is the ring of integers and G a finite 
group then, in the integral group ring ZG, 6(wG) = 0 if and only if G is a finite 
p-group for some prime p. This brings us to the following question. 


Question 5.10. Let S be a commutative Noetherian domain of characteristic 0 and 
let G be a finite soluble group such that p is not a unit in S for each prime divisor 
p of the order of G. Does there exist a proper ideal A of the group ring SG such 
that 6"(A) £0 (or even K"(A) £0) for every positive integer n? 


Recall that a group G is called metanilpotent provided there exists a normal 
subgroup N of G such that the groups N and G/N are both nilpotent. We have 
the following partial answer to Question 5.10. 


Theorem 5.11. Let S' be a commutative Noetherian domain of characteristic 0 and 
let G be a finite metanilpotent group such that no prime divisor of the order of G 
is a unit in S. Then for each proper ideal A of the group ring SG there exists a 
positive integer n such that 6”(A) = 0. 


Proof. Note first that the ring R is right and left Noetherian. By Passman’s The- 
orem (see [27, Theorem 4.2.13]) the ring R is semiprime. Let N be a normal 
subgroup of G such that N and G/N are both nilpotent groups. We shall prove 
the result by induction on the order |N| of the subgroup N. Suppose first that 
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N| = 1. In this case the group G is finite nilpotent. By [35, Theorems 2.1 and 
3.2] (see [34] for the terminology) every ideal of R has the right AR property. It 
follows that if Q C P are prime ideals of R then 6(P) C Q by [33, Theorem 1.2]. 
Now apply Theorem 4.1 to obtain that for every proper ideal A of R there exists 
a positive integer n such that 6”(A) = 0. 

Now suppose that |N| > 1. Let P be a maximal ideal of R. Suppose that 
N| € P. Then there exists a prime divisor p of |N| such that Rp C P. Let H be 
the Sylow p-subgroup of N. Because N is nilpotent, H is a normal subgroup of G. 
By Lemma 5.3 (wH)* C P, for some positive integer k, and hence wH C P. Note 
that R/wH =~ S(G/H). By induction on the order of N, there exists a positive 
integer n such that 6"(P/wH) = 0 and hence 6"(P) C wH. By Corollary 5.4, 
6"t1(P) CN, (wH)* = 0. Suppose that |N| ¢ P. By [38, Lemma 3.4], P has the 
right AR property. 

Suppose that the result is false and let A be any proper ideal of R such 
that 6”(A) 4 0 for every positive integer n. Let Pi,...,P; denote the minimal 
prime ideals of R and note that 0 = P, N---MP; by the above remarks. By the 
above proof we know that, for every positive integer k, every maximal ideal of R 
containing 6*(A) has the right AR property. By [33, Theorem 1.2] and the proof 
of Theorem 4.1, there exists a positive integer ¢ such that 5‘(A) is generated by a 
central idempotent element e in R. 

With the above notation, e + wH is a central idempotent of the ring R/wH 
and is not a unit. By induction, e € ReR C wH. By Corollary 5.4, e = 0. Thus 
6'(A) = 0, a contradiction. 


Note that the proof of Corollary 5.9 shows that if S and G are as in Corollary 
5.9 and A is an ideal of the group ring SG such that SG 4 6'(A) + wG, for some 
positive integer t, then 6”(A) = 0 for some positive integer n. In fact, the proof 
shows rather more, namely if SG 4 «'(A) +wG, for some positive integer t, then 
&” (A) = 0 for some positive integer n. This raises the following question which is 
a special case of Question 3.3. 


Question 5.12. With the notation of Theorem 5.8 does there exist an ideal A of 
the group ring SG such that K”(A) = 0 for some positive integer n but 6™(A) 40 
for every positive integer m? 


6. Group rings of infinite groups 


Now we consider group rings of certain infinite groups. A group G is called poly- 
cyclic provided there exist a finite chain 


G=G)2G,2::-2G,=1, 
where, for each 1 < i < n, G; is a normal subgroup of G;_-1 such that the factor 
group Gi_1/G; is cyclic. Note that a group G is polycyclic if and only if G is 
a soluble group such that every subgroup is finitely generated. Next a group G 
is called polycyclic-by-finite if G contains a polycyclic normal subgroup N such 
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that the factor group G/N is finite. Polycyclic-by-finite groups are interesting for 
us because of the following theorem of Hall [8, Theorem 1] (or see [27, Theorem 
10.2.7]): 


Theorem 6.1. Let S be a right Noetherian ring and let G be a polycyclic-by-finite 
group. Then the group ring SG is right Noetherian. 


In what follows we need a mechanism to reduce from an infinite group G to 
a finite factor group of G and this is provided by a theorem of Roseblade. By a 
capital of a commutative ring S is meant a field S/P, for some maximal ideal P 
of S. A commutative ring S' is called a Hilbert ring provided every prime ideal of 
S is an intersection of maximal ideals, i.e., the Jacobson radical of every prime 
homomorphic image of S is zero. A field is called absolute provided every non-zero 
element is a root of unity. With this terminology Roseblade [31, Corollary A] (see 
also [27, Theorem 12.3.7]) proved: 


Theorem 6.2. Let S be a commutative Noetherian Hilbert ring all of whose capitals 
are absolute, let G be a polycyclic-by-finite group and let R be the group ring SG. 
Then every simple right R-module is finite dimensional over a capital of S. 


Theorem 6.2 has the following consequence (see [30] or [27, Corollary 12.3.9]): 


Corollary 6.3. With the notation of Theorem 6.2, for every maximal ideal M of R 
there exists a normal subgroup N of finite index in G such that wN C M. 


We want to apply Roseblades’s Theorem to certain group ring situations. 
To do this we again need information about intersections of powers of the aug- 
mentation ideal of certain group rings. Note that Jennings [16] proved that if G 
is a finitely generated torsion-free nilpotent group then 6(wG) = 0 in the group 
ring ZG. For related results see [26]. We could use Jennings result in the proof 
of the next result but choose not to do so in order that the presentation be more 
self-contained. 


Lemma 6.4. Let S be a commutative Noetherian domain of characteristic 0 and 
let G be a polycyclic group such that no prime p is a unit in S. Then in the group 
ring R= SG, 6"(wG) = 0 for some positive integer n. 


Proof. Let G = Go D G; D--- D G; = 1 denote the derived series of G. We shall 
prove the result by induction on t. If t = 0 then wG = 0. Suppose that t > 1. Let 
N = G;_1. Then N is a finitely generated Abelian subgroup of G. By induction on 
t we know that in the ring R/wN = S(G/N), 5" (wG/wN) = 0 for some positive 
integer m. It follows that 6™(wG) C wN. Let T denote the torsion subgroup of 
N. Then T is a finite subgroup of N and a finite normal subgroup of G. We now 
complete the proof by induction on |T}. 

Suppose first that |J7| = 1. Then N is a finitely generated torsion-free 
Abelian group. The ring SN is a commutative Noetherian domain. Let A = 
Veen (@ — 1)SN, the augmentation ideal of SN. For any g € G and x € N, 
g(x —1) = (gxg~ —1)g. It follows that wN = AR = RA. By Lemma 5.2 6(A) = 0 
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and hence 6(wN) = 6(A)R = 0. In this case, 6’”*!(wG) = 0. Now suppose that T 
is non-trivial. Let p be any prime divisor of the order of T and let H be the Sylow 
p-subgroup of T. By induction on |T|, there exists a positive integer n such that 
6”(wG) C wH and hence 6"*1(wG) = 0 by Corollary 5.4. The result follows. 


Theorem 6.5. Let S be a Dedekind domain of characteristic 0 such that S' has zero 
Jacobson radical and such that no prime is a unit in S. Suppose further that every 
capital of S is absolute. Let G be a polycyclic group and let R = SG. Then for 
each proper ideal A of R there exists a positive integer n such that 6"(A) = 0. 


Proof. Let A be any proper ideal of R. Let M be a maximal ideal of R such that 
AC M. By Corollary 6.3 there exists a normal subgroup JN of finite index in G 
such that wN C M. Then M/wN is a proper ideal of the ring R/wN = S(G/N). 
By Theorem 5.7 there exists a positive integer k such that 6*(M/wN) = 0 and 
hence 


6°(A) C 6*(M) CwN. 
By Lemma 6.4, 
6°+1(A) C 5(wWN) C 6(wG) = 0, 


and the result is proved. 


Note that if S and G are as in Theorem 6.5, in particular if S is the ring Z 
of integers, then R = SG has no non-trivial idempotent ideals and every projec- 
tive right R-module is finitely generated or free. We have the following result for 
polycyclic groups that are metanilpotent. 


Theorem 6.6. Let S be a commutative Noetherian domain and let G be a finitely 
generated group having a finite normal subgroup N such that both N and G/N 
are nilpotent and such that no prime divisor of the order of an element of finite 
order in G is a unit in S. Then for each proper ideal A of R there exists a positive 
integer n such that 6"(A) = 0. 


Proof. Adapt the proof of Theorem 5.11. 


These results lead to the following obvious question. 


Question 6.7. Let R be the group ring SG of a commutative Noetherian domain S 
over a polycyclic-by-finite group G. Is R right (and left) shallow? 


We end this section with two recent theorems. The first is due to Linnell, 
Puninski and the author [21]. 


Theorem 6.8. The following statements are equivalent for a polycyclic-by-finite 
group G. 

(i) G is polycyclic. 

(ii) The integral group ring ZG has no non-trivial idempotent ideals. 

(iii) Ever projective right (ZG)-module is finitely generated or free. 
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The second and related theorem is due to McGovern, Puninski and Roth- 
maler [24]. 


Theorem 6.9. Let G be a polycyclic-by-finite group. Then G is polycyclic if and 
only if every projective right (ZG)-module is a direct sum of finitely generated 
submodules. 


7. Ideals with a centralizing sequence of generators 


Let R be any ring and let A be any ideal of R. We shall say that A has a centralizing 
sequence of generators if A can be generated by a centralizing sequence of elements 
of R and in this case, following [23, 4.1.13], we call A polycentral. For example, 
in [22] McConnell proved that if U is the universal enveloping algebra of a finite 
dimensional Lie algebra g over a field, then every ideal of U is polycentral if and 
only if g is nilpotent (see also [37]). Corresponding theorems for group rings can 
be found in [30] and [32]. In particular, it is proved in [37] that if K is a field and 
G a finitely generated group such that there exists a finite normal subgroup N of 
G such that G/N is nilpotent and the order of N is a unit in K then every ideal of 
the group algebra KG is polycentral. In this section we show that every ring such 
that every ideal is polycentral is right and left shallow. We begin with a simple 
result whose proof is standard and therefore omitted. 


Lemma 7.1. Let R be a ring such that every ideal is polycentral. Then R satisfies 
the ascending chain condition (acc) on (two-sided) ideals. 


Next we shall give more examples of rings for which every ideal is polycentral. 
We shall call a ring R hypercentral provided for all ideals A C B of R the non-zero 
ideal B/A of the ring R/A contains a non-zero central element of R/A, i.e., there 
exists an element b € B\ A such that rb — br € A for all r € R. We shall be 
interested in polynomial rings S[z] in an indeterminate x over a ring S. 


Lemma 7.2. Let S be any hypercentral ring. Then the polynomial ring R = S{a] is 
also hypercentral. 


Proof. Let A C B be any ideals of R. Let k be the non-negative integer which is 
the least degree of an element which belongs to B but not A. Let A; and B; denote 
the sets consisting of the zero element and the leading coefficients of elements of 
degree k in A and B, respectively. Then A; C By are ideals of S. By hypothesis, 
there exists b € By, \ Ay such that sb— bs € A, for all s € S. Let c be any element 
of B of degree k with leading coefficient b. Note that c ¢ A. For any s € S there 
exists d € A such that sc—cs and d have the same leading coefficient and hence 
sc—cs—d=0, by the choice of k. Thus sc—cs € A. Because xc = cx, we conclude 
that re—cr € A for all r € R. It follows that R is hypercentral. 


Proposition 7.3. Let S be any ring such that every ideal is polycental and let 
R denote the polynomial ring S[a1,...,¢n] over S in commuting indeterminates 
Y1,.--,%n, for some positive integer n. Then every ideal of R is polycentral. 
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Proof. By Lemma 7.1 the ring S satisfies acc on ideals. By adapting the proof of 
the Hilbert Basis Theorem, it follows that the ring R satisfies the acc on ideals. 
By Lemma 7.2 the ring R is hypercentral. The result follows. 


Corollary 7.4. Let S be any simple ring and let R denote the polynomial ring 
S|x1,...,¢n] over S in commuting indeterminates x1,...,Un, for some positive 
integer n. Then every ideal of R is polycentral. 


Proof. By Proposition 7.3. 


In a similar way it can be proved that if S' is any ring such that every ideal 
is polycentral and R denotes the ring S[[x1,...,2,]] of formal power series over S 
in commuting indeterminates x%1,...,2%n, for some positive integer n, then every 
ideal of R is polycentral. In particular, if S is a simple ring then every ideal of the 
ring S|[21,...,2,]] is polycentral. 

Now let R and R’ be any rings and let M be a left R’-, right R-bimodule. 
By an essential sub-bimodule of g- Mr we mean a sub-bimodule L of M such that 
Kk OL #0 for every non-zero sub-bimodule K of M. 


Lemma 7.5. Let R and R’ be rings and let M be any left R'-, right R-bimodule 
such that M satisfies acc on sub-bimodules. Let L be an essential sub-bimodule of 
M and let A be a polycentral ideal of R such that LA = 0. Then MA” = 0 for 
some positive integer n. 


Proof. Suppose that the result if false. Let k be the least positive integer such 
that there exist rings S’ and S' and a left S’-, right S-bimodule N, an essential 
sub-bimodule K of N and a polycentral ideal B of S with a centralizing sequence 
of generators 6;,...,b, such that N satisfies acc on sub-bimodules and KB = 0 
but NB” # 0 for every positive integer n. Suppose that k = 1. Let b = b,. For each 
positive integer i, let H; = {me N : mbt = 0}. Clearly H; is a sub-bimodule of 
N for each i > 1. Moreover, H, C Hz C.... By hypothesis, there exists a positive 
integer ¢t such that H, = H;41. It is easy to check that KM Nbé = 0. But Nbé isa 
sub-bimodule of N. Hence Nbé = 0 so that N.B*t = 0, a contradiction. Thus k > 2. 
By the above proof Nb! = 0 for some positive integer t. Suppose that ¢ = 1. 

Let S denote the ring $/Sb, and note that N is a left $’-, right S-bimodule 
with essential sub-bimodule K such that K(B/Sb,) = 0. By the choice of k, 
there exists a positive integer n such that N(B/Sb,)” = 0 and hence NB” = 0, 
a contradiction. Thus t > 2. Consider the left S’-, right S-bimodule G, where 
= {meN : mb, = 0}. Note that G satisfies acc on sub-bimodules and G 
contains an essential sub-bimodule KNG with (AK NG)(B/5Sb,) = 0. By the choice 
of k, there exists a positive integer n; such that GB”! = 0. Now consider the left 
S'-, right S-bimodule Nb; which satisfies acc on sub-bimodules and which contains 
an essential sub-bimodule AM Nb, such that (AK M.Nb,)B = 0. By induction on ¢, 
there exists positive integer m2 such that (Vb,)B"2 = 0, so that NB™ C G and 
hence NB” = 0, where n = n, + ng, a contradiction. The result follows. 
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Theorem 7.6. Let R be a ring which satisfies acc on ideals and let A be a polycentral 
ideal of R. Then for each ideal B of R there exists a positive integer n such that 
BOA” C BA, 


Proof. Let B be any ideal of R. Consider the collection S of ideals C of R such 
that BNC = BA. Note that BA belongs to S. Let D be a maximal member 
of S. Consider the left R-, right R-bimodule M = R/D. Clearly M satisfies acc 
on sub-bimodules. Moreover, if (B + D) ME = D for some ideal E of R then 
BOE C BAD = BA so that BN FE = BA and hence E = D. It follows 
that (B + D)/D is an essential sub-bimodule of gMpr with [(B + D)/D|A = 0. 
By Lemma 7.5 there exists a positive integer n such that MA” = 0 and hence 
A” C D. Thus BN A” C BA, as required. 


Corollary 7.7. Let R be a prime ring such that every ideal is polycentral. Then 
6(A) = Ne, A’ = 0, for every proper ideal A of R. 


Proof. Let A be any proper ideal of R and let B = NS, A’. Suppose that B 4 0 
and let c be a non-zero central element of R such that c€ B. By Lemma 7.1, the 
ring R satisfies acc on ideals. Now Theorem 7.6 gives that cRM A” C cRA = CA, 
for some positive integer n. Then c € cA and hence c(1—a) = 0 and cR(1—a) = 0. 
Because R is prime, we have 1 — a= 0 and A = R, a contradiction. 


In particular, note that prime rings such that every ideal is polycentral do 
not contain a non-trivial idempotent ideal. Applying Corollary 7.4, we deduce that 
if S is a simple ring then the polynomial ring S[x,,...,2,] and the formal power 
series ring S[[#1,...,2,,]] do not contain non-trivial idempotent ideals. This raises 
the following question. 


Question 7.8. Does there exist a ring S which does not contain any non-trivial 
idempotent ideal but the polynomial ring S[x] does contain a non-trivial idempotent 
ideal? 


Of course, there is a corresponding question to Question 7.8 for the ring 
S|[x]] of formal power series. Combining Corollary 7.7 with Corollary 4.2 we see 
that every ring for which every ideal is polycentral is right and left shallow. Finally 
we return to consider projective modules. 


Theorem 7.9. Let S be a simple right Noetherian ring and let R be the polynomial 
ring S[x1,...,%n] over S' in the commuting indeterminates 11,...,Un. Then every 
projective right R-module is finitely generated or free. 
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Abstract. A module M is called ef-extending if every closed submodule which 
contains essentially a finitely generated submodule is a direct summand of M. 
A ring R is called right ef-extending if Rr is an ef-extending module. In this 
paper, we obtain some properties of a ring R for which R@ R is ef-extending 
as aright R-module. Then we study the structure of rings for which the direct 
sum of any two ef-extending right R-modules is ef-extending. 
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1. Introduction 


Throughout the paper, R represents an associative ring with identity 1 4 0 and 
all modules are unitary R-modules. We write Mr (resp., pM) to denote that M 
is a right (resp., left) R-module. For a right R-module M, o[M] denotes the full 
subcategory of Mod-R whose objects are submodules of M-generated modules. 
Unless otherwise mentioned, by a module we will mean a right R-module. 

We recall the concepts and notations will be used in this paper. We denote 
the Jacobson radical of a ring R by J and the injective hull of M by E(M). If 
A is a submodule of M (resp., proper submodule), we denote by A < M (resp., 
A< M). 

A submodule K of M is essential in M if KNOL #0 for every non-zero 
submodule L of M. In this case, M is called an essential extension of K and we 
write kK <° M. A submodule C of M is closed in M if C has no proper essential 
extension in M. A module M is called uniform if M # 0 and every non-zero 
submodule of M is essential in M.A module M is called to have finite uniform 
dimension if M does not contain an infinite direct sum of non-zero submodules. 
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A module & is called small if M is small in E(M). If M is not a small module, 
we say that M is non-small. 

We consider the following conditions on a module Mp: 

Cl: Every submodule of M is essential in a direct summand of M. 
C2: Every submodule of M that is isomorphic to a direct summand of M is itself 

a direct summand of M. 

C3: M, ® Mz is a direct summand of M for any two direct summands M1, M2 
of M with M,N M2 =0. 

Module Mp is called extending (or CS) (resp., continuous, quasi-continuous) 
if it satisfies Cl (resp., both Cl and C2, both Cl and C3). R is called right 
extending (resp., continuous) if Rp is an extending (resp., continuous) module. A 
module M is called uniform-extending if every uniform submodule is essential in 
a direct summand of M. 

Recall that a module M is called ef-extending if every closed submodule which 
contains essentially a finitely generated submodule is a direct summand of M. A 
ring R is called right ef-extending if Rr is an ef-extending module (see [13]). Ef 
extending modules were studied in Thuyet and Wisbauer [13], Chien and Thuyet 
[3], Quynh and Thuyet [11, 12]. Some characterizations of ef-extending modules 
and rings were obtained. It is well known that a right extending ring is right ef- 
extending, but the converse is not true in general (see [12]). Some characterizations 
of QF-rings via ef-extending properties have been studied in [11]. In this paper, 
we characterize the QF-ring via ef-extending modules and prove that R is QF if 
and only if RY is an ef-extending module with finite uniform dimension and Rr 
is pseudo-injective. Moreover, we also study the structure of rings for which the 
direct sum of two ef-extending modules is an ef-extending module. 


2. Results 


It is well known that the direct sum of two extending modules may not be an ex- 
tending module, in general. The same situation happens for ef-extending modules. 
In fact, let p be a prime number. Then Z-modules Z/pZ, Z/p®Z are ef-extending. 
Since (1+ pZ, p+ p®Z)Z is a closed submodule of M = Z/pZ © Z/p*Z which con- 
tains essentially a finitely generated submodule. But it is not a direct summand 
of M, so it follows that M is not ef-extending. 

We first consider rings for which the direct sum of two ef-extending modules 
is an ef-extending module. 


By using the technique of proving [5, Lemma 7.3], we have: 


Lemma 2.1. Let A and B be uniform modules with local endomorphism rings such 
that M = AQ B is ef-extending. Let C' be a submodule of A and let f : C — B be 
a homomorphism. Then the followings hold: 
1. If f cannot be extended to a homomorphism from A to B, then f is a 
monomorphism and B is embedded in A. 
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2. If any monomorphism B — A is an isomorphism, then B is A-injective. 
3. If B is not embedded in A, then B is A-injective. 


Proof. (1). Suppose f cannot be extended to a homomorphism from A to B. Let 
U ={x—- f(a)|e eC} <AOB. 


Then U = C is a uniform submodule of M and clearly UM B =0. Hence there is 
a direct summand U* of M such that U <° U*. By the Krull-Schmidt-Azumaya 
Theorem ({2, Corollary 12.7]), we have M = A@®U* or M =U @®B. Suppose 
that M = B@U*. Let 7: BGU* — B be the projection. Then it is easy to see 
that |4 extends f : C — B, a contradiction. Thus M = A U* which implies 
that f(x) 4 0 for « 4 0, ie., f is a monomorphism. Since U*N B = 0, clearly B is 
embedded in A. 

(2). As in the proof of (1), let f : C  B be any homomorphism, with C < A 
and suppose that M = A®U*, Ww: A®BU* = A be the projection. Then clearly 
v|zB is a monomorphism (because U is essential in U*), hence an isomorphism by 
the hypothesis. It follows easily that M = B® U%, so that, as in (1), f can be 
extended to a homomorphism from A to B. It follows that B is A-injective. 

(3) can be obtained easily by (1). 


Lemma 2.2. Let M be a module such that Soc (M) is finitely generated and essential 
in M. Then M is an extending module if and only if M is an ef-extending module. 


Proof. It is obvious. 


Lemma 2.3. The following statements are equivalent for a module M: 


1. The direct sum of any two uniform modules is ef-extending. 
2. Any uniform self-injective module has length at most 2. 
3. Any direct sum of uniform modules is extending. 


Proof. (1) = (2). Consider any uniform injective module U. Suppose « € Rad 
U and T is a maximal nonzero submodule of «R. Then U and «R/T have local 
endomorphism rings and U@xR/T is ef-extending by assumption. Hence the map 
f : eR — «R/T can be extended to f : U — «R/T by Lemma 2.1. However 
tR < Rad U < Kerf which yields a contradiction. We conclude that Rad U is 
semisimple and hence simple. 

Assume that K,, Ke are two distinct maximal submodules of U. Then any 
monomorphism f : A; — K; is onto for i,7 € {1,2}, since f extends to a monomor- 
phism of U which has to be an automorphism. So the endomorphism rings of Ky, 
and 2 are local. Now K; © K; is extending for 1,7 € {1,2} and hence Ky is both 
Ko-injective and Ky-injective by Lemma 2.1. Since K, + K2 = U, this implies that 
kK, is U-injective and hence is a direct summand of U, a contradiction. 

(2) = (3). By [5, 13.1]. 

(3) > (1). Obvious. 


330 L.V. Thuyet and T.C. Quynh 


Consider the following property for a ring R: 
(W): The direct sum of any two ef-extending right R-modules is ef-extending. 


In [7], Er has proved that if R has finite uniform dimension and the direct sum 
of any two extending right R-modules is extending, then R is right Artinian. We 
prove the following: 


Proposition 2.4. Assume that R has property (W) and E(Rr) = @ E; where E; 
il 

is indecomposable for alli € I. Then R is a right Artinian ring whose uniform 
right R-modules have length at most two. 

Proof. Since E(Rr) = @ E; where E; is indecomposable for all i € I, E; is an 

ie 

uniform submodule for all i € I. Let {V;}je7 be any nonempty family of injective 
hulls of simple modules. Let V = ®je7Vj. Then the module 


M = E(Rr) OV 


is extending by Lemma 2.3, hence quasi-injective by [5, Lemma 8.10]. Therefore 
V is a quasi-injective module which is E(Rp)-injective. Thus V is injective. This 
implies that R is right Noetherian. 

As R is right Noetherian, every injective module is a direct sum of uniform 
modules. Since by Lemma 2.1, each uniform module has length at most two, every 
injective module is a direct sum of injective hulls of simple modules. This proves 
that R is right Artinian. 


Corollary 2.5. Assume that R has finite uniform dimension and property (W). 
Then R is a right Artinian ring whose uniform right R-modules have length at 
most two. 


Lemma 2.6. Let M be an ef-extending, C3 module. If R satisfies ACC on right 
ideals of the form r(m), me M, then M is a direct sum of uniform submodules. 


Proof. Same argument of [5, 8.2], !M contains a maximal local direct summand 
N = @j<, Ni- By [5, 8.1], N is closed in M. Let H be a complement of N in 
M. That means N @ H <* M. Assume that H # 0. Let r(y) be maximal in 
{x € M \ {0}|zR ON = O}. Since M is ef-extending, yR <* K <® M. Repeat 
above proving, we have K is uniform. Since M has C3 and so N © K is a local 
direct summand of M. This is a contradiction. Therefore H =0 and so N <°* M. 
It implies that N = M. 


Hence we have a characterization of a right Artinian ring via ef-extending 
property: 
Proposition 2.7. The following statements are equivalent for a ring R: 
1. R has finite uniform dimension and the direct sum of any two ef-extending, 
C8 right R-modules is ef-extending. 
2. R has finite uniform dimension and direct sum of any two uniform right 
R-modules is ef-extending. 
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3. R has finite uniform dimension and direct sum of any two uniform right 
R-modules is extending. 

4. Risa right Artinian ring whose uniform right R-modules have length at most 
two. 


Proof. (1) = (2). Since every uniform module has C3, it follows that direct sum 
of any two uniform modules is ef-extending by (1). 
(3) = (2). By Lemma 2.3. 
(4) = (2). By [7, Theorem 1]. 
(4) => (1). By Lemma 2.6 and [8, Lemma 6]. 


Corollary 2.8. The following statements are equivalent for a ring R: 


1. R has finite uniform dimension and the direct sum of any two ef-extending, 
C8 right R-modules is ef-extending. 

2. R has finite uniform dimension and the direct sum of any two extending right 
R-modules is extending. 


Proof. By Proposition 2.7 and [7, Theorem 1]. 


Next we have some results about an ef-extending, pseudo-injective module. 
A module & is called pseudo-N-injective (resp., essentially pseudo-N-injective) if, 
for any submodule A (resp., essential submodule A) of N, every monomorphism 
f : A— M can be extended to a homomorphism f : N — M. 


Proposition 2.9. Assume that R satisfies ACC on right ideals of the form r(m), 
m€M. Then M is quasi-injective if and only if M is pseudo-injective and ef- 
extending. 


Proof. Let M be a pseudo-injective, ef-extending module. Since M is pseudo- 
injective, M has C2 by [4, Theorem 2.6]. Thus M is a direct sum of uniform 
modules by Lemma 2.6. Then M is quasi-injective by [1, Lemma 3.5]. 


Corollary 2.10 ([4], [1, Theorem 3.6]). Let R be a right Noetherian ring. Then M 
is quast-injective if and only if M is pseudo-injective and extending. 


Corollary 2.11. The following statements are equivalent for a ring R: 
1. Ris QF. 
2. Ris a right pseudo-injective, right ef-extending ring satisfying ACC on right 
annthilators. 
If the right R-module RY is ef-extending, then we have: 


Theorem 2.12. The following statements are equivalent for a ring R: 
1. Ris QF. 
2. RW is an ef-extending module and Rr is an essentially pseudo-injective 
module with finite uniform dimension. 


3. RO is an ef-extending module and Rr is a pseudo-injective module with 
finite uniform dimension. 


332 L.V. Thuyet and T.C. Quynh 


Proof. (2) = (3). By [1, Theorem 3.2]. 

(1) = (8) is clear. 

(3) = (1). Since R has finite uniform dimension and R is right ef-extending, 
R=e,R@eaQRE---Pe,R for some uniform right ideals e;R of R. Therefore R 
is right self-injective by [1, Lemma 3.5]. It implies that e;R is injective for every 
i=1,2,...,n. On the other hand, RY = (e,RO---Ge,R)\ = Pej R is uniform- 


Ww 
extending, for some countable set w’ and ¢; € {e1,e2,...,en} for each 7 € w’. By 


[5, Corollary 8.10], RO is injective. By a well-known result of Faith ([6]), R has 
ACC on right annihilators and hence R is QF. 


Corollary 2.13 ({1, Theorem 3.7]). The following statements are equivalent for a 
ring R: 
1. Ris QF. 
2 RW is an extending module and Rp is an essentially pseudo-injective module 
with finite uniform dimension. 


We characterize a right PF ring via the ef-extending property of (R& R)r. 


Theorem 2.14. The following statements are equivalent for a ring R: 


1. R is right PF. 
2. (R@®R)r is ef-extending, left Kasch and S, <° Rr. 
3. (R@® R)p is ef-extending, left Kasch and J < Z;. 


Proof. (1) = (2), (3) are clear. 
(2) = (1). By the same argument of [11, Theorem 2.7], we claim that R is 
semiperfect. Let T be a maximal left ideal of R. Since R is left Kasch, r(T) 4 0. 
There exists 0 4 a € r(T) or T < I(a) which yields T = I(a) by maximality 
of T and so r(T’) = ri(a). Since R is right ef-extending, aR <° eR for some 
e? =e € R. On the other hand, aR < rl(a) < eR and then rl(a) <° eR. Hence 
r(T) <* eR. It implies that R is semiperfect by [10, Lemma 4.1]. Thus R = 
e1:R®---@Pe,R, where {e;}"_, is the complete set of orthogonal local idempotents. 
For every i # j (é,9 € {1,2,...,n}), let f : e;sR —> e;R be a monomorphism. 
We have e;R = f(e;R) < e;R. Since R satisfies the right C2 (because R is left 
Kasch), then f(e;R) is a direct summand of e;R or f(e;R) = e;R (because e;R is 
indecomposable). Hence f is an isomorphism. Since R is right ef-extending, every 
uniform right ideal of R is essential in direct summand of Rr. Therefore for every 
io € {1,2,...,n}, B eR is e;,R-injective by [5, Corollary 8.9]. Since 
{1,2,...n}\{io} 
e;R is also ef-extending, indecomposable and so e;R is quasi-continuous. By [9, 
Theorem 2.13], R is right quasi-continuous. Thus R is right continuous. 

By Utumi’s Theorem (see [10, Theorem 1.26]), J = Z,. By [10, Example 
7.18], (R @ R)p satisfies the C2 and so (R @ R)p is continuous. Therefore R is 
right self-injective by [10, Theorem 1.35]. Thus R is right PF. 

(3) => (1). By (2) > (1) and [15, Theorem 2]. 
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On Clean Group Rings 


Yiqiang Zhou 
Dedicated to S.K. Jain on the occasion of his 70th birthday 


Abstract. A ring with unity is called clean (uniquely clean) if each of its 
elements is (uniquely) the sum of an idempotent and a unit. When is a group 
ring clean? The question seems to be difficult in general. For example, it is 
even unknown when the group ring of a cyclic group of order 2 is clean. After 
reviewing the known results, we present several new partial answers to the 
question. We also give a different proof of the main result on uniquely clean 
group rings obtained by Chen, Nicholson and Zhou [6]. 


Mathematics Subject Classification (2000). Primary 16U99, 165834. 


Keywords. Clean ring, group ring, uniquely clean ring. 


All rings here are associative rings with unity. Let R be a ring and let G be a 
group. We denote by RG the group ring of G over R. Let us recall some concepts 
and notation needed. We write J(R) and U(R) for the Jacobson radical and the 
set of units of R, respectively. An element of a ring is called clean if it is the sum 
of an idempotent and a unit, and the ring is called clean if each of its elements 
is clean. A ring is called uniquely clean if each of its elements can be uniquely 
written as the sum of a unit and an idempotent. A ring R is (von Neumann) 
regular if a € aRa for alla € R. A ring R such that a € aU(R)a for all a € R is 
called unit-regular. A ring whose idempotents are central is called abelian, and an 
abelian regular ring is called strongly regular. A ring R is called strongly 1-regular 
ifaR Da?RD--- terminates for every a € R, or equivalently Ra D Ra? D--- 
terminates for every a € R. As usual, we write C, and S,, for the cyclic group of 
order n and the symmetric group of degree n, respectively. A group G is called 
locally finite if every finitely generated subgroup of G is finite. Let p be a prime 
number. A group G is called a p-group if the order of each element of G is a power 
of p. A group G is said to be an elementary p-group if all non-identity elements 
of G are of order p. It is well known that a finite abelian, elementary p-group is a 
direct product of finitely many copies of Cp. 
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1. A brief review 


When is a group ring RG clean? This question was first considered by Han and 
Nicholson [10] who observed the following facts: (1) If R is semiperfect then RC» 
is clean; (2) if R is a Boolean ring and G is a locally finite group, then RG is 
clean; (3) Z(7)C3 is not clean where Z,7) is the localization of Z at the prime ideal 
generated by 7. This example gave a negative answer to the question of J.K.Park 
whether the group ring RG is clean if R is a clean ring and G is a finite group 
with |G| a unit of R. The authors in [10] also raised the question whether RG is 
clean when R is a commutative regular ring and G is a locally finite group. This 
question has a positive answer by a result in [7] that if R is strongly regular or 
commutative strongly 7-regular and if G is a locally finite group then RG is clean 
(strongly 7-regular, indeed). It is a result of [4] that if R is right pure-injective 
and if G is locally finite then RG is clean. There is a discussion about the uniquely 
clean group rings in [6], where it was shown that, for a locally finite group G, RG 
is uniquely clean if and only if R is uniquely clean and G is a 2-group. McGovern 
[11] discussed the cleanness of RG when R is a commutative clean ring and G is 
an abelian group. In particular, he proved that if R is a commutative clean ring 
and G is an abelian elementary 2-group, then RG is clean. 

In general, the question when RG is clean seems to be difficult. It is even 
unknown when RC is clean. If RG is clean, then R must be clean (being an image 
of RG). But, for a commutative ring R and an abelian group G, RG being clean 
implies that G is locally finite (see [11, Proposition 2.7] or [7, Proposition 7]). 
Because some of the important examples of clean rings are semiperfect rings (see 
[2]), unit-regular rings (see [3]), strongly 7-regular rings (see [1]), and abelian clean 
rings, the following questions seem worthy of consideration: If G is a locally finite 
group and if R is a semiperfect or unit-regular or strongly 7-regular or abelian 
clean ring, then when is RG clean? We present several new partial answers to 
these questions. In the last part of the paper, we give a different proof of the main 
result obtained in [6]. 

For a group ring RG, the ring homomorphism « : RG — R, Urgg -— Urg, 
is called the augmentation mapping of RG and its kernel, denoted by A(RG), is 


A(RG) = { Xyec Mo(9 —-l):14qg€ Ga, € R}. For r = Sorgg € RG, the 
support of r is the set {g € G: rg # 0}. The center of the group G is denoted by 
Z(G). The ring of n x n matrices over R is denoted by M,,(R). 


2. A sufficient condition 
We start with a well-known result due to Connell. 


Lemma 1. [8, Proposition 9] [f R is a ring and G is a locally finite group then 
J(R) = J(RG)N R. In particular, J(R)(RG) C J(RG). 


Lemma 2. Let p be a prime with p € J(R). If G is a locally finite p-group, then 
A(RG) C J(RG). 
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Proof. We first suppose G is finite and prove the claim by induction on |G]. Take 
z € Z(G) with order o(z) = p and let (z) be the subgroup of G generated by 
z. Then the group G = G/(z) has smaller order, so J(RG) > A(RG) by induc- 
tion hypothesis. The mapping y : RG — RG, Urgg +> Urgg, is an onto ring 
homomorphism whose kernel is (RG)(1 — z). Since z? = 1, (1 — z)? € p(RG) C 
J(R)(RG) C J(RG) by Lemma 1. Since 1 — z is central in RG, it follows that 
1—z € J(RG), so (RG)(1— z) C J(RG). Therefore, J(RG) = v(J(RG)). Thus, 
for any h € G, y(1—h) = 1—h € A(RG) C y(J(RG)). This shows that 
1—he (RG)(1 — z) + J(RG) = J(RG). So A(RG) C J(RG). 

Now for the general case let r € A( RG). If H is the subgroup of G generated 
by the support of r, then r € A(RH) and, since H is a finite p-group, A(RH) C 
J(RH) as proved above. Thus r € J(RH) is quasi-regular. Since r is arbitrary in 
A(RG), A(RG) is a quasi-regular ideal. So A(RG) C J(RG). 


Lemma 3. Let p be a prime number with p € J(R). Let G be a locally finite group 
with G= KH where K is a normal p-subgroup of G and H is a subgroup of G. If 
RH is clean then RG is clean. 


Proof. For g € G, there exist k € K and h © H such that g = kh = (k - 
h+h € Vyex(1 — k)(RG) + RH. So RG = Vicx(1 — k)(RG) + RH. By 
Lemma 2, A(RK) C J(RK). Since G is locally finite, G/K is locally finite, so 
J(RK) C J(RG) by [15, Lemma 4.1]. Hence A(R) C J(RG) and this shows 
that Soe (1 — k)(RG) C A(RK)(RG) C J(RG). Hence one obtains 


(2.1) RG = J(RG) + RH. 


By [8, Proposition 9], RH J(RG) C J(RH). But, since RH/[RH MN J(RG)| 
= RG/J(RG) is semiprimitive, J(RH) = RHO J(RG). Therefore, RH/J(RH) = 
RG/J(RG). Suppose RH is clean. Then RH/J(RH) is clean and hence so is 
RG/J(RG). Now to show that RG is clean, it suffices to show that idempotents 
of RG/J(RG) can be lifted to idempotents of RG by [10, Proposition 6]. Let 
x? —a € J(RG) where x € RG. By (2.1), write r = y+ z with y € J(RG 
and z € RH. Then z?— z € RHO J(RG) = J(RH). Since RH is clean, there 
exists e? = e € RH C RG such that z — e € J(RH) (by [10, Proposition 6]). So 
x—-e=-y+(z—e) € J(RG). 


Theorem 4. Let p be a prime with p € J(R). If R is a clean ring and G is a locally 
finite p-group, then RG is clean. 


Proof. We may assume that G is finite, and the claim follows by Lemma 3 with 
A = {i}. 


By [10], Z(7)C3 is not clean. This shows that the assumption that p ¢ J(R) 
in Theorem 4 is essential. 


Example 5. Let p > 2 be a prime number and D, be the Dihedral group of order 
2p. Let R be a clean ring with p € J(R). Then RD, is clean. 
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Proof. We have Dy = (a,b: a? =1,b? =1,ba=a~'b) = (a) (b), where (a) is a 
normal p-subgroup of D,. Since p € J(R), p—1 € U(R), so 2 is a unit of R. Hence 
R(b) = RC, is clean by Lemma 6 below. So RD, is clean by Lemma 3. 


Lemma 6. If R is a clean ring with 2 € U(R) and if G is an abelian elementary 
2-group, then RG is clean. 


Proof. We may assume that G' is a finite group. Then G is a direct product of n 
copies of C2 for some n > 1. Since 2 € U(R), RCp = RO R. Because 2 is a unit 
of RCo, we have R(C2 x C2) — (RC2)(C2) > RC2@ RC2 ~RORGRPORA 
similar argument shows that RG is isomorphic to the direct sum of 2n copies of 
R. So the claim follows. 


3. Unit-regular and strongly 7-regular rings 


An element a € RF is 1-regular if for some n > 0, a” € a” Ra”. The ring R is called 
m-regular if each of its elements is 7-regular. 


Lemma 7. If a nonzero integer k is 7-regular in a ring R, then there exists a direct 
sum decomposition R= R, ® Rz such that k € U(R1) and k is nilpotent in Ro. 


Proof. There exists n > 1 such that k” € k” Rk” = k?"R. Write k” = k?"a with 
a Rand let e= kh"o. Then-e* = @ and kh" =k" er: So. eh = k= Rk” = Re 
Hence e is central and so R = eR@(1—e)R. Since e = k”a = k” -eae = eae-k”, k” 
is a unit of eR; so k is a unit of eR. From k” = k?"a, it follows that (k(1—e))" = 
k™(1—e) =k” —k"e =k” —k” =0. Thus, & is nilpotent in (1—e)R. 


Theorem 8. Let R be a clean ring and let G be an abelian elementary 2-group. If 
2€ R is m-regular, then RG is clean. 


Proof. By Lemma 7, R = R, © Rg where 2 € J(R1) and 2 € U(R2), so RG & 
RiG@ RoG. Since Ri, Rz are still clean, RiG is clean by Theorem 4 and RaG is 
clean by Lemma 6. So RG is clean. 


Lemma 9. [5, Lemma 4.4] [f2 =0 in a ring R then RS3 = RC2@ Mb(R). 


Theorem 10. Let R be a clean ring and let G = H x K where H is an abelian 
elementary 2-group and K is the direct product of finitely many copies of S3. If 
2,3 € R are 1-regular, then RG is clean. 


Proof. We have RG = (RK)H. By Theorem 8, RK being clean will imply that 
(REK)H is clean. So we only need to show that RK is clean. Thus it suffices to 
show that R.S3 is clean, because we can easily finish the proof by a simple induction 
process. By Lemma 7, 
R=R, 6 Ro, 

where 2 is a unit of Ri and 2 is nilpotent in Ra. Thus, R2/2Re is a clean ring and 
2=0 in Re/2R2; so (R2o/2R2)5S3 is clean by Lemma 9 and Theorem 4. Because 
(2R2)S3 is a nilpotent ideal of R2S3 and because (R2S3)/(2R2)S3 = (R2/2R2)S3, 
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R2S3 is clean by [10, Proposition 6]. Because RS3 ~ RiS3@ R253, it remains to 
show that R,S3 is clean. Again by Lemma 7, 


R, = Ry G Riz 
where 3 € U(R1) and 3 is nilpotent in Riz. Thus, 6 € U(Ri1), so 


RyS3 = Ri <) Riu Mb (Ri1) 


by [5, Lemma 4.7]. Hence Ri153 is clean. Let g = (123) € $3 and let (g) be the 
subgroup of $3 generated by g. Then 


R1253/(Ri2S3)(1 — g) = Ri2($3/(g)) = Ri2Co. 


Since 2 is a unit in Rig, RigC2 is clean by Lemma 6, so Ri2S3/(Ri2S3)(1 — g) is 
clean. Since (R1253)(1 — g) = (1 — g)(Ri2S3), 


[(Ri2S$3)(1 — gy)? © (Ri2S3)(1 — g)® = (Ri2S3)[3(g? — g)] C 3(Ri253). 


Because 3 is a nilpotent element in R12, 3(Ri25'3) is a nilpotent ideal of Ri253; so 
(Ri253)(1—g) is nilpotent in Ry253. Thus, idempotents of (R1i253)/(R1253)(1—g) 
can be lifted to idempotents of Ri2S3. So, by [10, Proposition 6], R253 is clean. 
Hence R1S3 ~ Ri153 B R253 is clean. 


Let R be a simple ring. If n is an integer, then either nR = 0 or nR = R. So 
either n = 0 or n € U(R). In either case, n is 7-regular in R. 


Corollary 11. Let R be a clean ring and let M; (t= 1,...,n) be maximal ideals of 
R.IfG= Hx K where H is an abelian elementary 2-group and K is the direct 


product of finitely many copies of S3, then (R/ ey M,)G is a clean ring. 


Proof. Since R/M; is a simple ring, every integer is 7-regular in R/M;. So, by 
Theorem 10, (R/M:)G is clean for each 7. By Chinese Remainder Theorem, 


R/O, Mi = R/M, QZ--- BR/My. 


(R/ ara Mj)G ~ (RIM )C@ B&D (R/Mn)G 


So 


is clean. 


Corollary 12. Let R be a 7-regular clean ring and let G= H x Kk where H is an 
abelian elementary 2-group and K is the direct product of finitely many copies of 
S3. Then RG is a clean ring. 


Corollary 13. Let R be a unit-regular or strongly 7-regular ring and letG= Hx kK 
where H is an abelian elementary 2-group and K is the direct product of finitely 
many copies of S3. Then RG is a clean ring. 


340 Y. Zhou 


4, Abelian clean rings 


Lemma 14. If R is a local ring and G is an abelian elementary 2-group, then RG 
is clean. 


Proof. If 2 € J(R), then RG is clean by Theorem 4. If 2 ¢ J(R), then 2 € U(R) 
because R is local; so RG is clean by Lemma 6. 


It is worth noting that C2 is the only cyclic group G for which RG is clean 
for every local ring R (see [7, Proposition 12]). 


Lemma 15. [15, Lemma 6.1] If R is a semiperfect ring and G is the direct product 
of finitely many copies of S3, then RG is semiperfect. 


Corollary 16. Let R be a semiperfect ring and let G = H x K where H is an 
abelian elementary 2-group and K is the direct product of finitely many copies of 
S3. Then RG is clean. 


Proof. By Lemma 15, RK is a semiperfect ring. For each local idempotent e of 
RK, (e(RK)e)H is clean by Lemma 14. So (RK)H is clean by [10, Proposition 
2]. Hence RG = (RK)H is clean. 


Proposition 17. For a ring R and for a locally finite group G, RG is clean if and 
only if SG is clean for every indecomposable image S of R. 


Proof. (=). For an image S of R, SG is an image of RG. So the implication 
follows. 

(<). If J is an ideal of R and if a; € Rand g; € G (i =1,...,n), we abuse 
the notation “S° aig; € (R/I)G” to mean that So(a; + Ig; € (R/I)G. Suppose 
that RG is not clean. Then there exists a finite subset F’ of G such that 5> ger 99 
is not clean in RG, where each ag € R. Thus, 


Fi= {1 aR: es @gg is not clean in (R/1)Gt 
gcF 


is not empty. For a chain {1} of elements of F, let J = U)J). Then J is an ideal of 
R. Assume that )),¢7 Ggg is clean in (R/I)G. Because G is a locally finite group, 
there exists a finite subgroup H of G with F' C H such that 


(4.1) oS agg = ‘Ss egg + > Ugg 
g¢H g€H gH 
where ag = 0 for all g € H\F, >) cy @gg is an idempotent in (R/I)H and 
ocr Us is a unit in (R/I)H with inverse }7 27, Ugg. Write 
H= {1 = 91, 92,-++,Gn}- 
Thus, the following hold in R/J for k = 1,...,n, 
Ag, = €g, + Ug, 
(4.2) 9x = Doge Cg, €g; 


vl otas=9n tig,0g; = diel = ages: Ug. Ug; 
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where 6; = 1 and 64, = 0 for k £1. It follows that all the following elements (for 
k =1,...,n) are in I: 


Ag, — gn — Ugn> ©gn — : ) €g,€g5> 1k — y Ug. Vg; > O1k — S Ug, Ug;- 


9.95 =9k 91.95 =9k Ii Ij=Ik 
Because {J} is a chain, there exists some J such that all these elements are in I). 
Hence (4.2) holds in R/J) and (4.1) holds in (R/I))G. So, Yi ,cp gg is clean in 
(R/I))G. This contradiction shows that I is in F. By Zorn’s Lemma, ¥ contains 
a maximal element, say J. It now suffices to show that R/I is indecomposable. 

Assume that R/I is decomposable. Then there exist ideals K; 2 I of R 
(j = 1,2) such that 


R/T= R/K, PB R/Ko, via r+ 1 (r+ Kirt Ko). 


Then 
(R/I)G & (R/ Ky @B R/Ka)G & (R/K1)G Q(R/K2)G, 


where the composition of the two isomorphisms is 


Yitg+ Dar ‘ex rg + Ki)g oro + Ka)g). 


By the maximality of J in F, ))jcp(@, + Kj)g is clean in (R/K;)G for j = 1,2. 


Hence 
(Set (ag + Ki)g , So (ag + Ko) 4) 


g¢CF geF 


is a clean element of (R/K1)G @(R/K2)G; so > 


is a contradiction. 


ger 499 is clean in (R/I)G. This 


By [7, Theorem 3.1], if R is a commutative strongly a-regular ring and if G is 
a locally finite group then RG is a clean ring. The next corollary generalizes this. 
It is also interesting to compare the next result with Corollary 12. 


Corollary 18. If R is a commutative 7-regular clean ring and if G is a locally finite 
group, then RG is clean. 


Proof. Let R/I be an indecomposable image of R. By Proposition 17, it suffices to 
show that (R/I)G is clean. Since every ideal of R/J not contained in J(R/I) 
contains a nonzero idempotent, it follows that R/I is local. However, R/I is 
m-regular and the Jacobson radical of a a-regular ring is nil. So J(R/T) is nil. 
Note that a local ring is strongly z-regular if and only if its Jacobson radical is 
nil. So R/I is a commutative strongly 7-regular ring. Hence (R/J)G is clean by 
[7, Theorem 3.1]. 


Corollary 19. If R is a commutative local ring such that J(R) is nil and if G is a 
locally finite group, then RG is clean. 
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In [11], McGovern proved that if R is a commutative clean ring and if G is 
an abelian elementary 2-group then RG is clean. McGovern’s proof is technical, 
relying on a result of Johnstone [9] that a commutative ring A is clean if and only 
if Max(A) (the set of maximal ideals of A equipped with the hull-kernel topology) 
is zero-dimensional and every prime ideal of A is contained in a maximal ideal. 


Corollary 20. Let R be an abelian ring and let G= H x K where H is an abelian 
elementary 2-group and K is the direct product of finitely many copies of S3. Then 
RG is clean if and only if R is clean. 


Proof. (=). This is obvious. 

(<=). Let R be an abelian clean ring and let R/I be an indecomposable image 
of R. Since idempotents lift modulo I, R being abelian implies that R/TI is abelian; 
so R/T is an abelian, indecomposable clean ring. Since every left ideal of R/J not 
contained in J(R/I) contains a nonzero idempotent, it follows that R/TI is local. 
So (R/I)G is clean by Corollary 16. 


A ring R is called semi-abelian if there exist orthogonal idempotents e; (i = 
1,...,n) such that 1 = e; +---+ e, and each e; Re; is an abelian ring. Examples 
of semi-abelian rings include abelian rings and semiperfect rings. 


Lemma 21. A ring R is semi-abelian and clean if and only if there exist orthogonal 
idempotents e; (i =1,...,n) such that 1 = e1+---+en and each e; Re; is an abelian 
clean ring. 


Proof. (<=). This is by [10, Theorem, p. 2590]. 

(=). Since R is semi-abelian, there exist orthogonal idempotents e; (i = 
1,...,n) such that 1 = e; +--- +e, and each e;Re; is an abelian ring. Since R is 
clean, it is an exchange ring (i-e., for each a € R, there exists e? = e € R such that 
e—a€ R(a—a?)) by [13, Proposition 1.8]. Thus each e;Re; is also an exchange 
ring by [13, Proposition 1.10]. Since e; Re; is abelian, it is clean by [13, Proposition 
1.8]. 


Corollary 22. Let R be a semi-abelian ring and let G = H x K where H is an 
abelian elementary 2-group and K is the direct product of finitely many copies of 
S3. Then RG is clean if and only if R is clean. 


Proof. Let R be a semi-abelian ring and let G be given as in the corollary. If R 
is clean, then, by Lemma 21, there exist orthogonal idempotents e; (i = 1,...,7) 
such that 1 = e; +---+ e, and each e;Re; is an abelian clean ring. Thus, for 
each i, e;(RG)e; = (e;Re;)G is clean by Corollary 20. So RG is clean by [10, 
Theorem]. 


We do not know if R being clean always implies that RC>2 is clean. The next 
proposition may be useful in considering this question. 


On Clean Group Rings 343 


Proposition 23. Let R be a ring and leta+ bg € RC2. Then a+ bg € U(RC2) if 
and only ifatb€ U(R). In this case, 


(a + bg)! = (a—b)“!a(a + b) 1 — (a— b) 1 b(a +b)“ 19. 


Proof. (<=). From 


a(a—b)-'—b(a—b)-t=1 
(a — b)~-ta— (a— b)- 1b = 1, 


one obtains 

yea +o) 

=all1+(a—b)"'b] (a+b)! + [1-a(a—b)“"]b(a +b) 
+ b—a(a—b)~'b](a+b)~" 


and 
b(a — b)~'a(a + b)~* — a(a— b)~tb(a +b) 

= b{1+(a—b)~*b] (a+b) * — [1+ b(a— b)~*|b(a +b)" 
= [b+ b(a—b)-'b—b— b(a—b) 1d] (a+b)! 
= 0. 

So 

(a + bg) [(a — 6) 4a(a + 8)} — (a —)10(a +8)“2g] 
= [a(a— b)“*a(a +b) * — D(a — db) *b(a +b) "| 
+ [b(a — b)~'a(a +b)! — a(a— b)“'b(a +b) “"]g 

=1. 

Similarly, 


[(a — b)~'a(a + b)~! — (a— b)7*b(a + b)~*g] (a+ bg) = 1. 


(=). Note that, atbg +> a+b and a+bg + a—b give two ring homomorphisms 
from RC», onto R, so the claim follows. 


5. Uniquely clean group rings 


The following theorem is the main result proved in [6]. Here we give a different 
proof. A lemma is needed. 


Lemma 24. Let R be a ring and let G be a locally finite group. Then RG is uniquely 
clean if and only if SG is uniquely clean for every indecomposable image S of R. 


Proof. The proof (with a slight modification) of Proposition 17 works well. 
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Theorem 25. [6] Let R be a ring and let G be a group. If RG is uniquely clean, 
then R is uniquely clean and G is a 2-group; the converse holds if G is locally 
finite. 


Proof. Suppose that RG is a uniquely clean ring. Then, by [14, Theorems 20 
and 22], R is uniquely clean and RG/J(RG) is Boolean. The Booleanness of 
RG/J(RG) implies that 1—- g € J(RG) for all g € G, so A(RG) C J(RG). 
Thus, G is a p-group and p € J(R) for some prime p by [8, Proposition 15(i)]. But, 
R/J(R) is Boolean (by [14, Theorem 20]), so p = 2. 

For the converse, we suppose that R is a uniquely clean ring and G is a 
locally finite 2-group. Let S be an indecomposable image of R. Then S is uniquely 
clean by [14, Theorem 22], so S' is abelian by [14, Lemma 4]. Thus, S is a uniquely 
clean with only trivial idempotents, so S/J(S) = Zs by [14, Theorem 15]. By [12, 
Theorem, p.138], SG is a local ring. But, from S/J(S) & Zs, we see that Z is an 
image of SG; this implies that SG/J(SG) © Zz. So SG is uniquely clean by [14, 
Theorem 15]. It is now by Lemma 24 that RG is uniquely clean. 
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